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FOREWORD

Anyone who has been responsible for mathematics programs in recent years
is aware of the increased interest and activity that has characterized this most im-
portant part of the elementary- and secondary-school curriculum. This attention
has resulted in changes and revisions as well as proposed changes and proposed
revisions that have implications for the mathematics education of the youth of
Towa.

The final responsibility for providing sound programs in this area of the cur-
riculum rests with the local administrator and his staff. This publication has been
prepared for the purpose of aiding and guiding them as they study their local
programs to revise and upgrade both the mathematics offerings and methodology
of their respective schools.

PAUL F. JOHNSTON
State Superintendent of Public Instruction
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Introduction

Modern mathematics is many things. It includes
the current ideas about the nature of mathematics, the
patterns of thinking developed by examining mathe-
matics as a logical structure, the consequent reorgani-
zation of the content and approaches to teaching mathe-
matics. Modern mathematics is contrasted with social
mathematics and the rote mathematics that preceded
social mathematics. Although mathematics must be ap-
plied to everyday things, the applications do not dictate
the best organization for its study.

This outline is developed as one part of a K-12
program. Its major purpose is to acquaint teachers and
administrators with the principal concepts of modern
mathematics, and to provide a guide for the introduc-
tion of new materials into the school curriculum. The
materials are designed to provide a basic structure for
the development of mathematics programs in the class-
rooms of Towa, each school adapting the guide to its
individual needs. Perhaps teachers will want to adopt
topics from this outline for use in present courses. Many
new ideas are explored here that can be extremely
valuable as a supplement and guide to the enrichment
of the regular mathematics curriculum.

Every teacher is faced with the problem of chal-
lenging his pupils to work to the level of their individual
abilities. This goal is not readily attainable in the junior
high school when pupils study mathematics with an em-
phasis on social utility. The new approach to the
teaching of mathematics has served to promote active
interest and participation on the part of pupils and a
sense of accomplishment in teachers.

A major problem of schools in building curricu-
lum is that of providing for ability grouping. One of
the basic concepts followed in the writing of these ma-
terials should be extremely helpful in this regard. The
committee believes that all junior high school pupils
should follow the same track of sound, well structured
mathematics. They should, however, proceed along this
track at different rates of speed according to their
individual abilities.

viil

It is anticipated that pupils of higher ability may
complete this program at the end of the ninth grade,
including the suggested supplementary materials.

It has been found that lower-level pupils also ap-
preciate the sound, logical approach which is inherent
in modern mathematics. It is the goal of the committee
that all pupils will study the materials through TOPIC
X by the end of the eighth grade. At this point it is
recommended that a separate program be developed for
the slower pupils. This general mathematics program,
as envisioned by the committee should at least be a
two-year sequence of mathematics at the ninth and
twelfth grade levels.

The major outline for the K-12 program 1s develop-
ed with the following pattern in mind.

1-9

10=12




Note the allowance for variation in the amount of
work completed. This same idea is used within the
structure of the junior high school materials.

The normal program for seventh grade includes
TOPICS I through VI. TOPICS VII through XI
are included in the eighth-grade program. The bal-
ance of the TOPICS XII through XVI are planned

for ninth-grade study.

In making use of this material, teachers should keep
in mind that it was written as a guide, emphasizing
the structure of a sound program in modern mathe-
matics. The topics have been thoughtfully ordered to
take advantage of the logical development of our sys-
tem of mathematics,. The references have been
carefully selected from the limited materials that are
available dealing with the new mathematics. Discus-
sion questions have been suggested as an aid in the

1x

teaching of the topics. Examples of appropriate prob-
lems and exercises have been planned to be most
beneficial to teachers trying the new approach for the
first time, While it is possible to select certain topics
from this guide to supplement conventional courses
in mathematics, this procedure is not likely to allow the
teacher to fully appreciate the power which new pro-
grams instill in school pupils. To profit, most pupils must
study mathematics as a logically structured system, and
teachers must take advantage of modern learning theory
which is best described as discovery learning.

It is always enjoyable to teach a curriculum which
is inspiring and meaningful to school youth. We be-
lieve that this is such a program. More than that, it
provides a valuable enrichment for both teachers and
pupils. The mathematics of this outline is developed as
part of a logically interrelated whole. Those who pur-
sue this program of modern mathematics will gain con-
fidence, understanding, and enjoyment.



TOPIC |
Systems For Recording Numbers’

Suggested time allotment:

This first topic for junior high mathematics is an
exploratory one, a study of different numeration Sys-
tems. By investigating the properties of numeration sys-
tems other than base ten, it is felt that pupils will
gain a better understanding of the decimal (base ten)
system of recording numbers.

Additional benefits from this topic would be:

1. To implement the pupil’s concept of the differ-
ence between “number” and ‘“numeral”

2. To discover anew the meaning of place-value

3. To help pupils like mathematics through arous-
ing curiosity and interest

4, To provide a “painless” review of addition, mul-
tiplication, subtraction, and division

5. To help pupils appreciate the place of mathe-

matics in the humanities as they study historically
the early numeration systems

6. To stimulate pupils to do creative projects re-
lated to numeration systems

7. To convince pupils that in many phases today’s
mathematics is a reapplication of the concepts
of the ancients

8. To require pupils to think the way mathema-
ticians think about mathematics; to investigate
patterns and to attempt to make valid generaliza-
tions about these patterns

9. To help pupils see a distinction between the
properties of “number” systems as contrasted
with “numeration” systems

The Use of Exponents

The use of exponents can be introduced by using
the number 2 as the base for the exponent. Ulti-
mately, the pupil should be guided to accept the idea
that any number, x50 to the zero power, is 1 (x°=1).

*Topic References: Numbers 18, 30, 36

2-3 weeks

Having used exponents with a base of 2, pu-
pils will be better able to understand our decimal sys-
tem of notation. Much time should be spent expressing
numbers as sums of appropriate powers of ten. This
should further aid the pupil to understand the decimal
system. Here also is an appropriate place for thorough
review of fundamental arithmetic operations. Various
ways of performing the basic computations such as dif-
ferent methods of multiplication and the subtractive
method division should be illustrated. These methods
can be found in several of the more recent elementary
mathematics texts listed in the bibliography for this
topic.

It is recommended that work be done in base
five and base two numeration. It is not essential
that five be used as a base, but base two certainly should
be used to point out the application of the binary system
in digital computers.

TOPIC I has much historical implication. The pu-
pils should see how the “name changing” processes of
computation are easier with one system than another.
For example the Hindu arabic numeral has some ad-
vantage over the Roman numeral. Likewise, the base
ten numeration system has advantage over the Roman
system.

Before the topic is finished, various number and
exponential patterns should be pointed out or observed.
The computations within any system are basically similar.
Commutativity and associativity of operations should
be seen. (These names need not be used at this time.)
The foregoing properties should be observed in multi-
plication and addition tables for every numeration sys-
tem. The value of pointing them out at this time will be-
come apparent to the pupils as the topic progresses and
the power of these generalizations is developed through
the study of various numeration systems.



Suggested Developmental Questions

The following are some questions which the teach-
er may ask the pupils during the development of this
topic:

1. What is another way of saying
3 g o
A G o
in general terms:
A+A?
A+A+A?

2. Can you find a new way of saying
4X4?
5X5X5?
8X8X8X8X8?
axXaXa?

3. What is another name for
2%s 280020 21 208
2X4; 2X3; 2X2;2X1;2X07?
ht: HE=.h2ehi: HOF
5X4; 5X3; 5X2;5X1; 5X07?
4. What is another name for
23D DI PN DB DT DL DO
e S s S e Ak e L s
5. What 1s another name for
102102107107 10%: 1072
6. Express the following numbers in a different way.
102+ 10"+ 10°=
(2X10%) +(3X10') + (2X10%) =
=54
=431
=6,205
7. How many number symbols are used to form
all the numbers we use? What are they? Why
do you suppose there are ten?
8. How many weeks and days are there in 8 days?
13 days? 21 days? 26 days?
9. Complete the following chart by writing the mis-
sing name for the number in the blank.

Base Ten Base Five | Base Ten Base Five
0 0 8 —
1 1 16 —
2 2 — 42
3 3 23 —
+ 4 24 44
5 10 25 100
- 11 28 —
- 12 - 110
10. Write the base ten name for each of these numbers.
1. 41, 4, 422,
2. 14, 5. 2105
3. 102; 6. 1,010,

11. Divide each by 5.

15821 4. 112
2 9 D =i
2 R 6. 130

12. How many symbols would we have using a base two
for our numeration system?
Count to 25 using the base two numeration system.

13. Could you use the numerial ‘12’ as a base for our
decimal numeration system?
What difficulties would you encounter?

Discussion of Developmental Questions

The following is a possible development of the ideas
involved in questions three and four listed previously.

Before this topic is started, it is essential that the
pupil know the meaning of an exponent and how it
can be used. The problems listed are illustrative. The
purposes of this section should be clear:

1. To establish the value of x° through investigation of
patterns.

2. To show that x" is not generally equal to n * x.

3. To show that exponents can be a useful aid in many
calculations.

To achieve the first purpose, it is suggested that
the teacher tabulate the answers to the following prob-
lems. The pupil can readily be led to see the pattern
of the powers.

2¢=16 3*=81 1= 1
93— g8 32—=07 L=l
2°= 4 3 = 9 1° = 1
91— 9 1— 3 2=
0= ? 3= ? 0= ?

It should become apparent that each answer is ob-
tained from the previous answer through division by
2, 3, and 1, respectively. What then must we have
as an answer to 2°, 39, 1° 10°, 1,500°, x°?

Here is a real opportunity to illustrate to pupils
how mathematics evolves. The answer to new problems
is made consistent with the information obtained from
previous problems. The bright pupil might easily ask at
this time—what is the value of 2-%, 22 . ..?

To achieve the second purpose listed, the teacher
tabulates answers to a series of problems:

2°=4 2X2=4 32=9 3X2=6
23=8 2X3=6 34+=81 3X4=12
2¢=16 2X4=8

Numerous exercises illustrating this idea should be
given at this time.



The third purpose listed is not quickly achieved
but should be pointed out to the pupils throughout the
topic study.

By observing powers of 2 as listed, the pupil should
see how multiplication and division could be done.

90=1 98— 64 012—4 (096
91—9 =128 913—8 192
92=4 98=2956 91— 16,384
93:=8 29 =512 215—=39 768
04=16 010—1 (24

95—39 011—9 (48

Problems to be worked:
25X 22=128 =27
pAR23=—=0.048=—21
28X 28=4.096=2"*

012+-98=5]2 =29
23+28= 1=9°
Q11+95= G4=2°

Here the pupils are using the method of logarithmic
computation. The amount of time spent on the study
of computation at this time will vary according to class
interest and ability, but all should be able to gain some
insights into this method of multiplication and division.

Question six will provide a method of review of
basic arithmetical skills through the study of scientific
notation in the decimal numeration system.

A few examples are given below:

127= 7>X10%+2X10*+7X10°
4.021=4X103+0X102+2X10*+1X10°
84= 8X10*"+4X10°

Investigating these patterns leads naturally into
standard notation. Standard notation is not only an
excellent device for giving the pupil further under-
standing of exponents but also provides a tool for his
work in science. Only positive whole numbers and zero
should be used as exponents at this time. Later, after
negative numbers have been introduced in TOPIC VII,
negative exponents can be introduced.

Both very large and very small numbers should be
investizated and represented by standard notation. To
express a number in standard notation, use two fac-
tors. The first factor is a number between 1 and 10.
The second factor is a power of ten in exponent form.

400,000,000 =4 X 100,000,000=4 X 10°
30,600,000 =3.06X 10,000,000=3.06 10"
- | {0, E P i
0000034 a4 5 =34 X
0000000000593=5.93 X L —5.93 X

100,000,000,000 10"

Examples from science should be used for practice
in computation using standard notation. For exam-
ple: The mass of the earth is estimated at
6% 10** tons. The mass of the sun is about
3.3% 10° times that of the earth. What is (3.3
% 10%) X (6> 102') ? What property of numbers allows
us to rewrite this example as follows?

(3.3X6) X (10°X10%*)
Carry out the computation and express the mass of the
sun in standard notation.

Following is a possible development of the ideas
involved in questions nine, ten, and eleven. The
work on these questions should show the pupil
how to make changes from one numeration system to
another. In the introduction to this work, it may be
wise to ask the pupil such a question as how he would
count if man had had only one hand. Intuitively, the
pupil should soon be able to fill in the missing parts
of question nine. This work should be extended further
in base five and other bases of numeration.

The work of question ten and eleven is intended
to show the pupil how to change from a base ten num-
eral to a base five numeral. Here again much prac-
tice will be needed and the division process can be used
to further strengthen the pupil’s efficiency in the op-
eration of division.

Using the above ideas, the pupil can gain a
firmer understanding of arithmetic computation.

Consider the following examples:

68+95=(6X 101 +8X 10°) + (9X 10*+5X 10°)
— (6X 101 +8X 10°) 49X 101 +5X 10°
—9X 10"+ (6X 10* +8X 10°) 4+-5X 10°
— (9% 10 +6X 10') +8X 10°+5 X 10°
—[(9+6) X 10']+[ (8+5) X 10°]
=15% 10'+13 X 10°
=150+ 13
=163

Teachers will recognize the use of the commutative
and associative properties of addition used above. At
this time, most pupil work ought to be done as follows:
302= 3X10°+0X10*+2X10°
7X102+2X10*+35X10°

10X 102+2X10*+7X 10°
—=1,000+20 +7
=1,027
Here is a possible method of multiplication:
69X 57=(60+9) X (50+7)
= (60+9) X 50+ (60+9) X7
=60X50+9X50+60X7+9X7
=3,000+450+420+63
=3.933

|

|



Obviously, not all computational work needs to
be done as illustrated here. However, the methods dem-
onstrated will give the pupils deeper understanding of
the operations of arithmetic.

It is quite natural that some computations should
be done with base five numerals. Addition and multi-
plication tables may be set up for the pupil’s use.

-l O FEER [ > 0 1 1
griga s 205 4 0O 000 0O
RS I TR 1 G Bog il 20 3@
2020 3 4 10 1 2 0 2 41113
3 3 410 11 12 3 0 311 14 22
4 4 10 11 12 13 4 0 4 13 22 31
Now many simple problems can be done by the pupils.

I 43, 323,

3115 42,

404 1201

2402

30,2215

These calculations can be checked using base ten
numerals. Most pupils should be fascinated by the opera-
tions in a different numeration system. This work will
also aid slow pupils in the strengthening of their arith-
metic skills by giving them insights in the development
of a system, its numeration, and operations.

It is also possible to do some work with subtrac-
tion and division with base five numerals, However, not
too much time should be spent on any of these opera-
tions. The main idea is to build better understanding
of the base ten numeration system and the operations
with base ten numerals.

[t should be noticed that, in the construction of any
addition and multiplication table, the commutative
properties are well illustrated. The pupils should be
led to see these generalizations.

The topic described above is rich in mathematical
content. It is not intended that every class should do
everything suggested. However, every pupil in every
class . should gain important understandings., They
should understand the meaning and notation of ex-
ponents. They should understand our decimal system
of numeration and its operations. They should know
that man is not restricted to base ten in expressing
number values.

In this topic the foundation is laid for further under-
standing of the basic properties of our number system
(commutativity, associativity, and distributivity, etc.).

Numerous materials are available for extensive study
of this topic. Certainly the teacher should study and
use these materials to further aid the pupil in his ap-
preciation of and learning about mathematics.



TOPIC I

Sentences Which Describe
Sets of Natural Numbers and Zero®

Suggested time allotment:

Mathematical sentences such as n+4=6, n+7>7,
n 55410, and n—2<6 are introduced early in the
seventh grade, primarily to give the pupil a tool
for problem solving. The sentence (equation or inequal-
ity) in mathematical symbolism is a visually apparent
representation of the structure of the problem. Finding
true replacements from a meaningful set of numbers
gives the pupil a solution satisfying the conditions of
the problem.

By investigating open sentences (containing vari-
ables) that are true for some number replacements,
for no number replacements, and for every number
replacement, the pupils realize the importance of those
which are true for every replacement. The ideas ex-
pressed by these sentences are called properties of the
number system. Names are given to these properties
and they are used in proofs in this topic. In fact, all
through the mathematics program these properties give
reasons for steps which formerly seemed to be mechan-
ical manipulations.

Another reason for using mathematical sentences
is to give the pupil an appreciation for the structure
of our man-made number system. Certain groups of
sentences create a need for “new’” sets of numbers.
This progressive expansion of the universal set of num-
bers continues throughout the pupil’s mathematical
program in the junior- and senior-high school. These
“new” sets of numbers are introduced in TOPICS II,
IV, VII, and XIV. Sentences like the following lead
to a study of particular sets of numbers.

Seventh grade:

n-+4=6 natural numbers (TOPIC II)
n+7=7 zero (TOPIC IT)
2n—1 rational numbers (TOPIC 1IV)

*Topic References: Numbers 2, 23, 29, 31, 92, 33. 34, 36, 37

6-7 weeks

Eighth grade:

n+5=3 negative integers (TOPIC VII)
2n=-1 negative rationals (TOPIC VII)
n * n=4 positive and negative rationals
(TOPIC VII)
n - n=3 positive and negative irrationals

(TOPIC VII)
Ninth grade:

n - n=3 positive and negative irrationals

(TOPIC XIV)

Graphical representation of sentences can be made
on the number line. The universal set under considera-
tion should be precisely stated and limited to the set
whose members are plausible for the stated conditions
of the problem situation.

Throughout this topic and the topics to follow,
the concepts, language, and symbolism of sets are em-
ployed. Not only do the symbols and vocabulary of
sets give a precise way of stating conditions about
numbers or problem situations, but also the ideas of
sets are fundamental ideas in mathematics. The con-
cept of a set, for example, provides a precise meaning
to the concept of a mathematical relation. A num-
ber system is considered as a set of elements with op-
erations defined on the elements. Sets of points and
lines are studied in geometry. Formulas are viewed
as special kinds of mathematical sentences that express
certain relations.

The pupil should be expected early to become ac-
customed to using the set builder notation (i.e., {x | x
is an odd number}). Any symbols such as frames
(A, []) or *, or letters of the Greek or English alpha-
bet may be used to hold a place open for a replace-
ment from a specified and meaningful universe.



Mathematical sentences have no truth value until
their placeholders are given replacements.

Examples are: x+3=15, 2>n+4, 3X[]£[].

In order for sentences to express true or false ideas,
a replacement for the placeholder must be made. This
replacement is always a member of the universe being
considered.

Those replacements from a specified universal set
which make the sentence true are members of the
solution set. The graphic representation of solution
sets can be made on the number line of natural num-
bers and zero for this topic.

{n|2n=6} is graphed as:
01234567889 10
{n|2n>6} is graphed as:
q . . (0 e ° ™ e ® ° E ® [
0 12384 506 8 8Tl
{n | 2n<6} is graphed as:
e o o O . . ‘ : . . .
g 1204345 67 8 90
By comparing the three graphs the pupil is led to
see the solution set of the equation in relation to the
solution sets of the corresponding inequalities. The

union of the three solution sets is the set of all natural
numbers and zero.

Later this same concept carries over into the two-
dimensional work on the coordinate plane when the
pupil views the graph of y=2x+3 as the boundary
between the graphs of y>2x+3 and y<2x+3.

(ala=15—2) {n|12+n <20}
{xx<25} {njn-3>5}
{x|3x<25} {nln - n<3}
{x|2x>5x} {x|x *+ x{0}
{l ydia) {n|; n<10}
(5150 (yl5 y<20)
(n|13 —n=4) {OJ]J=~10}

Using a finite universal set such as U={3, 6, 9, 12},
replacements could be made in sentences such as 2x
+1>19, 2+3x=8, and 4x-+1>8.

In all of these exercises, sentences should be included
which have empty (null) solution sets. When the re-
placement set for x is the universe of natural numbers

and zero, the solution sets {x|2x<<0} and {x|x+ l—

— %} are empty sets. The symbol for the empty set
is either ¢ or { }.

When sentences are encountered that are true for
all replacements of natural numbers and zero, pupils
should be encouraged to examine the patterns. If no
counterexample is discovered and the pattern is one
used over and over, then these patterns may be named.

Some of these are patterns recognized as prop-
erties of the number system:

Commutative Property for Addition

. [a+b=b+c] :
Commutative Property for Multiplication
[a - b=Db - a]

Associative Property for Addition
[a+ (b+c)=(a+Db)+c]
Associative Property for Multiplication
[a:(b-c)=(a-b) " c]
Distributive Property of Multiplication with Re-
spect to Addition
[a(b+c)=a " b+a - c]
Identity Property for Multiplication
[a * 1=a]
Identity Property for Addition
[a+0=a]
Property of Multiplication by Zero
(a + 0=0].

These properties should then be used in simple two
or three step proofs. No doubt this will be the pupils
first exposure to proof. There is a continued emphasis
on proof throughout the entire junior high school pro-
gram and on into the senior high school as well. In
fact, the extensive use made of deductive reasoning and
proof is one of the major differences between the past
program of arithmetic and algebra and the improved
program of the present.

Finally, mathematical sentences should be em-
ployed as a method of expressing the structure of ver-
bal problems and for solving them. This approach is
further expanded later in this topic.

Leading questions which a teacher might ask pu-
pils are:

1. Give a mathematical sentence whose solution set is
“empty”’ if the replacement set consists of natural
numbers and zero.

9 Give several sentences each of which has solution
set {5}.



3. Give several sentences whose solution set is {0}.
4. How would the graph x+x>20 appear on the

number line of natural numbers and zero?

5. Betty had 12 phonograph records. She bought 7
more records, but she still had fewer records than
Elaine. How many phonograph records can Elaine
have?

6. Dick scored 13 points during the first half of a bas-
ketball game. He scored fewer than 20 points dur-
ing the entire game. How many points could he
have scored during the second half?

7. What numbers can be multiplied by 3 so that each
sum is less than 207

8 Is nt5=5+n a true sentence when n holds a
place for a natural number or zero?

9. For what numbers, n, is the sentence 5Xn=n
true?

10. How would you group the sentence 20X6-+3+
2X4=n for accurate solution?

Following is a group of sample lessons developing
out of question 4 above. Question 4 was “How would
the graph of x+x>20 appear on the number line of
natural numbers and zero?”

Pupils should be led to see that dots can be used
to make a picture of a set of numbers. Each dot pic-
tures a point. (A point is an idea.) Each point is as-
signed a number so that each number matches a point
and each point matches a number. Mathematicians call
this matching a one-to-one correspondence between
points and numbers. The picture looks like this:

0 i 2 3 4567 89 10...
A line that has points matched with natural numbers
is called a “natural-number line.” The dots form a
picture or graph of the set of natural numbers. Of
course, it is impossible to make a dot for each natural
number, but the three small dots to the right of the pic-
ture of a line indicate that the dots in the graph of

the set of natural numbers and zero form an infinite
(continuing) set.

Many subsets of the set of natural numbers and
zero can be pictured by graphing.

The subset {0, 1, 2, 7} is pictured by encircling
the dots.

SR e s, @ -
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The solution set {x|x>6} forms a subset of the uni-
verse also. If U={natural numbers and zero}, the

points of the solution set are pictured:

D e G T @ B F O )
I L R T s 6 e
The solution set {x|x>6} is infinite (endless) as indi-
cated by encircling the three small dots to the right of

the picture of a line.

Given the same sentence, x>6 and the universe
{0, 1, 2, 3, . . . 10}, the solution set becomes a finite-
subset of the given universe.

Statements of equality can be pictured also. The
solution set {n‘—i,— -I—n=6'_— } is a subset containing only

one number, 6. Its graph is:
O 012 B 451 06l 7' 8 9 10

For conditions such as ns4n which describe a null
set, no dots are encircled.

Pupils should be given many varied experiences in
graphing on the natural-number line the solution sets
of equalities and inequalities with one variable. It 1s
a concrete, visually apparent device for gaining under-
standing of our number system. These understandings
will be broadened when the pupil works with subse-
quent number lines: integers, rationals, and reals. A
firm foundation is being laid for graphing in two-
dimensional space with two variables and later in three-
dimensional space with three variables.

Questions 5, 6, and 7 serve to introduce several les-
sons in solving verbal problems about situations and
numbers.

The mathematical sentence can be a powerful tool in
problem solving. The sentence gets at the structure
of the problem. It becomes simpler and more mean-
ingful to work with the sentence than with the non-
mathematical description of the problem.

Question 5 above was, “Betty had 12 phonograph
records. She bought 7 more records, but she still had
fewer records than Elaine. How many phonograph rec-
ords can Elaine have?”

In question 5 we do not know the number of mem-
bers in the set of the number of records Elaine could
have so we use n as a placeholder for a name of the
number of records she could have. Pupils must be
led to recognize the type of action in the problem situa-
tion. Buying 7 records would be an additive action. Rec-



ognizing this would help us in forming a sentence to
represent the situation described:

12+ 7<n. The universe for n, the number of records
Elaine has, is {13, 14, 15, . . .}.

Pupils should learn to translate the problem situa-
tion into mathematical language in the precise order
that action occurs. Even though n>19 and 19<n
have the same solution sets, the two sentences do not
express the same problem action.

Question 6 was, “Dick scored 13 points during the
first half of a basketball game. He scored fewer than
20 points during the entire game. How many points
could he have scored during the second half? We do
not know how many points he scored during the second
half, so we let the placeholder, n, represent that num-
ber in the open sentence 13+ n<20. Again the action
is additive, so the sentence reflects this. The universe
form s I E 19}.

Let us consider another problem in which the ac-
tion is not additive. “Sue made some potholders. She
gave 12 of these potholders to her friends and has 6
left. How many did Sue make?” Since the members
of one set of objects were not put with the members
of another set of objects, the action is not additive.
Another set is left, namely, a set of 6 potholders. The
action in which the members of a subset of a given set
are removed from the given set is said to be subtractive.

The terms ‘“additive” and ‘“subtractive” need not
be mentioned explicitly. The pupil should merely rec-
ognize that in some problems, objects are put with
other objects (the union of disjoint sets) and in other
problems, objects are taken from a given number of
objects (a subset of a given set is removed from the

given set).

To be sure that the members of the solution set
of a sentence are the numbers that the problem asks
us to find, these numbers are used in the problem
itself. The pupil should be accustomed to verifying his
answers to a problem in this manner.

Situations requiring solutions involving multiplica-
tion and its inverse operation, division, are presented in
a later topic on ratios and rates. Special sentences
called proportions are then formed for determining the

solution set.
Work sheets can be prepared containing additional
additive and subtractive problems such as these:

. A school auditorium can seat three hundred per-

sons. Fewer than twelve seats were empty for the

school play. How many persons could have attended?
300 —n< 12

2. Anne bought 24 buttons. After she had sewed some
of the buttons on a dress, she had more than twelve

buttons left. How many buttons could Anne have
sewed on the dress? 24 —n>12

3. Betty baked 25 cupcakes for 18 people at a party.
Each person had at least 1 cupcake. How many peo-
ple at the party could have had at least 2 cupcakes?
25— 18>x

4. Jim had some dimes. Then he spent 4 dimes for
school supplies and 18 dimes for a birthday gift. Jim
told Herb, “The number of dimes I spent is the
same as the number of dimes I have left.”” How many
dimes' does Jim have left? 4+18=x

Ed had 52 marbles. Then he gave some marbles to
his brother Bill. The number of marbles Ed has
left 1s greater than the number of marbles Ed gave
to Bill. How many marbles could Ed have given to
Bill? 52 —x>x

D |

6. Mr. Thomas sold some of the 42 ducks on his farm
The number of ducks he sold was greater than the
number of ducks left on his farm. How many ducks
could he have sold? x>42 —x

7. During the first six months of the year, Mr. Jones
worked 43 hours overtime. By the end of that same
year, he had worked 119 hours overtime. How many
hours overtime did he work during the last six
months of that year? 43-+x=119

8. Of the 603 employees at the Allen Co., 17 had left
the company by the end of the year. At least one
replacement was hired. What was the least number
of employees the company could have had at the

end of the year? 603 —17<x

9. The water tank for an apartment house was filled
to its capacity of 12,000 gallons. A day later there
was still some water in the tank, but there were
fewer than 9,140 gallons left. How many gallons
could have been used that day? 12,000 —x<9,140

10.The capacity of a cargo plane is 38,000 pounds.
The plane left Chicago with a capacity load. Some
of the cargo was unloaded in Albany, but no cargo
was put on the plane. When the plane arrived in
New York City, it was carrying more than 29,000
pounds of cargo. How many pounds of cargo could
have been unloaded in Albany? 38,000 —x>29,000



More experience in solving verbal problems will be
given to pupils in TOPIC IV (FRACTIONS ON THE
NUMBER SCALE) and TOPIC V (RATIOS IN-
CLUDING PER CENTS AS PAIRS OF NUMBERS).

Elementary proof using the basic properties of num-
bers should be introduced in this topic. One- and two-
step proofs could be used for such sentences as:

2+ 3x=3x-+2
x+y=yTx
(2x45)+3=/(312x) 9
TOPIC VIII on proof has numerous suggestions that

could be used either at the seventh- or eighth-grade level.
Order of operations should be presented and pupils

given practice on examples written in horizontal array,
15y SR —2=m

In conclusion, this topic has presented mathematical
sentences as a means to better understanding the struc-
ture of our number system and its properties and as a
means to developing more understanding and confi-
dence in problem solving. Some of the properties of the
natural numbers and zero were investigated, named,
and used in simple deductive proofs.



TOPIC I
Nonmetric Geometry’

Suggested time allotment:

The main purpose of this topic is to give the pupil
experiences with fundamental geometric concepts.
Some of these experiences should be designed to help
him see the need for precise language, particularly in
definitions.

Several side gains can come out of this study. For
example, many opportunities develop for the pupil to
simplify his work by forming generalizations of his
own. Another benefit is the reinforcement of the lan-
guage he has learned in dealing with mathematical
ideas.

One purpose of this topic 1s to distinguish between
geometric figures and their measures. For example,
it 15 necessary to be aware of the distinction between
the idea of an angle and the measure of the angle, the
idea of a line and the length of a line.

It is suggested that the topic be started by con-
sidering sets of lines. A mark can be made on the chalk-
board and the pupils can be asked whether this is a
line or merely the picture of a line. Since line, point,
and angle are ideas and not drawings, the “endlessness”
of a line is an easy thing for pupils to understand.

Next, study sets of pairs of lines. The lines in a given
pair either intersect or they do not. If the lines do not
intersect, they may be parallel—or they may not be
in the same plane. (It is better not to restrict thinking
to a plane.) When they intersect, at least one angle
is formed. How many angles? To answer this question
one needs to study and understand rays or half lines.

Since the need for precise definition is more im-
portant than mathematical rigor at this level, there
are a variety of ways to define the idea of angle. The

*Topic Reference: Numbers 3, 4, 30, 31, 32, 36, 37

4-5 weeks

pupil can begin to see that one of the important things
here i1s that when one uses a word (in this case, “‘an-
gle”), this word must convey the idea he has to his listen-
er. So we pick the idea we want to associate with the

word angle.

One popular definition of an angle is “two rays
with a common end point.” Thus, when two lines inter-
sect, we can letter the rays a, b, ¢, and d. They all have
a common end point. Then (ab), (a,c), (ad), (bc),
(b.d), and (c.d) are all angles. Since (b,c) and (c,b)
are names for the same angle, all we need to do is
count to know there is a total of six angles. This can be
thought of as the number of ways four objects can be
arranged taking two at a time.

Picture A

Now look at sets of triples of lines. When three
lines intersect in two points, one of the lines has two
special points on it and the definition of line segment
arises naturally. Parallel line segments are segments

of parallel lines.

The vertex of an angle also should be defined at this

time.

Again there are many questions which naturally

follow.
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Examples of some questions about members of the
set of triples of lines are given below. Our universe is

0

1. What is the solution set for the open sentence,
“three lines may intersect in n points,” that is,
“In how many ways can three lines be made to
intersect?”’

{0, 1, 2, 3}

9. If three lines intersect in one point, n angles are
formed? {15}

3. Three lines can intersect to form n angles?

{12, 15, 18}

4. Ts there a member of the set of all triples of lines
which has two, and not three, line segments?

It seems natural to proceed to sets of quadruples
of lines, sets of quintuples, and so on.

One can talk about both open polygons and closed
polygons. Again a simple definition is needed. About
as simple a definition as one can get is to leave “region™
undefined and talk about a polygon as the “boundary
of a region.” Intuitively, it is easier to talk about the
boundary between two regions, but the geometric idea
of “betweenness” is rather sophisticated for study
at this time.

Picture C
(2 rays)

Picture B
(triangle)

B oB

Picture D
(line)

Picture E
(line segment)

In Pictures B, C, and D in order to get from cer-
tain points in one region, like point A, to points in
another region, like point B, it is necessary to Cross
(touch) the boundary. So these are pictures of polygons.
Picture G and Picture D are pictures of open poylgons.
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In Picture E, it is impossible to find two regions
(sets of points with members like point A and point
B for which this is true), so a line segment is not a
polygon. There is a “hole” in this definition if points
A and B are allowed to be on the boundary in ques-
tion. It is well to have this restriction come out of a
discussion where pupils use the discovery approach

and generalize.

Picture B is a picture of a closed polygon. A closed
polygon can now be defined as “a polygon composed
of line segments.” Now, the set of all quadrilaterals
can be discussed as a subset of the set of all polygons.
Triangles, pentagons, octagons, etc. can be handled
the same way. The idea of a n-gon should not be
neglected.

Diagonals can be defined as line segments which
are not sides of the polygon, but their end points are
vertices of the polygon. Then if all points but the end
points of every diagonal are in the same region, the
polygon is convex (see quadrilateral ABCD in Picture
F). If two points can be found in the diagonals of a
polygon in two distinct regions with respect to the

polygon, the polygon is concave.

Picture F

Look at Picture F. Quadrilateral PRST has two di-
agonals. Point x is in one diagonal and point y is in
the other. Any line segment (or curve) which contains
both x and y on it also has a point in common with
the polygon PRST. On the other hand, segment x,y,
has no point in common with ABCD; the same thing
is true for any other placement of x; and y, in diagonals
of the polygon ABCD. This enables one to avoid the
concepts of “interior” and “exterior” which, like “be-
tweenness” are far more sophisticated than they appear

at first glance.
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Picture G

Look at Picture G. It is not hard to decide whether
open polygon ABCDE is convex or concave, One might
even decide whether points | and K were inside or
outside. It 1s more difficult to decide about whether

V is inside or outside of PORS. How about T?

Whether PWRS is concave or convex is easily
decided by choosing suitable points on diagonals QS
and PR.

Good questions for pupils come up all through
this topic. The following list is only intended to bring
types of questions to mind.

I. Sets

U = [‘polygon’, ‘trapezoid’, ‘quadrilateral’,
‘parallelogram’, ‘pentagon’, ‘octagon’,
| ‘triangle’
(Note that this universe is a set of names for geo-
metric figures—denoted by single quotes.)

Tabulate the solution set for each statement below,
tracing the figure formed by the points named. “y”
is a placeholder for the elements in U above,

1. DGE is a y. 4. ADEC 1s a y.

2. ABDE is a vy. 5. KLNO is a vy.

3. ADEH is a vy. 6. KLMNO is a y.

II. Tables

Many questions can be asked in tabular form.
Examples: (see table below)

Note that here is a natural use of a placeholder
where the idea it represents is that of a parameter.
Actually a parameter is a variable used in a special
way. The questions this brings up in the minds of boys
and girls can lead to very fine thinking.

For instance, when asked about the maximum num-
ber of points in which n lines can intersect, some pupils,
come up with 1+2+34 ... +(n—1). Others with a
n{in-1)

different approach come up with The ques-

tion of who is right brings up the possibility, and sub-
sequent investigations, of whether these expressions are
in fact equal. You could also have columns in this table

B C
: X for items such as “number of angles formed if all lines
intersect in one point,” or “number of angles if lines
’ 5 . = intersect in the maximum number of points.” Columns
G for numbers of rays and line segments lend confidence
X A 2 in building answers. Another good table: (see next
Picture H page)
Number of lines Minimum possible Maximum number of
number of intersection intersection points
points
2 0 1
3 0 3
4 0 6
5 0 10
6 0 15
n 0 1+2+3+. . +n-lor 2E=2)

12



Number of diagonals Number of diagonals Number of triangles
if convex if concave formed by diagonals
from one vertex
triangle
quadrilateral
{

pentagon
hexagon
14-gon
n-gon

[II. Questions about specific figures. See Picture I
below. (These can be done through tables or sets and
solution sets.)

Picture 1

13

How many triangles? How many quadrilaterals?

How many closed polygons? Open polygons? Angles?
and so on.

Since part of the purpose of the topic is to help
the pupil see the need for precise language, he should
be allowed to use his own language in describing the
1deas. Some loose definitions should be made, then

questions should be asked which lead the pupil into
difficulty.

The wealth of individual ideas in this area could
tempt a teacher to spend too much time on the topic.
Four to five weeks ought to be plenty of time in spite
of the fact that one can design many times that much

work and pupils will continue to find it interesting.




TOPIC IV
Fractions on the Number Scale’

Suggested time allotment:

In previous topics the universe has included only the
natural numbers and zero. For the universe of natural
numbers and zero, pupils will recognize that a sentence
such as 2n=1 has as its solution the empty set. Given
the positive rationals as the universe, the solution set be-

comes the fractionlg . As with the natural numbers and
zero, understanding will be enhanced by showing
that each is placed in one-to-one correspondence with

/ a point (coordinate) on the number line.

This topic is also concerned with a re-examination
of operations with fractions—a more sophisticated and
mature look than in previous study. Pupils should no
longer be satisfied with just how something is done; they
should learn why. The basic properties of num-
bers and operations should be emphasized whenever
possible in the study of fractions. These basic proper-
ties were first introduced in TOPIC II and may be
used again to develop experiences with fractions. Op-
erations are justified by the use of such properties as
commutativity and associativity for multiplication and
addition, and the identity elements for multiplication
and addition.

The study of prime factors and reciprocals is very
important in this topic as pupils learn to quickly identify
common denominators and multiples.

In the development of decimal fractions, the teacher
should emphasize the decimal as a special kind of frac-
tion notation which has certain qualities of convenience.

In teaching pupils to compute with decimal frac-
tions, it is vital to relate the decimal notation to the
common fraction notation of the same number. In this
way it is relatively easy for the pupils to discover the
principles used in computations with decimals.

*Tapic References: Numbers 3, 30, 32, 35, 36
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6-7 weeks

In the solution of verbal problems involving frac-
tions,. encourage the pupils to use the mathematical
sentence to describe the action and conditions of the
problem. This is the same approach as that used in
TOPIC II.

Suggested Developmental Questions

The following questions may help the teacher lead
pupils into a study of this topic. Discussion of the ques-
tions will follow.

1. What is the solution set for the sentence 2n=17?

9. What is the general form for expressing a rational
number?

3. How many halves are represented by 1-12— ?

4. In what different ways can the rational number
1 3
- be expressed:
After several equivalence classes (a set of names
% . 1 2 3
for the same fraction; 1.e.,—5 s — 2 .-

been developed, ask the pupils the following:

.) have

5. Can you see any special significance for the class
12 3
2

6. How may members of other classes be developed
using the ones class?

7. Which of the following is the more meaningful
way to express a fraction,
13 I
2l 3
g or 34! . _
(Answer: one is as meaningful as

the other.) .

8. How may the following number pairs be re-
duced using the identity property for multiplica-
tion (a * 1=a)?

10

2 3 12
a4 b4 o 5 d 25




9. What is the reciprocal of % ?

10. Express the following numbers in more simple
form.

MI:::‘_
B
-u!a-:-
(@ p]
h_i-

4
a. o b

,_}]_
ro
af= [

11. How are decimal fractions and common [rac-
tions related?

Discussion of Developmental Questions
Questions number 5 and 6 (above) explained:

The answer to the question in number 5 is the
2 3 4
Gl g (g AL

this answer for the question may be developed as follows.

“ones class” ( 1! 3 .). Justification of

The pupils may recognize patterns by developing

such classes as:

1 T R )
2_“"32’4’6’3’ g
3 e e T
T“’%T’z’s 4’ %
2 2 4 @, 8 10
TH§§’6_’9’12’15’ %
1 2 3 4 5
1“3?’2’3’4’5’ g

Pupils should note that the “ones” class is the easiest
to develop. With further investigation they should rec-
ognize the relationship of the “ones” class to the other
classes. Using the first member of the class, any other
member is the product of that first member and some

member of the “ones’” class. Examples of these are:

L )
Ej]_z?
IR =5 5
AR ST
Es . 8
2 e ) 16

Question number 6 is an outgrowth of the above
examples. Pupils should use multiplication by members

of the “ones” class to develop other classes. Where
p

the pupil found it rather difficult to think of members

for a class such asTf'{, now there is a means of de-

veloping more members.

i [n_] —- /n where n >()
23 ln J° 23n o

For question number 10, the concept of a multi-
plicative inverse (reciprocal) is a useful tool in oper-
ating with fractions. When a positive rational number
is multiplied by its reciprocal, the product is one. Later
this idea is used extensively in finding solution sets for
open sentences. Here it will be used in the simplification
of number pairs.

Pupils should understand that a number pair [;—J
can represent more ideas than that of a fraction. The

ok
number pair —-could mean:

1. The fraction five-halves.
2. A ratio of five to two.

3. Five divided by two.

The first of these interpretations is familiar to the pu-

pils. The second interpretation will be developed in

TOPIC V.

The following comments on the third interpretation

(above) of a number pair will help answer question 10.

a.-%——- -41,— The pupils know this from the study of

equivalence classes, recognizing that both 4 and 8
are multiples of 4.

5 : . .
b.s~ A few pupils may recognize the solution
24

=

as being —-. The pupil should be led to

understand the most important idea is that this

is a number pair naming a point on the number
line. Further, it may be interpreted HS% divid-
ed by 2. The following questions will help pupils

solve this division:

(1) What number 1s easiest to use as a divisor?
(2) What is the reciprocal of two?

(3) What member of the “ones™ class may be used
in simplifying the number pair?



The solution of the problem takes this mathematical

pattern:
B D 5
T IR T S T 5
Do ea 1 1 = e
1 2

Note that this method is also satisfactory in the
solution of the problems below.

gt BRI il
4 4 |1 2 11

G SN = = e [T | = SRR S
2 el

This development makes it clear that division by
a number is equivalent to multiplication by its reciprocal.
Think how mystifying this idea has been to many pu-
pils in the past! Examine part c. again. Keep in mind
that one interpretation of

3

S s o
_1_-15 4——2
2

The reciprocal is developed by using the “ones” class
to simplify the number pair. After pupils become be-
labored with the extra calculation involved in this
process, they may be encouraged to find an easier one.
They should choose to work the problem as follows,
using a horizontal form:

== - — = —
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Now work with fractions using the horizontal form.

In addition and subtraction of positive rational
numbers, the idea of prime factors as related to com-
mon denominators must be included. The problems
should be written in both vertical and horizontal form,
The horizontal arrangement, of course, more nearly
resembles the algebraic fractions to be studied later.

For example:

Bty A RSS! 4 9
(a) 6+15—[6 X 5J+[Fx"§]
25 8 33
30 T30 — 30
11 13 i S 2 13
. o " S
(b) 70~ 30 [10 3] 30
_ 33 13 _ 20 _ 2
= R0 & 20 Sonies

In reducing % the prime factors should be

examined, several “ones”’ classes being discovered and

- . . . 2
used to obtain the simpler equivalent fraction, ——.

In summary, this topic has presented techniques and
devices for helping the pupil gain more understanding
of fractions which behave like the positive rationals. It
is hoped that with the number line as a visual aid pupils
will see the fractions as an extension of the universe of
numbers previously used. In this more mature look at
the four operations with fractions, the pupil should be
guided to discover that the same properties which justify
operations with the natural numbers and zero also
justify the operations with this set of numbers called
the fractions.




TOPIC V
Ratios (Including Per Cents) As Pair of Numbers’

Suggested time allotment: 9-10 weeks

There are various ways of comparing pairs of
numbers. This topic deals with the comparison be-
tween pairs of numbers which can be expressed by

the forrn*—;‘— where a and b represent positive rational

numbers. We shall call such a form a ratio. A ratio
is a pair of numbers expressing a rate in a physical
situation in which we make a many-to-many, one-to-
many, or many-to-one correspondence. Using equiva-
lent ratios to represent equivalent rate pairs enables us
to precisely describe symbolically the action in many
problem situations. Rates arise in buying at a cer-
tain cost per article or in mixing materials in certain
proportions or in finding areas of the interior of geo-
metric figures.

Per cent is a special rate-pair comparison, where
the second component of the ratio is 100. In the tra-
ditional study of per cent, the pupil studied three dis-
tinct types of situations, each having a specific arith-
metic process designated as the correct one to use in
finding the solution. In the ratio approach to per cent
the pupil finds that all per cent situations can be ex-
pressed by a pair of equivalent ratios with the missing
component represented by a placeholder. Research
and current practice seem to indicate that the pupil
who learns the ratio approach becomes much more
skillful in problem solving and retains more of the
concepts as well.

The pupil should have a good background of ex-
perience with ratios from his elementary school-
work. If this is the case, then the teacher may move
quickly into the consideration of per cent with em-
phasis placed on the use of a mathematical sentence
to describe the conditions of the problem.

It would be well for the teacher to help the pupils
review and later summarize the properties of rate

#Topic References: Numbers 6, 7, 8, 20, 27, 35, 36
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pairs. For reference, a summary of these properties
follows:

(1) If two rate pairs belong to the same set, that
is, they are equivalent, then their cross pro-
ducts are equal.

[If a : b~c : d, then ad=bc]

(2) If in a given set of rate pairs we multiply
each component of a rate pair by a natural
number, then we get another member of the
same set of rate pairs. [a:b~a(n) : b(n) ]

(3) If we divide both terms of a rate pair by a
common factor, we obtain another member of
the set of rate pairs.

[a:b=—2: 2]
(4) Any given rate pair (except 0:0) belongs to
one and only one set of rate pairs. (Thus we
do not accept any rate pair if one component

is 0.)

These properties should be contrasted with those of
fractions. (See TOPIC IV) A fraction is defined as
an ordered pair of natural numbers written (p, q)

or —- when it is understood that q0. Two fractional

numbers, (a, b) and (¢, d), are equal if and only if
ad=bc. The binary operations of addition and multi-
plication (and their inverses) can be performed giving
a meaningful result. This is not the case with ratios.

For example: Mark Davis was practicing free
throws in basketball. On Monday he made 15 baskets

out of 20 attempts. On Tuesday he made 16 baskets

15

out of 20 attempts. If -5 and —;—g— were added as frac-

- I; " -
tions, the result T{']- would seem to indicate that Mark

was successful 31 out of 20 times, which is impossible.
Actually he was successful 31 times out of 40 attempts.
Multiplication of ratios is likewise ridiculous.



Many applications from business (commission, d:s-
count, taxes, margin, interest) should be used in this
topic. Scale drawing is another application of ratio.
Statistical data can be utilized in the construction and
interpretation of graphs. Circle graphs give another
fine application of per cent as a rate per hundred.

The first property of ratios listed above may be
defined for the pupils after experimenting with
special cases such as:

2 4 o
If Tz'g', 'l'.hEI'l 2 6—3 ":1'
: = 2 4
And sSince 2 g 6-—'3 - 4 we kl’]DW —3—"1*?,
. a (s ;
leading to — ~ —— if and only if ad=bec.

be — d
The following questions lead to the major con-

cepts and ideas that must be developed with the pu-
pils during this topic:

1. What are some examples of ratios?

2. Find solutions to the following using:

— ~—“~—ad=bc.

Bl === .1

(a) If Tom is paid at the rate of 25¢ per hour,
how much will he earn in 5 hours? in 7 hours?

(b)

If potatoes cost 6¢ per pound, what is the cost
of 10 pounds of potatoes? of 13 pounds?

(c)

If onions cost 5¢ per pound, how many pounds
may be bought with 50¢? with 25¢°?

(d) When Sid shoots free throws, out of every
5 shots he makes 3. If he makes 18 shots, how
many free throws did he shoot? How many
free throws can he make if he shoots 100

shots?

For every dollar that Ron loaned to Gary,
Gary promised to pay Ron an interest of
4¢ when he returned the money. If Gary bor-
rows $12, how much interest must he pay to
Ron? If Ron is paid 20¢ in interest, how
much did he lend to Gary?

If 10 pounds of force on a lever will Lift 30
pounds, how much weight will 20 pounds of
force 1ift? How many pounds of force is re-

quired to lift 15 pounds?

3. Why is per cent a special case of ratio?

4. Per cent is identified as a ratio involving what
number ?

18

n

. How may each of the following be stated as a
number pair?

(a) 5%
(b) .05%
(¢) 175%

6. Find solutions for the following using:

| C

e —ad=Dbc. :

(a) What number is 25% of 40?
(b) 15 is what per cent of 752
(c) 18 is 75% of what number?

(d) Larry makes 60% of his shots during a game,
If he attempts 20 shots, how many does he
miss ?

(e) Mike lost 129% of his wrestling matches. If
he lost 3 matches, how many did he win?

7. How can ratio be applied to the simple machines
of physics? (Teacher should devise specific ques-
tions)

8. How are yearly interest rates on money an ap-
plication of equivalent ratios? (Again teacher
should devise many specific questions.)

The pupil will have no difficulty with problems like
those above. He will be finding solution sets for the
sentences 14x=28 and 3x=75. But ratios which will

lead to sentences like Q{—x=3 require some system

of solution. His easiest approach is to rewrite the sen-
% .2

I
him again to write 5x—6 and he should have no diffi-

tence as then the cross products work for

culty recognizing { —=— | as the solution set.

Now examine the parts of question 2 stated on a
previous page:

(a) Tom’s rate of pay 1s ]25}:;
S~ $1.25
125=1x {125}
B_x g175

175=1:x{175}

(b) The cost of potatoes is ———




(¢) The cost of onions is

S =25 {5} 5 1bs.
(d) Sid’sratiois -
.3 18
Tl
3x=90 {30} 30 free throws
3: ¥
§ LU

5%=300 {60} 60

(e) Ron’s interest is '1%5?
. 4 X
* 100 = 1200
100x=4800 {48} 48¢
4 __ 20
0D el

4x=2000 {500} $5.00

: . 1
(f) The ratio of the lever 1s %g- OF-=-

-__I_H:'}_f‘}‘
Ii3___

1-x =60 {60} 60 Ibs.
1 X

8 15

1
3x=15 {5} 5 lbs.

Question Number 6

A major portion of the work with ratio may be
with per cent. A per cent is a ratio of two positive
numbers, the second of which is 100. Since per cent
is a rate-per-100 number pair, the basic concept of
ratio may be used.

(a) 25% may be expressed as %

oAl
C 100 — 40

100x=1000 {10}
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(b) This is a ratio of —>-

15 X
* 75 =100
75%x=1500 {20}  20%

(c) 75% may be expressed

75

ds WO_
75 18
* 100 = x

75x=1800 {28} 28 is the number

(d)
0 x
100=—"20
100x=1200 {12} 12 shots made
8 shots missed_
(e)
A2 -8
100== =x

12x=300 {25} 22 matches won

Per cent of increase and per cent of decrease can
be handled the same way with the original component
of the rate pair being 100. For example:

Fred was paid $60 a week when he began working
in a service station. After six months his wages were

increased to $75 a week. What is the per cent of in-

75 x

9
crease:r o~ 7n5> etc.

The emphasis of this entire topic is placed on
the recognition and understanding of

a C

e < ad=Dbc.

This is a concept that leads the pupil to a fundamental
understanding of per cent. The solution is not the
formulation of many rules but the solution of “different
types” of per cent problems using the same mathemat-
ical model throughout the experience.



TOPIC VI
Metric Geometry’

Suggested time allotment: 5-6 weeks

TOPIC III entitled, “Sentences That Describe Sets
of Points,” introduced certain concepts of geometry to
the pupil which are independent of measures (non-
metric geometry). This topic again investigates such
geometric configurations as points, lines, planes, and
closed polygons but the emphasis here is upon their
measures. The non-metric geometry previously studied
involved the number of angles, number of lines, num-
ber of points, number of corners, and number of line seg-
ments. Here metric geometry will assign numbers to
the size of geometric figures. Of course, more than
one number may be assigned to the same geometric
figure if the size of the unit is changed.

The organization of material in this topic follows
this outline:

I. Creating a need for standard units of measure-
ment.

II. Comparison of different systems of measurement
and the ratios within each system.

ITI. Using standard units for measuring in one di-
mension-—a line segment.

IV. Using standard units for measuring in two di-
mensions—areas of closed curves—by use of
equivalent ratios.

The placement of this topic immediately following
the topic on ratio enables the teacher to approach
measurement as another application of ratio—the
ratio of the measure of a figure to a previously agreed
upon unit of measure. The pupils should clearly under-
stand that any measurement of length is simply a ratio
of the length of the object to the length of an arbi-
trary standard. (An object here could be an intangible
one such as a period of time.)

For a class moving at an average pace, this topic
should be studied at the end of the seventh-grade year.
This topic is open-ended and could include many mea-
surement experiences. The weather would at this time
permit some outdoor activities. By and large the math-
ematics class should expect to emphasize the study of the

*Topic References: Numbers 3, 4, 19, 30, 31, 32, 35, 36, 37
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mathematical model of measurement and leave further
development of the techniques of measurement and ap-
plication of measurement to other courses. However, the
mathematics teacher could well draw on problems of
the physical world for exercise material. Proper em-
phasis should result in a strong carry-over into science,
industrial arts, and other areas.

Questions that a teacher might ask pupils are:

How long is this line segment?
2. How wide 1s this room?

3. | B 31/,

IH A I B I

2" 3:97

2”’ C

Quadrilaterals A, B, C, and D are all rectangles.
A?

What is the perimeter of each?

B? G? D?

The perimeters are all 4 inches.

4. Do the figures differ in any way than shape?
(Discussion should bring out a need for area
units in order to describe what is different about
these figures.)

5. List five real-life situations where you would be
interested in the size of a closed region.

6. In the following, tell whéther we are interested
in the length of the closed curve or the size of
the closed region:

(a) In determining how much fence is needed
to enclose a yard.
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(b) In buying roofing for a home.

(¢) In determining how many gallons of paint
are needed to paint a house.

(d) In buying a boy’s belt.

(e) In putting a new counter top on the kitchen
cupboards.

(f) In buying a chrome strip for the project in
situation e.

(g) In purchasing a farm.

7. Draw a figure which illustrates a pair of in-
tersecting lines. Measure both pairs of vertical
angles. Repeat this with several other pairs of
lines. Do your findings suggest a general prin-
ciple about pairs of vertical angles? Does this
measurement constitute a proof for all pairs of
vertical angles?

In getting pupils to see the need for standard units
in measurement, the development can be patterned
after the historical development of standard measures.
Basic units for angle measure and time measure should
also be included. Pupils can be asked to measure objects
using several different arbitrarily chosen units.

It is best if they do not correspond to any of our
“standard” units. Sticks can be cut into various lengths
and the pupil asked: “How many green sticks long
is this object?” or “How many blue sticks long is this
object?” Through experiences such as these, the pupils
can be led to recognize that measuring is simply a
method of assigning a number to a characteristic of
the physical world, in this case, a length. They should
also see that the number assigned is dependent upon
the unit that is used and that the arithmetic involved is
that of ratio.

Once the need for standard units has been estab-
lished in the minds of the class, different systems can
be analyzed. The multiples within a system can be
seen as ratios; in the English system, 1 to 12, 1 to 36,
12 to 36, 1 to 16, 1 to 5280, 1 to 1760, etc. In the
metric system the ratios are the same as in the base
ten numeration system: 1 to 10, 1 to 100, etc. It be-
comes evident that the two systems involve different
ratios and are therefore cumbersome. The duodecimal
system of numeration could be examined also, and its
ratios compared with the English system of measure.

In examining systems of measure, pupils should be
led to see that they need but one conversion ratio
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from one system to another, For example from English
to metric, the ratio is 1 to 2.54 (one inch to 2.54 c¢m).

All other conversion ratios follow this one.

Beginning their study with linear measurement,
pupils should be provided with experience which will
keep them well aware of the idea that a line segment
and the measure of that line segment are two distinct
The

symbolism.

ideas. distinction should be maintained in the

One group has suggested symbols such as these:

[dea suggested symbol for the idea
<>
line AB AB
line segment AB AB
.ﬁ
ray AB AB

the measure of line segment AB AB

The idea is important. Distinction should be main-
tained. The choice of symbols is arbitrary. Many peo-
ple like symbols which, though not like those above,

still carry the same understanding.

The choice of units is of course also arbitrary and
for the most part if lengths are described as 3 units
or 5 units, rather than using specific units such as 3
inches or 5 inches, better understanding will probably

result. That is, a line segment 3 units long and a line seg-

ment 5 units long can be joined additively to form

a line segment 8 units long. It makes no difference

whether these units are millimeters, meters, feet,

inches, miles, light years, or angstroms.

The fact that we choose many different unit seg-
ments for measuring linear lengths is familiar to the
pupils; but the choice of a unit for measurement of
angles is probably less familiar and the choice of
names, the deoree, is not at all suggestive of its origin.
This unit for measuring angles was chosen over 4,000
years ago by the ancient Sumerians. This choice may
have been based on their belief that the year was 360
days long. The Sumerians used a base of 60 for repre-
senting numbers. Thus, we divide the degree into 60
congruent angles each called a minute. Still more
precisely we divide the minute into 60 seconds. Pupil
experiences with the protractor will help them under-
stand the principles underlying angle measurement,



Many pupils confuse area and linear wunits of
measure. Prior to any instruction on the subject, pupils
could be asked to describe the sizes of various plane
figures. These should include some rectangles, parallel-

ograms, triangles, and also some odd-shaped figures

such as D and m . Questions can be
asked about which is the larger A m: ;

Thus, the need for a unit different than a linear unit
is created.

Once this need is answered by the pupil, he is
ready to do many of the same type of exercises in a
more precise way. He should not be told that the
area of a rectangle is the length times the width. Rather
the formula A=LW should be a natural outgrowth
of a counting process and the pupils previous back-
ground with parameters (from his topic on number
systems) and pairs of equivalent ratios. A rectangle
3 units wide and 4 units long can be thought of as 3
squares in one column gives us how many squares

..-';Nﬁ

—— = ——

in 4 columns? Hence - S
finding area is a problem in ratio, and not one of
multiplying “feet times feet.”

Thus pupils learn that

If pupils have previously studied number prop-
erties, the understanding of the properties can be re-
inforced in this topic. For example, as the pupil attacks
the problem of the area of a trapezoid:

b

= R

a

He may have the measurements a, b, ¢, d, and h given
above. He can then break it down something like this:

b

22

Then he should recognize the area of the trapezoid is

the sum of the areas of the two triangles.

- h - a, For the oth-

er triangle A :-—;;—bh or-ly h +b.

For one triangle A =~'§~a.h or L

Thus, the area of the trapezoid is }, h+a-+ .!_J—h *b.

The pupil can now apply the distributive property and

. I
come up with —;—h + (a+b) or—'fzih-}-

The pupil previously should have had many ex-
periences with triangles and parallelograms and other
geometric areas before he tries his hand at trapezoids.
The key concept is, of course, the idea that the area
of a complex figure can be computed (or in some
cases only approximated) by cutting it up into more
simple figures.

Measurement of circumferences and areas of cir-
cles will be taken up in the eighth grade topic on
geometry (TOPIC IX), when pupils will be more
ready for a universe of numbers containing irrational
numbers.

Measurement of three-dimensional figures will like-
wise be delayed until TOPIC IX. There the arithmetic
in finding volumes becomes a series of equivalent ra-
tios as with areas.

Problem situations involving measurement of geom-
etric figures can be found in almost any mathematics
textbook. Perimeters of simple closed curves involving
measurement of line segments, angle measurement, and
measurement of areas of regions within closed curves.
Some of the best problem situations will be brought
to class by the pupils themselves.

Throughout this entire measurement topic, it should
be pointed out that we are working only with physical
models of our geometry. They will have discovered
many interesting geometric principles which by mea-
surement seem to be generally true; but since measure-
ment in the physical world is subject to many errors,
they must be cautious about these assumptions. Later
in high school they will establish by rigorous proof
some of these geometric relationships that seem to hold
between geometric objects.




TOPIC VI

Sentences Whose Solution Sets Require Extensions to
The Negatives of Previously Used Numbers'’

Suggested time allotment: 5-6 weeks

For junior high school groups moving at an aver-
age rate through the mathematics sequence, this topic
should normally be the first studied in eighth grade.
Psychologically, its placement is good. Pupils come at
the opening of the school year eager for something
new and are intrigued with the negative numbers being
added to their previously used universe of numbers—
the non-negatives. Mathematically, of course, the neg-
atives are needed to provide a solution set that is not
empty for such sentences as n+3=1, x+5=0, 2x+6
—4, []+7<0, 2n+8<6, A+2<1. Pupils have al-
ready encountered in the physical world negative tem-
perature readings, negative signs representing changes
in values of stocks, cost-of-living indexes, etc. They
very naturally wonder how the familiar binary opera-
tions of addition, subtraction, multiplication, and divi-
sion can be applied to these new numbers. They will
want the familiar commutative, associative, and dis-
tributive properties to hold as well as the properties
of 1 and 0, special numbers in our base ten system. In
fact, the entire approach is that of maintaining the
basic principles of previously used numbers.

An intuitive idea of negative numbers should be
developed by considering them as “opposites” of pre-
viously used numbers. Opposites in direction both in
the social world in which we live and in the universe of
the number system should be presented. Some examples
from the social world are: temperature readings, up-
ward and downward forces, clockwise and counter-
clockwise motion, positive and negative charges of elec-
tricity, acceleration and deceleration, increase or de-
crease in cost of living or population, deviation from
normal in weather. Examples from the universe of num-

bers are *2 and 2, —; and —j
opposites should be diagramed on the number line.

, 1 and ~1. These

* Topic References: Numbers 1, 3, 5, 7, 13, 15, 26, 29, 30, 32, 34, 36, 37.
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In the pupil’s early experience with negative num-
bers, the notation for negative four, for example, is 4,
with the negative ' written in a raised position to
avoid confusion with the sign for subtraction. “4° is
the name of the number which corresponds to the point
4 units to the left of 0 on the number line. Later, when
pupils clearly understand the difference between the
two meanings of the “~ sign, the ‘opposite of 4’ will
be symbolized as 4.’ the dash being written in a low-
ered position. In the case of subtraction ‘= should be
read “‘minus” to avoid confusing it with the concept
of negative numbers.

It is important that the pupil gain early understand-
ing of the absolute value of a number so that when-a
seneralization of patterns of addition and multiplica-
tion, for example, are discovered they can be stated more
precisely. Comprehending that all measures of distances
can be represented by the absolute value lays a good
background for using the distance formula later in coor-
dinate geometry. The absolute value of a number can be
visualized and interpreted geometrically on the number
line as the distance between that number and 0. The ab-
solute value of 0 is 0. The absolute value of any other
real number is the greater of the number and its oppo-
site. Using the symbol ‘| |" to stand for absolute value,

45| =5, | L="1, |\/EA=VE[0] =0 |+12] =412

If the operations of subtraction and division of neg-
ative numbers are discussed, they should be presented
as addition of the opposite and multiplication by
the inverse (or reciprocal). This is not difficult for
pupils to comprehend since they know they can check
the results of subtraction and division by addition and
multiplication. If you wish to have pupils study subtrac-
tion and division of negative numbers, it 1s suggested
that these operations be presented after pupils have first
had much experience with the operations of multipli-
cation and addition.



If pupils have encountered notation with negative
exponents in their reading about science, the meaning
of the notation could be explained; but at this level

computation should be handled with positive expo-

_ o v e ) e
nents, as in this example: 10X 10?°= X =&

Developmental Questions

Leading questions a teacher might ask in introduc-
ing this topic are:

1. The Greek mathematician Diophantus (275 A.
D.) tried to solve a problem which would be
written in the open sentence, 4x+20=4. He
called the problem absurd; no number of arith-
metic would satisfy the sentence. Is his answer
still true today?

2. With the numbers we now have, is there a solu-
tion set (other than the null set) for the sen-
tence x+10=5? For the sentence 5x+2<2?

3. If *6 is a trip to the right on the number line and
6 is a trip to the left, what direction does ~(76)
suggest?

4. In a football game a team makes 3 yards on the
first down, 2 on the second down, and loses 6
yards on the third down, what is the net yard-
age?

5. Dividing by three is the same as multiplying by
what number?

6. The diameter of a molecule of hydrogen is 2.5 X

10%cm. This scientific notation is a name for
what number?

7. In a movie film of a boat and outboard motor
with forward and reverse speeds, what is the
change in the boat’s apparent position if the
film runs forward L minute and the outboard

motor speed is forward at a rate of 300 feet per
minute? If the film runs backward 1-1 minutes

and the outboard motor speed is forward at a
rate of 300 feet per minute, what is the change
in the boat’s apparent position?

A detailed lesson that arises out of the above question
number 7 follows:

We have already established a need for negative
numbers. We have observed that the properties of the
non-negative rationals continue to hold in the addition
of negative numbers. Let us investigate what happens
in the operation multiplication. We assume that positive
numbers “act” like the numbers of arithmetic, so let
us set up a one-to-one correspondence between the num-
bers of arithmetic and the positive numbers using the
symbol “«” to stand for one-to-one correspondence:

1] & *1
2 &
VIS

3

o

>
b &

This table indicates that to each arithmetic number
there corresponds a positive number, and to each posi-
tive number there corresponds an arithmetic number.
Thus, there is a one-to-one correspondence.

There is also a one-to-one correspondence of posi-
tive numbers and negative numbers.

Pupils will enjoy analyzing physical situations which
simulate addition and multiplication of signed numbers.
Situations with outboard motorboats having forward
and reverse speeds and movie projectors which run a
film either forward or backward work well for this.

A boat with an outboard motor can be cut from
heavy paper and moved along the board or on the
overhead projector to help pupils visualize the apparent
movement on the screen as two numbers are added or
multiplied.

For multiplication the presentation would develop
as follows:

Let us agree to indicate the movements in this way:
(1) forward speed of the outboard, a positive number;
(2) running of the film forward, a positive number;
(3) reverse speed of the outboard, a negative number;
and (4) running of the film backward, a negative
number.
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If the outboard motor is running forward and the
film showing it is running forward, the boat seems to
move forward in the picture.

If the outboard motor is running forward and the
film is running backward, in what direction does the
boat appear to move in the picture?

If the outboard motor is running in reverse gear
and the film is running forward, the boat seems to move
backward in the picture.

If the outboard motor is in reverse and the film
is run backward, in what direction does the boat ap-
pear to move in the picture?

Let us try some examples.

a. The outboard motor is set for a forward speed
of 400 feet per minute, and the film is run for-
ward for 2 minutes. The forward speed of the
boat may be expressed as *400. How would you
indicate the running forward of the film for 2
minutes?

b. If the outboard motor were set for a reverse
speed of 400 feet per minute, how would you
indicate this? If the film were run backwards
for 2 minutes, how would you denote this?

c. Now set the outboard speed forward at 400 feet
per minute and the film forward for 2 minutes.
What is the apparent change in the position of
the boat as seen on the screen? This example
could be written *2 + (*400)=*800. (800 feet for-

ward)

Write a multiplication example and find the product
to describe the apparent change in position of the boat
in each of the following:

a. The outboard is set for 400 feet per minute for-
ward, and the film runs backward for 2 minutes.

b. The outboard is set for a reverse speed of 400
feet per minute, and the film runs forward for
2 minutes.

c. The outboard is set for a reverse speed of 400
feet per minute, and the film runs backward
for 2 minutes.

Find the products to describe the apparent change
in position of the boat in the following examples:
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a. The motor is set for 450 feet +2(*450) =?
per minute forward, and the t3(*450) =2
film runs forward for 2 min- +93 !J (+450) =?
utes; 3 minutes; 31 minutes. i

b. The motor is set for 500 feet +2(-500) =7
per minute backward, and the t3(-500) =?
film runs forward for 2 min- *5(~500) =?
utes; 3 minutes; 5 minutes.

c. The motor is set for 300 feet -3(+300) =?
per minute forward, and the -4(*300) =?
film runs backward for 3 min-  -5-2 (+300) =?

utes; 4 minutes; 5 minutes.

d. The motor is set for 350 feet -2(~350) ="
per minute backward, and the -3(-350) =?
film runs backward for 2 min- -3.6(°350) =7

utes: 3 minutes; 3.6 minutes.

Have pupils examine the completed chart to find
a pattern for multiplication of directed (positive and
negative) numbers.

If the outboard motor were shut off, would the boat
seem to move in the picture if the film were run for-
ward for 2 minutes? If the film were run forward for
4 minutes? Backward for 3 minutes? Does it seem
reasonable to represent the speed for the outboard
motor in an ‘“‘off” position as a zero speed? The above
situations would give:

+9 « (0) =0
+4 - (0)=0
-3+ (0)=0

What is the product of zero and any integer?

A more sophisticated presentation of multiplication
of siened numbers follows. It is in the form of argu-
ment based on the necessity of maintaining the “struc-
ture” of the number system—an argument that the pre-
viously encountered properties of non-negative num-
bers must hold.

Suppose we have the following sentence pattern
*2 + *5=n

Let the one-to-one correspondence table on page 24
help us. First find the arithmetic number corresponding
to *2. It is 2. Then find the arithmetic number corres-
ponding to *5. It is 5. We know that 2 + 5=10, and
we find that to our arithmetic number 10 there corres-
ponds the positive number *10. So, if our positive num-



bers are to behave like arithmetic numbers, *2 - *5=*10,
In the same manner, show that *3 - *4=%*12 and
*2 + *3=%6. It 1s evident that a positive number mul-
tiplied by a positive number gives a positive number
for a product. Study the following examples and look
for a pattern.

2 < 4h=+10
+9 - +4=+8
19 . 13 —4f
+9 . #0 —+4

What would you write next?

+9 o 4] =+9
2+ 0=0

What should be next to continue the pattern?

) iil=
+9 - ~9—=-4
D - B
+9 « 4=—-8
9« 5=-10

and so on.

Now that you know, for example, that *2 - 5="10,
you should also know from your knowledge of num-
ber properties that -5 - *2=-10.

Thus the product of a positive number and a nega-
tive number is a negative number.

Let us build another pattern.

=2 s F5==11)

=2 < *4—-8

=D = #2—==6

S IR S —
What would we write next?

=2 = Fl.=—xD

=2 = {}=0
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Before reading on, decide for yourself how the pattern
should continue. We would have the following:

—2 . —-1:4-2
S o —H
-9 - -3=16
2's 4=48
9+ =5=10

and so on. It appears that a negative number multi-
plied by a negative number is a positive number.

Suppose that we test another basic property of
mathematics, the distributive property, to see if it is
consistent for the product of two negatives to be posi-
tive:

Since "9+ -9=0, it should follow that
=5 < |(*9-=9)=D!

(1) Using the distributive property,
2 (00)= (=5 - WG =l
We already know that -5 - 19=-435.

(2) Thus, statement (1) can be written
45+ (75 - 9=0.

If this statement is to be true it is obvious that

(3) 5 - "9 must equal *45;
thus, -5 - -9=%45.

In summary we see that the negative numbers, as
opposites of the previously used positive numbers, “act
like” the positive numbers in the operations of addition
and multiplication with respect to the distributive, as-
sociative, and commutative properties, and the prop-
erties of zero and one. After addition and multiplica-
tion have been completely understood, subtraction and
division should be introduced as their inverse opera-
tions—operations which are actually “adding the op-
posite” and “multiplication by the inverse (or re-
ciprocal).”




TOPIC VIl
Extension of Notions of Proof and Summary of Properties’

Suggested time allotment: 8-9 weeks

In this topic mathematics is studied as a way of
thinking, of logical reasoning. Pupils must learn to real-
ize that discovering new ideas in mathematics may In-
volve experimentation, observation, and inductive rea-
soning. Concluding statements, however, are arrived at
through deductive reasoning. By deductive reasoning we
prove that from certain given conditions a definite con-
clusion necessarily follows.

It is in this topic that pupils learn to solve equali-
ties in the “if . . . then” formal approach to deductive
reasoning. Previously, they have had only the experience
of finding solution sets for open sentences by replace-
ment methods.

Mathematical logic gives us a precise way to describe
complicated situations and to analyze difficult prob-
lems. Frequently mathematical reasoning predicts the
possibility or impossibility of a scientific experiment.

The special properties of equality—transitive, re-
flexive, and symmetric should be discussed at this point.

(1) Reflexive: a=a
(2) Symmetric: If a=b, then b= a
(3) Transitive: If a=b and b=c¢, then a=c

Since pupils have studied directed numbers (TOP-
IC VII), they can efficiently and deductively find solu-
tion sets for equalities using these two properties.

(1) If a=b, then a+c=b+c (Addition Property)
(2) If a=b, then ac=bc (Multiplication Property)

We strongly urge that no formal approach to equa-
tion solving be used until after pupils have studied di-
rected numbers. Equations which might be solved by
subtraction or division can be better approached by
“adding the opposite (or inverse)” or by “multiplying
by the inverse (or reciprocal).”

Finding solution sets for equations would be based
upon the definitions, properties, and operations of the
real numbers and the equation properties mentioned
above:

*Topic References: Numbers 2, 5, 29, 31, 32, 34
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1. Prove: r+7=12 if and only if r=>5
Example: (a) If r+7=12 then r=3

Given
(r+7)+(-7)=12+("7) a=b—at+c=b-c
r+[74 (-7) =124+ (7) (a+b) +c=a+(b-t+c)
r+0=5 at+-a=0

r=>5 a+0—a

If r+7=12 then r=>5
Transitive Property of Equality
(b) If r=>5 thenr+7=12

 (==17) Given
r+7=5+17 a—b—a+c=Db-+c
r-+7=12 5+7=12

..If r=>5 then r+7=12
Transitive Property of Equality

2. Prove: 5x=20 if and only if x="4%
Example: (a) If 5x=20 then x—=-4
~Hx=20

=)

Multiplication Property for Equality

(G f=(5)(=)
5 5
Associative Property of Multiplication
Ix="4
Arithmetic Facts
x="4
Property of One for Multiplication
SIf -5%x=20 then x="%
Transitive Property of Equality
(b) If x="4 then 5x=20
x="4 Given
(73) x=(3) ()
Multiplication Property of Equality
-5x=20
Arithmetic Fact
. If x="4 then ~5x=20
Transitive Property of Equality



3. Prove: If 6x+5=17 then x=2
bx+5=17 Given
[6x+5]+5=17+"5
Equation Property for Addition
6x+[6+5]=17+"5
Associative Property for Multiplication

bx+0=12
Arithmetic Fact
bx—12

Property of Zero for Addition

(+])(6<)=(5] 12

[
6

s e[
Ix=2

Associative Property for Addition
Arithmetic Fact

x=2
Property of One for Multiplication

JIf 6x+5=17 then x=2
Transitive Property of Equality

What we have proven so far is: If 6x+5=17, then
x=2. It is easy now to prove the converse, if xX—2,
then 6x+5=17. Have pupils do this.

3

4. Prove: If 3+4x=—x-4 then x=

J+dx—x""4 Given
[3+4x]+ 4x=x" 4+ 4x
Addition Property of Equations
3+ (4x+4x) | =x4+4x
Associative Property Addition
34 [4x+4x] = 4x+4x
Commutative Property of Multiplication

3+0="4x+"4x
Property of the Addition of Opposites
3="4x+4x
Property of the Additive Identity
3= (4+4)x
Distributive Property
3="8x
Arithmetic Fact
8x=3

Symmetric Property of Equality
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= oY ]
Equation Property of Multiplication
[_—I—— « -8 ]x = % r 3
Associative Property of Multiplication
893
=
Arithmetic Facts
o 1
PEESTT S

Property of Multiplication Identity

With the emphasis upon the basic properties of the
number system, it should be evident that “transposing”
is not an operation and that it should no longer be
taught.

The culmination of this topic is the summary of all
the properties which the pupil has at his command. The
pupil should be given a feeling of confidence at this
point that these properties justify all the mathematical
processes in his present course and the algebra work to
follow. (See table on the following page.)

*Note: The special property of zero for multiplica-
tion in the real number system can be proved de-
ductively from the properties listed in the table and
then called a theorem: /x, x - 0=0.

Pupils should be given additional experience find-
ing solution sets for inequalities. (Formal principles in
the study of inequalities are presented in TOPIC XII
of the ninth-grade program.) The universe for each
variable should be precisely described. Examples should
include sentences having solution sets which contain
one, many, or no members,

Examples:
2x+1>3 |2 |+12=6
4 —3x<13 447x>%x—6
2—x>6 I2x+4>x+9
|x—4| <1 x?<4

Many verbal problems should be included in this
topic and throughout the remainder of the course.
Include not only those of the conventional type re-
quiring sentences of equality for their solution, but also
problems which require the use of inequalities. Some
problems should result in empty solution sets and some
in solution sets which contain many members. Several

examples follow:
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Summary of the Basic Properties of the Real Numbers (A Number Field)

I.=the set of real numbers
4/’ is a symbol meaning ‘for each’

Commutative Properties
Vx Vy, xty=y+x

Vx Vy, Xy=yx

Distributive Property
Vx VyVz, (x+y)z=xztyz

Identity Elements

For Addition V%, x + 0=x
For Multiplication Vx, x*1=x

Definition of Subtraction

Vx Vy, x—y=xt"y

Definition of Division

1

}F

Vay, y0 =

Associative Properties
Vx Vy Vz, (xty)+z=x+ (y+2z)
Vx Vy Vz, (xy) z=x(yz)

Inverses

Additive
\/x there exists (~x) such that x+ ("x) =0

Multiplicative
\/x, x40, there exists (x') such that x+ (x™")

I

0

Closure under Addition
If xisin L. and y is in L, then x+y is in L
Vx and Vy, x+y is unique

Closure under Multiphcation

If xis in L. and Y is in L, then xy is in L
VVx and Vy, xy 1s unique

(1) Mary bought 15 three-cent stamps and some
four-cent stamps. If she paid $1.80 for all the
stamps, was she charged the correct amount?

(2) The sum of two successive positive Integers
is less than 25. Find the integers.

(3) Find two consecutive odd positive

whose sum is less than or equal to 83.

integers

(4) Four added to the mumber results in a sum
that is greater than three times the original
number. From what set could the original num-
ber have been chosen?

(5) John is 5 years younger than Mark. The sum
of their ages is less than 39. What is the great-
est possible age for John?

Thought provoking questions a teacher might ask:

1. Are the operations of subtraction and division com-
mutative? Give examples to justify your answer.

9. Are the operations of subtraction and division as-
sociative operations? Give examples.
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3. What is the reciprocal of 07

4. Adding the opposite of what number is the inverse

of adding *7?

5. If 17+a=0, what property of real numbers tells us
at once that the sentence will be true for a="17?

6. Make up three numerical examples for each of these
properties of the real numbers. Check each sentence.
(a) Property for adding the real number 0.

(b) Property for multiplying by the real number
il

7. Prove: If x is a real number, then 3(2x) =6x.

SAMPLE LESSON PLAN

A sample lesson plan which might follow from
question 7 above: I am placing on the board two state-
ments about numbers. Either one, or both, may be true
or false. Do a little testing and experimentation to de-
cide whether each is true or false. If you believe either
is true, try to prove its truth by logical reasoning using
the properties of real numbers.



The statements are:

1. If x is a rational number, then 1+2x=3x.

2. If x is a rational number, then 3(2x)=6x.

Give pupils sufficient time to investigate each be-

fore you ask them their decision,

Considering the statement |+2x=3x, a pupil may
have believed it false because:
1+2(10) =3(10)
1+20=30
21430

Another pupil may have believed it true because:

14+2(1)=3(1)
1--9=3
3—3

, But the first pupil has discovered one counter example,
that is, one number for which the statement is not
true. Even though it may be true for some numbers,
one counter example is sufficient to make the general-

1zation false.

Considering the statement 3(2x)=6x, each pupil
in class may have tested a different real number for
x and in every case found the sentence true. Is this
enough to prove it always true? How many such exam-
ples would one need? One certainly could not live long
enough to test and verify each possible number replace-

ment.

Consider another method of testing. Let us start with
the phrase on the left and try to transform it into the
phrase on the right, justifying each step with the prop-
erties of real numbers.

Prove: If x is a real number, then 3(x * 2) =6x.

Proof: 3(x* 2)=3(2 * x)
Commutative Property for Multiplication
3(2-x)=(3"2)x
Associative Property for Multiplication

(3 - 2)x=6x
Arithmetic Fact
J3(x ¢+ 2)=bx

Transitive Property of Equality

This proof shows that each step is a consequence
of the commutative or associative properties for multi-
plication or the fact that 3 * 2=6. Hence, the con-
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clusion is a generalization that one must accept if he
accepts the premises.

Prove: If k is a real number, then 3k-+ (9k — 2) =12k
— 2.
Proof: 3k+ (9k —2) =3k+ (9k+-2)
Definition of Subtraction
3k+ (9k+-2) = (3k+9k) +2
Associative Property for Addition
(3k+9k) +2=(3+9)k+2
Distributive Property of Multiplication over
Addition
(3+9)k+-2=12k+2
3+9=12
Arithmetic Fact
12k+-2=12k -2
Definition of Subtraction
3k (9k —2) =12k — 2
Transitive Property of Equality

We give pupils a variety of exercises which involve
proof of the type shown here. Any statement which we
can prove by deductive reasoning is called a theorem.

One such theorem and its proof might be: For each
non-zero real number a, there is one and only one
multiplicative inverse of a.

Proof: Let us assume that a multiplicative inverse of a
is b: that is, a-b=1. If a has another inverse un-
der multiplication, say x, such that a - x=1, then

we have:

ax—1
b(ax) =b
Multiplication Property of One and Multi-
plication Property of Equations

(ba)x=b
Associative Property of Multiplication
(ab)x=b
Commutative Property of Multiplication
Ix=b
Definition of Reciprocal
x=Db

Identity Element for Multiplication

Thus, this possible second inverse x is equal to b.
Hence, it follows that a has one and only one mul-

tiplicative inverse.

K
[
i
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Sample pupil exercises might be these: Each of the eral in the box which will make the statement true. Tell
following sentences is a generalization about real num- which property the statement illustrates.
bers. Some are true and some are false. Write a prootf
for each of the sentences which you judge to be true.

1, 5 EE=r1gR

Give a counter example for those you think are false. 0 = = e
30 (3 s B="der =[] > 45
1. If t is a real number, then 3(5t) =15t.
4. 6 (*8-[1)=(6"18) - *15
2. If q is a real number, then 3+ 6q=9q. 5, 493+ +5=49- ([]+ *5)
3. If r is a real number, then 3+6r=3(1+2r). 6. -2 - -7+ -2 - []="2 - (-7++*17)
4. If x 1s a real number, then x * 1+x=2x. 7. *9 = =0
5. No matter which number you choose, if you add B =3 = [1]==3
it to 9 and then add this sum to 1, the result will 9 -5 . [=-5
be 10 plus the chosen number. ' =
6. If r 1s a real number, then 8r+7=7r+8. Wi el =Y
11. 0=[] - O
7. If x i1s a real number, then x * x * x=3x.
12. []+0=0
8. If x is a real number, then 3x * 4=12x.
13. 4 - (7+[0)=4-7+4 -6
9, If x is a real number, then 9+7x+3=7x+12. 14, -25=[T40
For each of the following sentences write the num- 15. 25=[] - 0
Complete the following proofs:
1. Prove: 8(4+3)=4-8+3*8
Statements Reasons
(1) 8(4+3)=8-4+8 -3 (1) Distributive Property
(multiplication over addition)
(2) 8-4+8-3=4"-8-13 -8 | (2)
(3) .".8(4+3)=4-8+35 -8 (3) Transitive Property of Equality
2. Prove: 7°:8+5:-9=9"5+8"°7
Statements Reasons
(L) 7 =845 »9=8 *« 1-+-97:D e e
gl i 2 5=9 > 58~ { (2) Commutative Property of Addition
(3) .7 - B-+5~9=95+8 .7 I (3) Transitive Property of Equality

3. Prove: If a and x are real numbers, then a(7+x)=a * x+7 * a.

Statements Reasons
(1) a(7+x)=a-7+a"*x I LT s e s v o e s Sy e i e s A
AT T I R R o T W WO T (2) Commutative Property of Addition
(B) a-xta: f=a=“xvi"-a (3)
(4) ..a(7+x)=a*x+7"a (4)
31



4. Prove: 7(17+3)=3-7+17 "7

Statements Reasons

(1) T(17H3) = riiemreommmeorermanmmmar e emnanramaesmn o (1) Distributive Property

(2 (2) Commutative Property of Multiplication
(3. (3) Commutative Property of Addition

(4) . (4) Transitive Property of Equality

5. Prove: 23+2(5-+11)=23+10+22

Statements Reasoﬁs

(1) 23+2(5+11)=23+2"-5+2* 11 (G 1) RN AR e 7 R

Gy S s i 11=23+10+22 (2) Multiplication Facts

[ e B e (3) . ermcetrammanencnmenssencE s sy A B3 S e S A
6. Prove: 19:7+4+19:3=19-10

Statements Reasons

(1) 19 7419 * 3= s | (1) Distributive Property

(2) 19(7+3)=19 - 10 (2) Addition Fact

) [ R () e e P S RSP s D S

7. Prove: If a, b, and c are real numbers, then a‘b+a-c=c-a-tb-a.

Statements Reasons

N e s (1) cocieecoreaetaencursscnmnresasmamennsm s e msmems i ns e sas s st am s e i
T (D), e mommemsmoremcmsexa s sasas dnosps S AR A o=
(B)) <mcemmoosmommrmsstanmnsense s ni et S oS  mmesmee-emns (B)  omemommosiiecetoi i e i s o e A St i mn nn s Sy aa e

8. Prove: If [J, /A, and * are natural numbers, then []+(A+*)=(A+[])+*

Statements Reasons
1) S R g e e (1) st d
G2 () 5. LR o Rk e e T I K i
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9. Prove: If A and [] are natural numbers, then *(A+[])=0 * *+A - *.

Statements Reasons

ELIRGAERT =%« X+ = [, Ty e R B o e

@) % A+*-O=A-*+0 - * 2) -

(3) A~ ¥+ *=[]  *+A " * (3) -

(4) *(A+[)=0 *+4A"-* T S N R SR S R T
10. Prove: 50 - 27+13 + 50=50(27+13)

Statements Reasons

(1) 50 - 27+13
(2) 50 + 27450
(3) 50 - 27+13

. 50=50 + 27+50 - 13
- 13=50(27+13)
. 50=50(27+13)

(3)

11. Prove: If a, b, and ¢ are natural numbers, then (a *b) *c=c " (& s b))

R Pr—

__=....='\.——r..|--:'

- ——

Statements Reasons

(1) (a-b) " c=a- (b-c) | o

() e ===~ (e * b) LR SRR R . C e R e
(3) a- (e+b)=(a-c) *b [ e e R T

(4) (a"c) "b=(c-a) Db (4)

(5) (c:a):b=c" (a-b) (5)

(6) (a+b) -c=c:* (a-b) I (6)

12. Prove:

Statements

Reasons

If (], A\, and * are natural numbers, then [+ A+*=*+A - []

(1) O-A+*= .

()| e

(1) Commutative Property of Addition
(3)

If the statement is frue, state which property of real numbers has been used.

If the statement is false, rewrite it to make it true.
l.a(b:c¢c)=a*bt+a-’c

X—y=y—X
. ctd=c * d
Xy+xz=x * zTX"Y
X+y=y+x

x+ (y+z)=x ry+x -z
100+19=119

12 - 9=108

@ N o @ s w N
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The following are suggested questions about inverses and 3. If = =-5, then: 4. If a>b, then:

identity elements. (a) a>b (a) b<a
(b) aXb=cXd (b) a+1>b
1. A member of the set of natural numbers has the (c) aXd=bXc (c) b+100<a
property that when it is multiplied by any num- (d) a=c (d) —< %
ber of the set, the product equals that member
by which it was multiplied. 5. If a+b=a-+c, then: 6. If a+b=c, then:
F le e (a) b>c (a) b=c
or example: [] * a=a (b) a<b b} be e
(a) What number has this property?.............. ... (c) "':*'C (c) c—b=a
: (d) a (d) c>a
(b) Give an example to illustrate this.............. (e) c+b=a
(c) The answer to (a) is called the........ceoeee.c.co. 8 T athel. il
ooy 7. If —<1, then: . I a , then:
] 3
element for multiplication. b (a) & bareboth <1

(a) -+ <I

(d) What number has the above property in the (b) a>b (b) a and b are both
et & b fractions
A m e i b bt (o K 0 R W e e (c) ]3 a"l"lT s s
( ) B T % (d) a<l
.............................................................................. le) a5t
¢ (e) Give an example to illustrate this...................
9. If a—b=1, then: 10. IfaXb=cand a, b, and ¢
"""""""""""""""""""""""""""""""""""""""" (a) a=b- are natural numbers, then:
2. A member of the set which includes natural num- (bj @b () a}c_
_ (c) as%40 (b) a+c=c
bers, zero, and the fractions has the property that (d) 4 * b=a (0) c>b
when it is added to any member of the set, the v
Lo (d) 2a+2b=4c
sum equals that member to which it was added. (e) 6c=3aX2b

For example: a+[]=a.
11. Ifa+b=cand aandb

: ?
(a) What number has this property?................. are natural numbers, then:

(b) Give an example to illustrate this............. (a) cis a natural number
(¢) The answer to (a) is called the. ... (b) cisan even number
element for addition. (c) C>b
(d) =<1
3. If a and b are symbols which reprsent nat-
ural numbers and a * b=0, what number does Justify each step with a basic property of the real
a represent when b=3? numbers:
(2) b>7 and 2 * b=0 = AT oo L (y=x) + (y+x)=[y+ (%) ]+ (y+x)
(b) -a=— and 2" b=0 b= i =y+ () + (xty)
=y+[(x) +x]+y
If the universe for a, b, and c is the set of frac- =y+[x+(x)]+y
tions, which of these are valid conclusions? =y+0-+y
; . =(y-0)=ry
—=c, then: 2. If==>1;then: =
(a) b40 (a) =Xec>e g
(e)f—= (c) b<a =(==10y
(d) If ¢c=0, a=0 (d) a<b =2y
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=2 [r+ ()] =y[x+(=x)]
=l =y (0)

Although this is presented here as a block of work,
teachers will probably find it most successful to space
the work on proof throughout the remainder of the
year. Only through sustained and repeated practice will
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pupils improve their ease and power in proof. This
is one of the cyclical growths in mathematical ability
for the pupil. The mastering of the use of the
basic properties in proof is highly important be-
cause it is here that a pupil sees mathematics as an or-
canized structure of properties rather than as a group
of isolated mechanical processes. The attention given
to rigor in proof at any stage of the child’s development
can, however, be over-emphasized; these ideas are ac-

quired slowly over a long period of meaningful ex-
periences.



TOPIC IX
Sets of Points: Measurement and Construction®

Suggested time allotment: 7-8 weeks

The content of this topic is geometry, the study
of measurement and the construction of figures in
space. The ideas, however, are not to be developed with
the rigor of a high school course. Rather the teacher
should call upon his pupils for original and intuitive
thinking; stimulate them with geometric models and
figures to focus attention upon concepts related to fig-
ures Iin space.

Do not limit discussions to the plane. The ideas
of geometry are better understood if originally de-
veloped in space. By intersecting different solids with
planes, various lines and curves are formed. Points of
intersection of surfaces will lead to a review of the con-
cepts of point and line. Mental imagery and visualiza-
tion is extremely important here.

Draw various polygons and have the pupils con-
struct a figure exactly like the one drawn, knowing
the measures of specified sides and angles. The discus-
sion which follows can lead to the postulates and theo-
rems of congruency. Congruence can be considered as
the existence of a certain kind of one-to-one corres-
pondence between two or more geometric figures.

By intersecting a solid figure, ideas of similarity
may also be examined. Establish how similar polygons
may be constructed. Have the pupils write generaliza-
tions that may be established for all similar polygons.

In the study of area, it is worthwhile to begin by
considering a unit square as the basic unit of measure.
Area then expresses the number of square units re-
quired to “cover’” a specific surface. This number of

#*Topic References: Numbers 1, 11, 15, 19, 32
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square units can be determined by counting the num-
ber required in a row across the area and by multiply-
ing this number times the number of rows. Notice the
following example:

5 units per row; 7 rows

5x 7=35

area—35 square units
This problem can also be approached as a type of
ratio problem:

1 row ~ ] rows > 1 =t /
5 units n units 5 n
n = 35
area — 35 square units

It is important that pupils understand that there
is a unit of area—the square — before proceeding to

develop the short-cut method or common formula
A=b - h.

Following the study of the area of the rectangle, a
fundamental approach to the area of the parallelogram
is through the use of equal ratios. The further develop-
ment of areas for other polygons may be explored after
pupils have a command of the formula for finding the
area of a triangle. Mathematical sentences may be writ-
ten describing areas of various polygons. Following con-
sideration of the development of the area of a regular
polygon with “n” sides, the area of a circle will nat-
urally follow.

Through the use of the idea of ratio, pupils can
be led to discover the relation which exists between the
circumference of a circle and its diameter or radius.
Pupils should be given the opportunity to experiment
freely, collecting data by measuring many circular ob-
jects. Then they should be encouraged to “discover” the
relationship involving approximations.



An interesting approach to the study of the area
of a circle is to overlay several transparent grids made

up of different-sized squares on a circle.

Ll

By approximating the number of square units cov-
ering the circle (count one-fourth of the circle and
multiply by 4), the pupils can be encouraged to in-
tuitively arrive at the general formula for the area

of a circle.
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Problem situations in the study of geometry should
not be limited to the plane. Use various solids and
find the surface areas of the solids. Given the height,
base, and lengths of the sides of a pyramid, find the
area of the triangular faces. Problems like this com-
monly require the Pythagorean Theorem, Perhaps the
best intuitive development of the Rule of Pythagoras
involves its development through the study of the areas
of squares on the sides of the right triangle. This is a

very familiar approach and will not be expanded here.

A new word may be introduced while finding the
surface areas of various solids, The word is “parallelepi-
ped,” describing any parallelogram prism (a prism
with all faces parallelograms). A special parallelepiped,
the cube, is the basic unit for the measurement of vol-
ume. Relate the area formulas already developed to the
formulas for finding volume. As much as possible, let
pupils write the sentences which will describe the vol-
ume of various solids such as: (1) parallelepipeds, (2)
pyramids, (3) cylinders, (4) spheres.

Through the entire topic, concepts of measurement
must be developed. The use of different systems of
units of measure in problem-solving situations should
be employed. This can readily lead to the study of"the
metric system of measurement, placing emphasis on
using it as a system rather than upon changing units
to LEnglish-measure equivalents.

Suggested Developmental Questions

Following are some key questions which may be

studied during the development of this topic.

. How many planes are required to limit a solid

in space?

2. How may various polygons be formed in space

by a plane intersecting various solid figures?

3

What measures must be known before a triangle

may be constructed?

4. What types of areas may be described by three
intersecting lines? four intersecting lines! five in-

tersecting lines? etc.



5. Given a constant value for the length of one side
of a triangle, what mathematical conditions may be
stated for the other two sides, if they are allowed

to vary?

6. What is the most concise mathematical sentence
that can be written to describe the surface area of

a cube? a rectangular prism?

7. In how many ways can we divide a line segment

into two equal segments?

8. Questions related to an isosceles triangle:
a. How is the vertex related to the base?

b. What is the relationship of the altitude to the

vertex angle? to the base?

9. What possible combination of given line segments

always form a right triangle?

10. What happens when the Pythagorean Theorem 1s

applied to an isosoceles right triangle?

How may the Pythagorean Theorem be used to

determine whether a triangle is (a) acute, (b) ob-

11.

tuse, or (c) right?

Discussion of Developmental Questions

The following is largely a discussion of logic in
terms of mathematical theory. It is an argument in-
tended to stimulate the pupils’ thoughts toward point,
line, plane, and solid.

The location of a point in space is a strictly men-
tal activity. Even the placement of a dot does not des-
cribe a point; for if the dot is to be visible, it must
take on the properties of three dimensions. The pupil
must be able to use his imagination to think about this
point in space. Its location must be of the pupil’s own
making.

What happens if a second point is brought into
the discussion? Provided that the second point is dis-
tinct (not of the same placement as the first point),
there should be relations between the two points. The
pupil should be led to investigate these relations. The
thought of line will enter the discussion. Try to decide
what a line is. Work toward the idea that a solid line
is not a necessary condition and that a line may well

L1
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mean a set of ordered points. Now there are not just
two points, but a great number of points lying within
a defined pattern which includes the two original
points and forms a line.

Introduce the idea of a third distinct point. Do
not let this third point be colinear (an element of
the first ordered set) with the first two points. The
system involving the three distinct noncolinear points
will limit the discussion to ideas involving planes. The
word “plane” is not new to the pupils by this time, but
possibly it will be necessary to help them discuss and
clarify their thoughts. Try to stimulate pupils to think
in terms of the many different pattern variations which
may occur in this new system. Give the pupil confi-
dence in the realm of points, lines, and planes before
beginning the discussion of four noncoplanar points in
space.

The idea of the existence of four points in space
with no more than three points in a determined plane
may give pupils some difficulty. The following set of
questions may help them to orient their think-
ing. These questions refer to the four points.

1. How many distinct points are there?

2. How many lines are determined by these points?

(&%

How many planes are determined by the four

points?

4, What type of figure do the four points suggest?

wn

How many dimensions are required to determine

the figure?

The last question should imply the necessity of a dis-

cussion on dimension.

Measurement of Area:
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Discussion of Question 7

The study and investigation of this question involves
the ideas of the inequalities as well as the first introduc-
tion to the coordinate plane. Let the base of a triangle
be six units using the set of natural numbers. How may
the other sides of the triangle vary as to length? It
may be noted that the sum of the two sides must be
greater than six. Now, how great may the difference
be between the two sides? This shows the relationship
of the sum of the measures of any two sides of a triangle
as related to the measure of the third side. Draw a tri-
angle with a base of the given measure. Let one of the
variable sides be x and the other side be y. Each
time an acceptable pair of values is given, plot them
on a lattice.

For the sake of brevity let the values of x and y be

of a finite universe. For example:

et S={1, 2,8, =" -, L0}
and let U=SXS

Furthermore, after you have studied Topic X, you may
plot these values as an ordered pair, (x;y). Note the

patterns which develop.

y 10 X X 9% %
9 * X X X &% X %
8 X %X X X X %X x =
7 X X %X X X X %X X X
6 X X X X ¥ X m X 2 X
5 %X XX X X X ZOx M
1 X X X 2 XA X
3 ¥ ¥ X % %

2 X X X
1 . T S
1 -2 93 4, 5 6.7 8 90
X

Can you answer the following questions about the
friangles represented on the above lattice?

Where are the isosceles triangles?

Where are the right triangles?

W IO —

Where are the obtuse triangles?
Where are the acute triangles?

Where is the equilateral triangle?

CRIERR e

Using your own imagination, what more can be done
with this configuration?

Summary

As teachers we must recognize that the role of
geometry in the high school curriculum has changed.
It is no longer practical, or desirable for that matter,
for schools to delay the study of basic geometric con-
cepts, measurement, and constructions until tenth grade.
These topics must be expanded upon and take on
greater significance in the junior-high-school years.
This will allow pupils in high school geometry to go
more deeply into the study of the nature of proof,
logical systems, and analytic geometry. This topic gives
the teacher some leading ideas into what may be done
in geometry at the eighth grade level.



S ———

TOPIC X
Graphing Sets of Ordered Pairs’

Suggested Time Allotment: 7-8 Weeks

This is the pupil’s first hard look at the concept
of the coordinate plane. So far he has dealt only
with linear coordinate systems. Now his understanding
of the idea of a point will be expanded. He will also
study the use of lines in the coordinate plane as sets
of ordered conditions which lead readily into the study
of linear programing. The notation and vocabulary of
this topic is extremely important, as it 1s the foundation
of advanced study in mathematics. Teachers face an
interesting task in leading their pupils to a fundamental
understanding of the coordinate plane and its role in
the study of mathematics. Teachers might well plan

to place considerable emphasis on this study.

It should include exercises and games directed
toward helping the pupil locate points on a lat-
. , 10} and
develop U X U in such a way that a finite part of the

tice. Use as a universe, U={1, 2, 3, . .

first quadrant is developed. The games can lead to com-
petency in locating points. It is desirable to use a finite

set for these early experiences in graphing.

Find solution sets in the finite universe from condi-
tions written in the form (x,y). Intersection and
union of subsets of the universe may be examined for:
(1) domain, (2) range, and (3) ordered pairs. After
intersections and unions of small finite sets have been
studied, some generalizations may be established using
Venn diagrams.

Investigation of the properties of equivalence classes
(reflexive, symmetric, and transitive) as related to the

coordinate plane can also be dealt with at this time.

*Topic References: Numbers 2, 3, 5, 7, 8, 9, 29, 30, 32, 34, 36
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Using mathematical sentences, describe possible con-
ditions for point, line, and step graphs in graphing dis-
crete and continuous data. Examine these possibilities,
first using the positive integers and then using the set
of positive rationals.

Examples of discrete data would be the graphing
of the purchase price of numbers of football tickets,
phonograph records, cars, desks, etc. at a given unit
price. Since discrete data can be processed in terms
of whole units only, the graph must be a point graph;
it is not reasonable to draw the line joining the integral
points on the graph. Example: , /L

In contrast, line graphs are used to show contin-
uous data situations as, for example, the raising and
lowering of temperature, the flow of water through
a pipe per unit of time, and so on. Here a continuous
line may be drawn.

A common example of a step graph can be seen
by having the pupils make a graph of the cost of mail-
ing first class postage at 5¢ per ounce or fraction there-

of.




Many interesting variations of these types of graphs
will be discovered by imaginative pupils.

Sentences which describe sets of points in the co-
ordinate plane have two variables. There is the possi-
bility of horizontal and vertical movement. Discover
what possible relationships may be developed in terms
of (the change in *“y” as related to the change in “x").

Suggested Developmental Questions

The following are some questions which may be
used in the study of this topic.

1. How may a specific point be located in a line? in
a plane? in space?

2. How many dimensions in space are required to relate
a point to another point in a plane? in a line?

3. What possible games may be developed that will
make use of the finite coordinate system?

4. Given a finite UXU (coordinate system or lattice)
consider:

a. What conditions may occur for y, given a con-
stant x?

b. What are the possibilities for the intersection of
two ordered sets in the first quadrant for a finite
U?

c. What are the possibilities for the union of two
ordered sets in the first quadrant for a finite U?

5. What sets of ordered pairs describe a reflexive set?
a symmetric set? a transitive set?

6. How may “intersection” be explained using Venn
diagrams?

7. How may “union” be explained using Venn dia-
grams?

8. What does a graph for the sale of postage stamps
look like?

9. What is meant by the term “slope” as used in mathe-
matics?

Discovery teaching has as an element of its philo-
sophy the idea of activity on the part of the pupils. They
must take active part in a discussion before being able
to discover patterns and generalizations. The problem,
then, is to keep the pupils active. Games which allow
every member of the class to participate are very ef-
fective.
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In using discovery teaching procedures, the teach-
er must encourage the pupils to guess and use intuitive
hunches. Many times the pupil will make a good guess,
other times the guess will not be valid. When a pupil
offers a guess, it must be examined for its possible val-
ue. The pupil has committed himself to active learn-
ing when he guesses or plays a hunch. Once the pupil
has committed himself, the teacher must make use of
his guess, and lead him to investigate the reasoning
which stimulated his interpretation of the question,

This kind of learning may be used in developing
a game using a finite UXU in the first quadrant of
the coordinate system. The pupil has had some ac-
quaintance with the location of points in the plane,
but this knowledge should not be called upon directly.

Lattice Games

Use a pair of dice, one green and the other red.
This will enable us to readily distinguish an ordered
pair. The object is to roll the dice and read the num-
bers which appear. Since each die will have a num-
ber, the idea of an ordered pair i1s quickly developed.
Visualize a certain area of the blackboard containing
a 6x6 lattice. Roll the die and indicate to the pupils
that the resultant pair of numbers designates a point
which can be located in the plane of the blackboard.
To locate this first point is truly a guess. When a pu-
pil takes the chalk and places a dot on the board,
the teacher may discuss the degree of accuracy of the
guess. Now, place the dot where you envision it to be-
long and label it with the appropriate numerals. Re-
peat the rolling of the die until either the lattice is
completed or the pupils are able to identify the total
configuration. The pupils should now have the ability
to locate points in the plane, given an origin and a
unit of measure. Note that the only numbers dealt with
are the natural numbers and that zero has not been
included. In other words:

Any other games used should continue to use a
finite universal set. This limits the possible combina-
tions of ordered pairs to a reasonable number,

One such game is “Submarine,” which may be
played by teams or individuals: For those who have
not played ‘“Submarine,” the rules are as follows:

1. There are at least four different types of ships in-
volved: (1) submarine, (2) battleship, (3) cruiser,
and (4) carrier.

#
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2. Each of these ships occupies a different set of ordered
pairs. Each ship is made up of adjacent points.

a. submarine—any set of two ordered pairs
b. cruiser—any set of three ordered pairs
¢. battleship—any set of four ordered pairs
d. carrier—any set of six ordered pairs

3. The game may be played as follows:

a. Establish some UxU, preferably at least a 10x10
lattice.

b. Mark the individual ordered sets on the lattice.
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c. Random guesses of ordered pairs are made by
the opponents to try to locate and “sink™ the
ships. When a “hit” has been made, the player
must say only which ship has been hit. It 1s up
to the opponent to make further random guesses
until the various ships are sunk.

d. Each player has his own lattice, and guesses are
made alternately.

e. If this game is played by groups, limit the num-
ber of groups to no more than six. Use a rota-
tion method for the guessing.

There is another game called “Tree” which pos-
sibly has greater value for the development of sets of
ordered pairs as solution sets. Again, this is played on
a 10x10 lattice and only integers are used. The only
materials needed are: a deck of 20 cards, two sets
of 1 through 10, {1, 2, 3, . . . , 10}, and a 10x10
lattice with some established configuration, in this
case a tree. An ordinary bridge deck of cards can be
used. This game is limited to two players. The rules
for the game are as follows:

1. The deck of 20 cards is shuffled and dealt alter-
nately by one of the two players. The deal changes
after each hand.
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2. The non-dealer always leads the first card. This
card may be any card he desires to lead that he feels
may not be “treed.” The second player trys to win
the trick by playing some card which will “tree”
the card which is led. This illustration of a “tree”
lattice may help to clarify the rules.
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3. The lead card will always be the horizontal element
of the ordered pair and the second card will be the
vertical one.

4, Tt is not required that the second card “tree” the
first card.

5. The cards are shuffled and redealt after each hand.

6. Each time a player “‘trees” the other player, he is
the winner of that trick, and he must then lead a
card.

7. If a player cannot “tree” the lead card, or does
not desire to “tree’” the lead card, he still must play
one of his cards.

8. The first player to win 20 or more tricks at the com-
pletion of a hand wins the game.

Procedure of the game: After the cards have been
dealt, suppose the lead card is a “2.” Any member of
the set {4, 5, 6} will result in a number pair which
is a member of the “tree.” Suppose the next lead card
is a “7.” Any member of the set {1, 4. 5, 6, 7, 8} will
result in a number pair which is a member of the
“trees

The “tree” is only one possible configuration which
may be used in playing this game. Other games may
be developed using the same 10x10 lattice.

Remember that games such as the above are for
the purpose of acquainting pupils with the i1dea of or-
dered pairs. After this has been established, use the
previously developed configurations to solve problems
such as the following:



1. Tabulate this set:
{y| (4y) €T}
The problem is read: The set of y's determined
by (4,y) such that (4,y) is an element of the tree.
The symbol ¢ (not an element of) could be used
also. Answer: {1, 4, 5, 6, 7, 8}

2. State the relationship between the following sets.
a. A={y| (6y) ¢T}
B={y| (Ly) T}
b. A={x| (x4) T}
B={x!(x9)e T}
a. Answer: BC A orBCA- ADB

B is a subset of A
or
B is properly contained in A

b. Answer: A DB and BC A
A is contained in B
and
B is a subset of A

I " L] L]
3. Perform the indicated binary operations.

a. {x| (x, 3)eTIN{x| (x, 7)T}
where “MN” is the binary operation symbol
which means intersection. Answer: ¢, where ‘¢’
is the symbol for null set or empty set.

b. {y | (7, y)eT}O{y | (10, y)¢T}
where “O” is the binary operation symbol which

means union. Answer: {2, 3, 4, 5, 9, 10}

4. The above problems could also be demonstrated
using Venn diagrams.

Problems like the above should be used for con-
figurations developed by the pupils. This topic demon-
strates the advantages of using a finite set in the de-
velopment of mathematical understandings. Pupils can
gain very powerful insights to aid in the future study

of mathematics working with a small, familiar set of

numbers.

After pupils have arrived at an intuitive under-
standing of the coordinate plane, and have become
familiar with graphing techniques through the use of
games, it is important that they learn to graphically
represent linear sentences. It is best to begin with con-
ditions of this type:

Graph each set:
L {(xy)ly=x}

2. {(xy)|y=%x+3)}
3. {(xy)|y=3x}
4. {(x,y)|ly=2x-1}
5. {(x,y)ly=6}

6. {(x,y)]x—y=4}

Through a carefully programed sequence of problems
of this type, pupils can readily be led to make general-
izations about slope, and can develop on their own the
point-slope method of graphing.

Teachers should be alert to provide for the graphic
study of inequalities at the same time the equalities
are being studied. Important principles and under-
standings can be developed more effectively in this
way. Pupils with this sort of background get consid-
erable challenge from problems like the following:

Graph each set:

1. {(x,y)x+y>8}

2. {(xy)|ly=2x+3}

3. {(xy)|xt+y=8}
and
y<b

4. {(x,y)|ly=4x}
and
7+x=10

5. {(x, y)y=0}
and
X—y>4

6. {(xy)|y=x}




TOPIC Xl
Patterns That Arise In Counting’

Suggested time allotment: 5-6 weeks

This topic is intended to be an “end of the year”
topic for the eighth grade. The material holds much
interest for pupils, provides a great variety of ex-
periences, and is open-ended to allow for extreme
flexibility in timing as the final topic of study for
the school year. The teacher may expect to spend from
1 to 5 weeks on this topic.

The contents are unique in that each activity acts
as an introduction to new and challenging areas of
mathematics. This gives the teacher great latitude
in deciding which to pursue further and in selecting
interesting enrichment materials for individual pupils.
The materials on measures of central tendency (mean.
median, mode) are considered to be basic and should

be studied to develop a background for other topics.

Pupils have been developing a “seeing eye” for pat-
terns all through the seventh- and eighth-grade pro-
gram. Therefore, they should have a background which
will enable them to appreciate these “patterns that

arise in counting.”

The study of median, mode, and mean should re-
ceive the conventional treatment. Frequency tables
and histogram bar graphs can be made of random
events such as 10 tosses with 5 coins, 25 tosses with 10
thumbtacks, or the frequency of particular letters used
in any 100 letters on a randomly chosen page. Finding
the arithmetic mean by using positive and negative
deviations from an assumed mean is recommended.
Another investigation might be to find the frequency
of integers on a given problem page of a textbook.

*Topic References: Numbers 1, 9, 13, 18, 28
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Suggested Developmental Questions

The following are questions a teacher might ask
to arouse interest in the development of this topic.

1. Which letter of our alphabet has the greatest fre-
quency of use? Choose a page at random and test
your answer.

2. Does the mean of the squares of the numbers in
the set {1, 2, 3, 4, 5} equal the square of the mean
of the numbers? Could this be true for other sets
of numbers?

3. A newspaper reports the “average” income per
family in Loop City is $6,085. Which measure of
central tendency do you think has been used, the
median or the mean? Which do you think would
be more typical?

4. Experiment with two sets of six numbers each, using
whatever numbers you wish. Find the mean of each
set, then find the mean of the set of the sums of the
corresponding numbers in the first two sets. Does
this mean equal the sum of the first two means?

Discussion of Developmental Questions

A sample lesson developing out of question 1 is ex-

plained below.

“Which letter of our alphabet has the greatest
frequency of use? Choose a page at random and test
your answer.” Have each pupil select a page from
a book which he has available in class. Then have
the pupils block out any 100 words and make a fre-
quency table for the letters a, e, i, o, r, t, and z. One
pupil’s frequency tabulation might appear as the fol-
lowing.



Frequency Distribution of Letters of the Alphabet

on a Page Chosen at Random

Letter Tally
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Have pupils prepare a bar graph of these frequencies

(called a “histogram™) as below:
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Histogram of Frequency of Letters
of the Alphabet on a Page Chosen

at Random

Have pupils compare their longest vertical bar
with that of the histogram above. Compare the lengths
of the other bars.

The teacher might also suggest to his pupils that
facts from such histograms can be of help in decoding

letter codes.

Another random sampling situation pupils might
enjoy follows. Have pupils toss 5 pennies 100 times
and tally a frequency table as above.

Number of Heads Frequency
0 2
1 18
2 36
3 24
1 14
5 6

From their frequency table pupils can make a histo-
gram as before. Also a cumulative frequency distribu-
tion table could help them answer many questions
about the incidence of heads.

Number of Frequency Cumulative Cumulative
Heads Frequency Relative
Frequency,
5 6 100 1.00
4 14 94 94
3 24 80 .80
2 36 56 .56
1 18 20 20
0 2 2 .02

Some questions which might be asked about this table
are:

1. How many times did four or fewer heads occur?

2. What per cent of the tosses showed three or fewer
heads?

3. What per cent showed three or four heads?
4. What per cent showed at least four heads?

What per cent showed five heads?

N

Frequently the study of special properties of num-
bers and special sets of numbers is omitted in the con-
ventional mathematics curriculum. The remainder of
this topic is an investigation of these properties. There
will be a listing of ideas and references with the hope
that this will be more helpful to the teacher. These
topics are not listed in sequence or priority, so that
a teacher may use any or all of them with his classes.

Triangular numbers. Many number patterns can
be represented geometrically. One such pattern is that
of simple right-triangular numbers.

— e



The first number represented is one, the next is three,
etc. What is the pattern used to arrive at the picture
of a right-triangular number by using the previous
one? Draw the fifth and sixth right-triangular num-
bers. Without drawing it, what number would be the
seventh right-triangular number? Could it be written
as the sum of a set of positive whole numbers? Describe
the eighth right-triangular number as the sum of a
set of positive whole numbers.

Square numbers. Another number pattern that can
be represented geometrically is that of square num-
bers.

Number one is the first of the set, four next, etc. Do
you see the pattern involved in forming the successive
square numbers (no exponents allowed)? Then draw
a picture of the fifth of the square numbers. Without
drawing the sixth, decide what it would be. Does your
pattern involve sums? Does the second of the square
numbers equal 1+3? Does the third equal 1+3+57
Write a similar sum for the fourth; the fifth.

Are all tle addends odd numbers? Will the n*"
square number equal the sum of the first n odd num-
bers?

Another way to describe square numbers with
which you are familiar is in exponent form. Consider:
JlE 22, 132 n?}. Will the sum of the first n
odd numbers always equal n®?

? - Ll !}

Pupils should be encouraged to investigate the pos-
sibility of other kinds of numbers that may be repre-
sented geometrically.

Reversal of digits of a number. Quite often in alge-
bra books a section is devoted to problems dealing with
two-digit numbers. Consider the example: A certain
two-digit number has the sum of its digits equal to 12
and the ten’s digit is three times the unit’s digit. In-
variably, some pupils will correctly reason that formal
algebra is not essential to the solution of problems of
this type. Here is an area of investigation which is
concerned with the reversal of digits in any number.
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Begin by listing some two-digit numbers. Look for
the pattern when the digits are reversed. Pupils should
learn quickly to recognize a pattern.

Number Number with Difference Difference

Digits Reversed Between Digits Between Numbers
72 27 5 45
96 69 3 27
43 34 l i
18 81 7 63
22 22 0 0
70 07 7 63

How is the difference between the numbers related
to the difference between the digits?

Now consider the case of the three-digit numbers.
Can we establish a pattern of differences at this level?

Number Number with Difference of the Difference Between

Digits Reversed Two Numbers Ist and 3rd Digit
216 612 396 4
418 814 396 4
801 108 693 7
321 123 198 2
919 919 0 0
200 002 198 2
620 026 594 6

Pupils should discover that the differences are mul-
tiples of 99; and they are precisely multiples of 99 times
the difference between the first and third digit of the
starting number.

Listed below are some four-digit numbers. No con-
clusions have been reached. This can be a challenge
for the pupils to discover a pattern which may exist
with four-, five-, and six-digit numbers.

Number Number Reversed Difference of the
Two Numbers
I. 6254 4526 1728
4586 6854 2268
7365 5637 1728
3145 5413 2268
7859 9587 1728
I1. 1286 6821 5535
3938 8393 4455
4179 9714 5535
6821 1286 5535
2717 J172 4455



ITI. 6154 4516 1638
7845 5487 2358
9267 7629 1638
3731 1373 2358
1953 3591 1638
Other Topics for Investigation
1. Pythagorean Triples
2. How Money Earns Money
3. Magic Squares
4, Patterns Involving =
5. Properties of Odd and Even Integers
6. Sums of Number Sequences
Vectors as Directed Line Segments
R
b= |
~>

Given a line passing through points P and R (PR;
line PR), the distance between the two points may be
noted as a directed segment. PR would then be that
distance which would place P on R inversely RP would
be that distance which would place R on P. This pro-
vides a fairly fundamental definition of a vector: A

vector is a directed line segment.

Examine the sums of vectors (resultant vector) in

one dimension.

M N
| | |

MN + NR = MR
MR + RN = MN
MN + NM = O
RM + MN = RN

The above statements can be considered to be of a
general nature. Other problems may be developed

using a number line.
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Examine now the resultant vector for multiplica-
tion.

| | | 2 d I
¥ s 2 s S
d s = d-s

What this actually stipulates is: There are “d” num-
ber of segments added together, each of length “s.”
Here again, problems may be developed using the ra-
tional number line. It cannot be overemphasized that
it is better to first establish the general case, before
dealing- with the application.

What about the resultant vector in relation to two

dimensions? Examine the addition first. Locate the

—
resultant vector for going first the distance OP and

o
then the distance OR.

R

/
—>/P

The resultant would be the addition of the two directed

segments.

R
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Now using the coordinate axis, the operation may
be defined for addition.

(O'Y). .(X1Y)

= @
o (x,0)

This, however, is a specific case. What about the re-
sultant for any (x, y) and (xi, y1)?

(x,:,/} /

7

/

4

(X+X1, Y+Yl)

(xy)

(%,y) + (%1, y1) = (x+X3,y +y1)

What about the resultant vector for 3 vectors? 4

vectors? n vectors?

How may multiplication be defined in relation to

two dimensions?

Given PR, what does d-PR equal?

d - PR = d-P d-R

Problems may be developed using the coordinate plane

for a given (x,y).

The sum vector has been developed in detail. Now
let’s study the difference vector. This may be developed
in terms of an unknown quantity.

44+ ]=6 2t Bl
7+ =2

(xy) +0 = (x1,y1)

I

Remember that x,y; is the resultant vector.

(X,Y) 35 (3{2;?’2) —F (xlz}rl)

It must be remembered that (x,y) does not give the
length or magnitude of the vector. What will yield
the magnitude of the vector? This is another appli-
cation of the Pythagorean Theorem. To find the length
of (x,y) use x as one leg and y as the other leg of
a right triangle.

'sq‘ (xy)

il

y A
d 2

/ I

> [

|

g |

s |

4

0 X
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This leads to the formula for the distance between

any two points in the coordinate plane.

The work to this point only scratches the surface
of the elementary work which may be done with vec-
tors. Investigate many physical applications based up-
on the concepts which have been developed that merit
investigation. Keep in mind that there must be an ade-
quate amount of problem-solving situations to assure
understanding the ideas set forth in this topic.



The congruency of modular systems. Congruency Comments on Question 1 stated above:
may be thought of in different forms. In modular ij
arithmetic, sometimes called clock arithmetic, the idea Look at the clock on the wall to develop the classes
of classes of equivalent, or congruent numbers is de- of modulo 12.

veloped. Thus, for modulo 12, the numbers of the
set {1, 13, 25, .. ., 1 + 12n} are congruent. It may Modulo 12:
be said that two vectors are congruent if they have

the same magnitude and direction. Congruency is a 0 {0, 12,24, 36,48,...}
special kind of equivalence. 1 {1, 13, 25, 37,49,.. .}
2 {2, 14, 26, 38, 50, ...}

A modulo partition works much like a clock. If
it is modulo 5, then the natural numbers and zero are
divided into five different sets which are referred to as
classes. The elements of a class are said to be congru-
ent because each is a different way of expressing the
same number concept.

8 (8,20, 32,44, 56, .. .)

The following are questions which a teacher might :
use in the development of this topic. 1 {10,285:88; 479950 1a)

1. What are the basic classes that can represent the

natural numbers and zero using modulo 12? Notice that the natural numbers are divided into
twelve basic classes: 0, 1, 2, . . . , 11. In examining the
elements of the set in class 8, it is evident that each
of the numbers stand for the same point on the clock.
Pupils may develop new partitions in other modulo

2. In the partition modulo 5, what relation exists be-
tween the elements of the “ones” class and the ele-
ments of the “fours” class?

3. Given the class: 3, 10, 17, 24, . . . This class is a both mentally and on paper. Pupils should be en-
subset of what partition? Develop the other classes couraged to investigate the more sophisticated aspects
of the partition. of modular numbers on an individual basis.
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TOPIC XiIl
Equivalent Sentences’

Suggested time allotment: 4-5 weeks

This topic is an extension of the topic on sets and
sentences in the seventh grade. At that time, the pupils
were faced with many experiences such as the follow-

ing:
W=4£1, 2.3, . . ., 10}

Tabulate the solution set.

1. x+3=7 4. 12—-11=x
2 % 2 5% >19
B o8 6. 2x+5=12

At that time, they should have thought of x as a
variable in sentences such as the foregoing.

The first question, (x+3=7), for example, is a sen-
tence pattern for:

1+3=7 6+3=7
2+3=7 71+3=17
3+3=7 8+3=7
4+3=7 9+3=7
5+3=7 10+3=7

Nine of these ten statements are false, and 4+3=7
is the only true statement. Four is the only number
that will replace x and make a true statement. This
was defined by saying {4} is the solution set for the
sentence x-+3=7.

The same types of questions were then answered with
with sets for universes which were continually in-
creased in size. Since they had no experience with
equivalent sentences, their only possible approach to
the solution of the above sentences was through the
process of replacement.

Later they did some work with number systems
and should have gained some feeling for:

the commutative property:
a-+b=b-+a, a-b=b:a

the associative property:

(a+b) +c=a+ (b+c), (ab)c=a (bc)

*Topic References: Numbers 3, 5, 9, 15, 23, 26, 29, 30, 34, 36
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the distributive property:
a(b+c) =ab-ac

They also should know the properties of equality
(though they might not know them by these terms):

Reflexive a=a (sometimes spoken of as the “rubber
stamp identity” )

Symmetric if a=b, then b=a

Transitive if a=b and b=c, then a=c.

If the pupils have had no experience with these,
this could be a good place to begin the unit on
equivalent sentences.

Most good teaching moves from the familiar to

the new. A good first lesson for this topic might look
something like this:

U={1,2,3,4,5,6,7,8,9, 10}
Tabulate the solution set.

1. 2x+3=7

2. 4(x+2) >36

These exercises would be much like the ones studied
before, except for the inclusion of several short se-
quences of sentences with the same solution set. For
example:

4x+8>25 2% — 3=15

8+4x>25 bx —2=43

= x1=3 x+5=14
Sequence A 4(x+2) >25 Sequence B 5t 14

Sx—1>21 2(x+6)=30

j’:%"<7 30=2x+6

4+2x<18 X0
Sequence C]2+x<9 Sequence D | 3x=9

| x+4=7




After the pupils have the solution sets tabulated,
the discussion should be focused on the fact that cer-
tain subsets of the exercises have identical solution
sets. Then equivalent sentences can be defined and
the next set of exercise experiences can reverse the
process. For example:

U=(1,2,3,. . ., 20}

Each of the subsets of U in the exercises below
could be the solution set for many sentences. For each
exercise, write at least five sentences which have the
given set as a solution set.

1. {5)

------------------------

------------------------

-----------------------------------------------

------------------------

------------------------

3. {17, 18, 19, 20} 6. {U)

-----------------------

------------------------------------------------

These exercises are more difficult than one may

realize, and it is easy to assign too many of them.

The tendency of the brighter pupils here is to write
extremely long and complicated sentences. This is fine
but it does not lead them to making the discoveries
toward which you are working. The slower pupils are
capable of doing very good work on exercises of this
kind.

Some pupils may come up with sequences like this:
For example:
1: x=5, 2x=10, 3x=15, x+1=6, x+2=7
or for example

3: x>16, 2x>33, 3x>50, x+1>17, 2x +1>33
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These of course will lead directly to some of the
ideas about equivalence you want the pupils to dis-
cover., Many real good generalizations should come
from the discussion of these exercises.

A set of exercises like this next set will help to focus
on the power of the simpler sentences.

U={(1,2,3,. . .,100)2

For each exercise write five sentences which are
equivalent to it (have the same solution set).

1. x=3 4, = > 67
2. 5x+7=57 5, g < 85
3. 5x>28

The discussion should bring out that exercise num-
ber 1 is very easy because it is in simple form. Exercise
number 5 is more difficult except for those who may
write x>4 as the first sentence. From x>4 other sen-
tences can be written very easily.

In exercise number 2 it can well be pointed out that
x=10 is not an answer but rather just another
sentence which happens to have {10} as its solution.”

After experiences of this kind, the question of how
to analyze a sentence and write another which is equiv-
alent to it is understood quite naturally.

Certainly 2(x+3) =26 and 2x+6=26 are equiv-
alent because of an application of the distributive prop-
erty. x+5=9 and 5+x=9 are equivalent because of an
application of the commutative property. x-+3=20
certainly is equivalent to x=17 (they have the same
solution set), but how can we decide this without first
knowing the solution set? Other examples such as 5x+
17=83 and 5x=65 leave the solution set hidden a
little better while the same question is asked. This
builds a need for learning to use one of two properties
depending on the materials being used in the program.

Some programs build the cancellation laws of addi-
tion and multiplication:

a+b=a-t+ceb=c
ab=ac and a%0—>b=c¢

e a, b,c
¢ a, b, ¢; 240

b=c—ab=ac

1Any universe can be used as long as there is a specific one. The choice
should depend somewhat on the abilities of the pupils in your class.

“Pupils should not acquire a conditioned response—step hy step—pattern
for grinding out in a mechanical way a series of sentences ending in
the form x=some number, Instead this should become a thinking
process with only what is necessary being written in step form.




The nature and i1dea of mathematical proof enters
this topic for two reasons:

1. It is a natural place for the study of proof—
and proof itself is a worthwhile mathematical
objective.

2. The “steps” of solving equations and the under-
standing of same can be demonstrated adequate-
ly in proof, leaving the pupils free to write the
solution set as soon as he discovers it in solving
equations,

Here is an example of the way in which pupils
might use proof.

Prove that 2x+8=36 and x=14, where x 1s a ra-
tional number, are equivalent sentences.?

The proof might go something like this:
2x+8=36
2x+8=28+8 addition of rational numbers
2x=28
2x=2 - 14
x—14

given

cancellation law (of addition)
multiplication of rational numbers

cancellation law (of multiplication)

or like this:
2%-+8=306
9(x+4) =36

given

distributive property
2(x+4)=2-18 multiplication of rational numbers
x+4=18
x+4=14+4
x=14

cancellation law (of multiplication)
addition of rational numbers
cancellation law (of addition)
These proofs constitute the writing of a succession
of equivalent sentences. Each is equivalent to the pre-

ceding sentence, because of a particular property of
the number system or of equivalence.

Later as they study sentences in two variables, the
same ideas will again come into focus.

Pupils can be asked to graph the solution set in
R>*R (R=set of rational numbers) for x+y=7 and

Pupils should recognize that if they can show (1) that 14 will replace
x in both sentences to make true statements and (2) that no number
other than 14 will replace x and make a true statement in either sen-
tence this would constitute a proof. This is, after all, how equivalent
sentences are defined and pupils should not lose sight of that definition,
They should understand that they are being asked for a specific type
of proof in this case, namely one involving equivalent sentences.
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for the sentence 2x+2y=14. They will recognize that
these two sentences have the same solution set. The
same properties which enable one to write equivalent

sentences in one variable are again brought to bear.

There are many possible motivations for writing

equivalent sentences in two variables.

If pupils have a good understanding of slope and
intercept, it is much easier to graph y:—%‘:—%—*} than it
is to graph 3y —2x=12, and 1t becomes meaningful to
study the relationship between the two sentences. On
the other hand, some pupils are more adept at looking
at 3y—2x—=12 and recognizing the x and y intercepts
as (0, 4) and (-6, 0). In this case, given equations
like y:—ii +4 to graph they will again need to un-

derstand the meaning of equivalence.

They could be proven equivalent like this:

3y —2x=12

given

multiplication of real
numbers

By+3(==) =34

3(y+ —3‘-) —3+4 distributive property

cancellation law (of mul-
tiplication )

property of zero
(0+a=a)

property of additive
Inverse

(at+ —a) =0

associative property
commutative property

associative property

cancellation law (of
addition)

It should then be emphasized that when pupils are
called upon to use the “equivalent sentences” skills to
manipulate or solve equations in one or two variables;
they need not, indeed, they should not, be asked to
follow a set pattern. Conversely, they should be strongly
encouraged to use all the insight and intuition which

has been developed in the study of equivalent sentences.



When faced with a set of exercises involving com-
plicated-looking sentences to solve, pupils should be
encouraged to write the solution set as soon as it is
recognized and go to the next problem. They should,
of course, recognize the relationship between this work
and the previous work on proof. The quality of pupil
thinking periodically can be checked by asking for a

proof by equivalent sentences that a particular solution
is correct.

By avoiding the step-by-step procedure, pupils can
be encouraged to “take bigger steps” in their reason-
ing. In the end, pupils will be able to work stereotyped
problems much more rapidly, and at the same time be
free to think when faced with a problem which does
not happen to fit any previously studied pattern.




TOPIC Xl
Equivalent Sentences In More Than One Variable®

Suggested time allotment: 6-7 weeks

The purposes of this topic are to develop more

graphing
(equalities and inequalities), and to study the solu-

efficient procedures in linear sentences

tion of simultaneous linear sentences by both graphic

and algebraic means.

Early in the topic the pupils should become pro-
ficient in the slope-intercept method of graphing. A
series of well-directed exercises can make this method
very meaningful. Using previously learned techniques,
sentences can be written in the familiar y = mx + b
form. Then the graphing of two or more sentences on
the same set of axes can lead to a discussion of inter-
secting sets, Several problems of this type can lead the
pupils to see a need for developing rapid, efficient
graphing techniques for finding solution sets. (At this
stage it 1s wise to select the problems carefully so that
the sentences will have integral solution sets.) The
power of the modern approach to graphing linear con-
ditions is readily evident in the study of linear pro-
graming. This study of problem solving by graphic
analysis can easily lead the pupil to the limitations of
graphic solutions. Then the pupil will be ready for the
development of logical algebraic methods of solution.

Some teachers may wish to provide opportunity for
better pupils to study beyond the level of pairs of equa-
tions in two variables, including, perhaps a brief study

of simple determinants.

Recommendations of various study groups have
stressed the inclusion of considerable work with in-
equalities since the graphing of inequalities is such a
vital part of solving problems in game theory, linear

programing, etc.

*Topic References: Numbers 3, 5, 9, 15, 23, 26, 29, 30, 34, 36
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Through the study of inequalities, pupils gain broad
insights into basic ideas of the coordinate plane, mathe-
matical limits, and infinity. It also prepares them well
for work in coordinate geometry and the study of
space. Any linear equation divides LXL into three
See FIGURE 1. The plane is divided into
the set of points for y<2x+3 and y>2x+3. One of the
of y=2x+3 1is the
fact that it is the boundary of each of the other two

subsets.!

reasons for the importance

sets. Comparisons in the physical world utilize in-

equalities more frequently than equalities.

Y=2x+3

il

/ v |

FIGURE 1

1 L=the set of real numbers



Suggested Developmental Questions

Here are some questions which a teacher might ask

his class to help develop this topic:

I. What pairs of numbers, (x, y), satisfy the following
sentences ?
a. x = 3dy + 4
b: 2x <=y >3
c. 10x— 9y = 30
d. Ix F 8y < 15

9. What are some members of the solution set of:
a. 3x—7y—_6=0
b. 5x -3y + 8> 0
c. y—8x <

3. What points belong to:
a. {(x,y) |y =3x+ 6}
b. {(x,v) |y <—2x + 8}
c. {(x,y)]y>x-2}

4. What point in the plane is common to these sets
of points?
a. {(x,y) |y=2x +5)
b. {(x,y) |y = 4x + 5)
c. {(x,v) |2y + 3x =10}
d. {(x,y) | 15— 5x = 3y}
e. {(x,y)|x=2y+ 5}

. What observation can you make about the graphs
of each of the following conditions for equality?

a. y—=3x + 6
b. y=3x—2

c. y = 3x

d. 3x +8=y
E.-é—}*:x+3

Ln

6. What numbers satisfy the following conditions?
30 X >0

x < 10

y > 8

=G

x> 5 and x < 8

o o0 o

7. What points belong to each of the following sets?

a. {(x,7) |y <2}
b. {(x,y) | x <76}
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¢. {(x,y)|x>3 and x < 6}
d. {(x,y)|y<3 and y > 5}

8. What pairs of numbers belong to each of the fol-
lowing sets?
a2, (% y) |[y= 9 andix < 3}

b. {(x,y) |x+ y<8 and y < 5x}

c. {(x,y)|x+ y=12andx-y=15}

d. {(x,y) | 3x—5y = 17 and 4x + 8y = 29}

Xy

Discussion of Developmental Questions

It is possible that questions 1 and 2 may be the

pupils’ first contact with the idea of an ordered num-
ber pair. Therefore, they should be introduced to the

idea of Cartesian set. They should see that order here
is important, and should also recognize the idea that
many sets of ordered pairs can satisfy a condition with

two or more variables. The pupils should also see very
early in the topic that they can use manipulative skills
from the previous topic to help find ordered pairs.
Here again the use of inequalities is of prime impor-
tance. It is also possible that some intuitive work can
be done here with three variables.

As work is done with the problems in 1 and 2,
the pupils should develop a method of determining
ordered pairs that satisfy a condition. For example,
when finding pairs for example a of problem 1, should
we first assign values to x or y?

In example a of problem 2, the pupil should see
that the following table and procedure will aid him

in finding ordered pairs.

Leisusl s 12345
3x — b=y 7 |
y=3x—6 2

Before finishing this part of the topic, pupils should
have a clear, definite method of determining ordered
pairs that will satisfy a given condition.

For some conditions, it may be wise to limit the
universe under consideration. This could be done as
a finite number of natural numbers, or it could be
only done by considering the set of natural num-
bers. There are many interesting problems which can

be developed using a limited universe.




The purpose of the problems in question 3 is to
lead the pupils to relate ordered number pairs to the
coordinate plane and thereby learn to draw the graph
of a condition in two variables. Only a limited sam-
pling of problems is presented here. Many others should
be used to give adequate practice in the graphing
of conditions. Note that the problems listed are in
the form of y = mx + b. Experiences should be pro-
vided so pupils will learn to transform any given con-

dition to an equivalent condition of the above form.

Pupils should draw graphs of many inequalities.
They should see that by graphing an equality the plane
is divided into three sections (=, >, <). Part of this
work should be done with a limited universe and a cor-

respondingly limited Cartesian set.

The purpose of questions 4 and 5 is to provide the
pupils with opportunities to learn to draw graphs by use
of slope-intercept form. Most pupils should readily dis-
cover the convenience of graphing by slope-intercept
method. If a set of graphs are placed on the same axis,
the pupils can be led to discover the relation that exists
when lines contain the same point or when they are all

parallel.

A great deal of time should be devoted to this.
Positive, negative, and fractional slopes should all be
investigated, beginning with the construction of many
graphs. Discovery should play an important part in
the development of slope-intercept concepts.

For example, some pupils may see the pattern in
the ordered pairs of a problem by placing it in tabular

form:

y=2x + 1

1] 2] 5] -
D

x| 0
y|1

Others may see the slope concept more readily on a
graph:

y = 3x + 2

Y:',_'X"j

+ 4

The purpose of questions 6 and 7 is to provide
practice in graphing simple inequalities and condi-

tions involving two inequalities in two variables.

The work on question 6 is quite simple; more com-
plicated conditions using the same ideas should also
be used.

Question 7 provides practice in the graphing of
ordered pairs.

The graphing of ¢ and d, involving the inter-
section of two sets, should be of interest to pupils. Prob-
lems providing for the intersection of more than two
sets of points may also be investigated,



Problems of the type presented in question 8 are
designed to develop methods of solution of pairs of
equations and inequalities. After considerable practice
in solving simultaneous linear conditions by graphic
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means, pupils should be led to see the inadequacy
in this kind of solution. With this background pupils
will see the need for finding more sophisticated methods
of solving pairs of equations.




TOPIC XIV
Solution of Quadratic Sentences®

Suggested time allotment: 9-10 weeks

The primary purpose of this topic is to formalize the
solution of the quadratic equation. However, to ac-

complish this, two other important abilities must be
attained. Early in the topic, the pupils must see that

by the use of the distributive property we can more
easily solve the quadratic sentence. With this as a moti-
vation, it becomes quite essential for them to master
use of the distributive property. They should under-
stand: (1) the factoring of a general trinomial, (2)
the factoring of a perfect-square trinomial, and (3)
the factoring of the difference of two perfect squares.
The properties of exponents will be used in this.

Having attained the above skills, it is then possible
to formally solve the quadratic sentence ax® -+ bx +
¢ = 0 where ax®> + bx -+ c can be expressed in fac-
tored form. To assure real understanding, early solu-
tion should be done as formal proof.

When the pupil has successfully solved quadratic
sentences of the form x? — a2 = 0, he should be asked
to solve sentences of the form x?—c =0 where ¢ is
not a perfect square. This will lead into the use of
radical expressions. All work with fractional and neg-
ative exponents can be done at this time as a natural
outgrowth of the study of quadratics.

Neither pupils nor teachers should lose sight of
the main purpose of this topic. Factoring is not done
without purpose. It is motivated as a necessary skill
for the solution of quadratic equations. Likewise, work
with radicals is done to aid in the solution of the
quadratic equation.

Suggested Developmental Questions

Following is an outline of questions the teacher
might ask in developing this topic. Each question
could be asked at several different times during the

*Topic References: Numbers 3, 4, 5, 7, 8, 21, 23, 24, 30, 32, 34, 36

study of the topic using different universes of possi-
ble replacements. Later each question is expanded
and some of the kinds of answers the teacher will be
looking for are discussed.

1. What can you tell about a and b, given that
ab = 12: ab = 5;ab = 1;ab = (7?

2. What can you tell about x, given:

i=lorxt =l x2 = 1;x2 = 0; x> = =17

3. What can you tell about x given:
a. x(x+ 1) =0

b (e 2) (x=2) =0
G (x—2) (%X 1) <0
d, (Zx 1 3 i(%x—2)'=0
e Ex=1

£,k =4%=10

g x2—x-2=0

h

2% —x—6 <0

4. What can you tell about x, given:
a. (x+1)(x+1)=0
b. (x—3) (x—-3) >0
c. (x+35)(x+3) =0
d. (2x +3)(2x -+ 3) =0
e. x2+2x+1=0
f.ox2—06x + 9 >0
g. x*+ 25 + 10x =
h. 4x* + 12x + 9=0

o

5. What can you tell about x, given:
a. (x+ 3)(x=3) =0
b. (x=3) (x+3) =0
¢ (2x + 3) (2x—3) =0



d x*-49 <0
e. x2—-25>0
f.4x*-9 =0
g x2—-7=0

h. x*—-150 =0
1. X -8 =10

.o 22=50-=10

6. What can you tell about x, given:

a. (% 4=2)2A=9=1

b. (%% - bx == 9) —25=10
c. x> +4x+5=0

d. x* + 6x = 11

e. (x2+8x+16)—-24=0
f. (x* + 8x) + 16 = 21

g, (x2+4x)-12=0

h. (2x% + 5x) —8 =10

L (x+2)?2+4=0

Jo ax® + bx 4+ ¢ =10

Discussion of Developmental Questions

The purpose of exercises of the type found in
questions 1 and 2 is to establish conditions for the
product of two factors to be 0. Areas which the teach-
er may wish to pursue further include the definition
of exponents, ideas of prime, composites, complex num-
bers, irrational numbers, and existence of multiplica-
tive inverse. Solution sets in S and S X S where S
is the set {0, 1, 2, . . .}

U =85S

{(a,b) | ab = 12} = {(1,12), (12, 1), (6, 2), (2, 6),
(Ba:8)5(%::3)}

((ayb) |ab= 5} = {(1,5), (5 1)}

{((a:b)ifab="1} = {I(1;1)}

{(a,b) | ab = 0} = {(0, b), (a, 0)}

U=S

(x| x* = 16} = {4)
(x|x=7}=¢={}
(x| =2 = 1} = (1)
(x| = 0} = (0)
x|e=-1)=¢={)

Solution sets in I and I X I where I is the set of integers
U=1IXI

{(a,b) [ab = 5} = {(1,5), (-1,-5), (5,1), (-3,-1)}
((a,b) | ab = 12} = {(1, 12); (-1, -12), (12, 1),
(1, 12), (6,2), (2,6), (-6,-2),
(-2, -6), (3,4), (4, 3), (-3, -4),
(433
((a,b) [ab =1} = {(1,1), (-1,-1)}
{(a,b) [ ab = 0} = {(O, b) (3,0))

U =1

(x| x2=16} = {4,-4} (x|x*=0} = {0}
x|=2=7)=¢={} {K|K -1} = ={ }
{x|x*=1} = {1, -1}

Solution sets in R and R X R where R i1s the set of
rationals.

To tabulate a set is to list all the members of the
set and to use the braces { }, to show that we have
a set. In the set, N X N, it 1s easy to tabulate the solu-
tion set for ab = 5. Simply write, {(1, 5), (5, 1)}.
The braces imply that these, and only these, replace-
ments make a true statement.

In R X R the solution set for ab = 5 is endless.

2 o)

It is suggested that these solution sets be shown
graphically rather than attempting to tabulate
them.

Other very good questions for discussion are:

. Why with U = S or I does {a, b) | ab = 12} have
more members than {(a, b) | ab = 5}? More exam-
ples of this type should bring out the factors of com-

posite numbers into primes.

9. What is the relation of each ordered pair which

satisfies the conditions ab = 1 and x* = 1 when

U = R X R (multiplicative inverse).

3. What would we need for a solution of x> = 7, and

-

l



what would we need for a solution of x* —= -1?

(Irrational and complex, respectively)

Pupils should be well aware that for all x and y:
if xy = 0, then x = 0 or y = 0 or both are equal to
0.

In the development of questions 3, 4, and 5, prac-
tice has been provided to develop skill in expressing
algebraic expressions in factored form. The teacher
should be sure pupils realize the need for simplifica-

tion of irrational expressions.

Questions 3, 4, and 5 asked for solution sets to
sentences. The sentences in 3 are listed below along

with their solution in the set of rational numbers.
) = ¢ 4

a. x(x +1) =0 {0, -1
G2 (x—2) =0 (2,2
c. (x=2) (x+1)<0 {

— =4 i

2 =1 0 1 2 3

d. (2x +3) (x-2) =0 {2,—+

e. x>+ x=0 {0, -1}

f.x*-4=0 {-2, 2}

g x*—x—-2=0 (2,2

h. 2x2-x-6 <0 {xl_%.(x-(?_

=y e —

o) i S TR (S ) [y [

Observing the ease of solving the first set of prob-
lems, the pupils should recognize the advantage of ex-
pressing algebraic sums as algebraic products. Teachers
are generally familiar with several methods of teach-
ing factoring. Pupils can usually develop sufficient skill
in factoring in a matter of three to five days.

Looking now at the problems for Questions 4 and

5, (U = R).

Question 4

a. x*+2+1=0 (x+1) (x+1)=0{-1}
b. x*—6x+9>0 (x-3) (x—3) >0 {x|=x#3}
c. X2+ 25+ 10x= (x+5) (x+5) =0 {5}
d 4x2+ 12x + 9 =10 (2x + 3) (2x + 3) =0 { -}

Question 3
a2 —9r=100 « (x =k 3) (2—=3) =0 Ad,-3}
b. x% > 25 (x+5) (x—5) >0

{x|x> 5 orx< =5}
c. 4x*—9=10 (2x+ 3) (2x—-3) =0{~, 5)

These examples show the forms of the perfect
square trinomial and difference of two squares.

Additional Questions

1. How does the solution set of x* — s* — ( relate

to s%?

2. The idea of a square root should be explored.

3. Can we fill a gap? {x | x* — 25 = 0}

4. Observe the solution of {x | x* — 25 = 0} =
{5,-5} = {25, -V/25}
(x| x—a = 0} = {a, -2} = (V& V&)

5. Define: /x™

6. How can we obtain a solution?
{x|x*=T7=0} = {7, =\/7} = {7}, —T%)

7. Can we find solutions to these problems?
{X ZR= S D} — {\/gﬂ _\/5} = {5%:- '_5‘&}
(x| x* 8 = 0) = {\/B, B} ={84, -81)

(x | x? — 200 = 0} ={1/200, —\/200} =
{200%, —200%}

(x| x*— 163 = 0} = {/163, —/163} =
(1633, —163%)

{x|x*—c=0,c>0} = {Ve,—/c} ={c}, —ci}

Some of the above responses can be improved if we
can demonstrate that if yx > 0 and y >0, then \/xy

= V/x \y.

The properties of exponents should be developed
at this time, Once more the teacher should encourage
intuitive study and investigation. Based upon the logi-
cal application of previous knowledge, the following
properties can be easily produced.

x[ﬂ n

' X
2, —= xB1: ff x=£ 0, then |. =—= x=" = 3°

o X

3. (PR = xmo

4 [i]nzx—:
y y



Prove: Prove:

Vxy = (xy)? -

(xy)2 = x% y? S Y
Xy x} y v [y]

xiyi—\/‘x \/_
"R = VRV 5
(x

(y

—

-

o —

y
)2 _
)3

i
A

, /_x_:vx_

“Vy v

Having proved that \/xy = \/x \/y and \/_ —=VX,

vy

work with simplification of radicals should be com-
pleted. Pupils should also review methods of extracting

square roots. Equations of the type \/;-I“Q:lﬂ should
be studied for solution.

Areas of exploration which are now open:

1. To what extent have we now developed our num-

ber system?

2. Do all the properties of the rational numbers apply
to this expanded system?

3. Do we see a need for ways of expressing more num-

bers?

Expansion of Question 6

These problems are of a type to develop a method
of solving any quadratic equation which has real-num-
ber coefficients. (Equations with complex-number solu-
tions should not be studied at this time.)

When asked for values of x which will satisfy the
condition (x + 2)? — 9 = 0, the pupil is most likely
to square the binomial, combine terms, and factor. An
alternate method is proposed here. The problem should
be treated as a form of x* — a*> = 0. Many solutions
of problems of this type will strengthen the concepts
of the perfect-square trinomial and the difference of
two squares. The sequence of problems should lead to
an understanding of completing the square in a quad-

ratic sentence.
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Pupils should not be required to write every step
in the solution of such problems. Proof of the solution
of some quadratic equations should be assigned as
exercises. It is recommended that this vehicle be used
to assure understanding of the step-by-step process
of solution,

Here is an example of the use of proof:

Prove: 3x2—8x + 5=0—->x=1lorx = ‘j}"

. 3x2—8x + 5 = 0,o0nlyif 3xx—3x—-5x + 5 =0
-3x — bx = -8x '
previously proved

2. 3xx—3x—5x + 5 = 0,onlyif 3x(x—-1) —5(x—1)
=0
Distributive Property

3. 3x(x—1) =5(x—1) = 0, only if (3x—95) (x—1)
=0
Distributive Property

4 (3x—5) (x—1) =0,onlyif 3x -3 = 0, orx — 1

=)

1fa:UDrb 0, then ab = 0
5. 3x—5 = 0, only if 3x =

a—beat+c=b-+tec

6. 3x=5,mnlyifx:j?—
a=bea:ec=b"elc20

7. x—1=0,onlyif x =1

a=beoatc=b-+c

We have shown that if any roots of the equation
3x? — 8x + 5 = 0 exist, then these roots are 1 and

.ET. It is still necessary for the proof of the original

statement to show that:

3(1)2 — 8(1) + 5 = 0 and 3(—-)2—8(5)+5=0
3

Problems such as: 2x? + 5x — 8 = 0 should lead the
pupil to the solution of ax* + bx + ¢ = 0.

9x% + 5x—8 =0
5 25 25
2 e -|..______ e e
T T
e 5 89
h:{+ "—@—] —Tﬁ—"—ﬁ
i 5 vsT] 5_\/8'_]:
i T_[x+ - =0
_ 5=1/89
D 4




The development of the quadratic formula should
follow directly, applying the process of completing
the square to the general quadratics equation.

Area of further exploration: How does the value
b* —4ac affect the solution set of the quadratic sen-
tence?

Summary

The development of the material in this topic in-
volves the further expansion of the number system to
the set of real numbers. Thus it becomes possible to
investigate many problems based upon a knowledge
of the evolution of our number system. The following
representation should be helpful in this study.

REAL NUMBERS

RATIONAL NUMBERS

ENETE S E RS
NEGATIVES ZERO POSITIVES
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The closure of operation within any given system
should be again reviewed. The properties which hold
within a given number system should be reviewed.

Pupils should be led to recognize that we are still
limited in attempts to solve equations of the type
x? = -1. The suggestions that a larger number system
may be needed is quite apparent.

Verbal problem situations should be studied at
length, giving pupils the opportunity to write the quad-
ratic sentence which expresses the problem situation.
This should include problems involving both equalities
and inequalities,



TOPIC XV
Introduction to Relations and Functions®

Suggested time allotment: 10-11 weeks

This topic will be devoted to a formal study of the
characteristics of some of the sets of ordered pairs with
which pupils have had prior experience. It will include
modern definitions of relations and functions and the
accompanying vocabulary.

The topic may represent as much as one semester’s
work, depending on the attention given to the study
of the general concept of function—such things as
graphing, inverse of functions, composition of functions
—and the numbers of applications of functions which
are investigated.

Two types of functions should be studied in con-
siderable detail—linear and quadratic. The slope of
linear functions is an idea which has been introduced
earlier. His idea should now be extended to establish
the conditions for parallel and perpendicular functions.
In TOPIC XIII the solution of systems of Ilinear
equations was introduced. Those techniques may be
reviewed at this time in connection with determining
the conditions for the intersection of linear functions
to be a unique point, the empty set, or an infinite set.
Some attention may be given to a geometric interpreta-
tion of the solution of linear equations in two variables
by elimination through addition. If time permits, systems
of three linear equations and perhaps determinants may
be introduced. The usual applications—mixture, age,
rate, and numbers problems—may be repeated here and
serious thought should be given to including linear

programing.

The main purpose of TOPIC XIV was to give pupils
some familiarity with solving quadratic equations before
beginning a serious study of quadratic functions. Graph-
ing quadratic functions is an open-ended topic which
is properly included here. Finding zeros of quadratic

*Topic References: Numbers 1, 2, 3, 4, 5, 7, 8, 9, 15, 24, 31, 33, 34, 37

functions by graphing and factoring should precede the
introduction of the more refined methods of completing
the square and the quadratic formula. With these tools
at hand pupils should attempt to solve many applied
problem situations.

Some interesting games which lead to an under-
standing of the properties of reflexive, symmetric, and
transitive relations can be found in many of the new
programs in modern mathematics. (TOPIC V i1s de-
voted completely to a study of relations and functions
which should provide excellent conceptual understand-

ing. )

Precise definitions should follow the above activities.
The following need to be carefully defined: domain,
range and field of relations, reflexive, symmetric, and
transitive relations.

Suggested Developmental Questions

Some questions which should be considered during
the topic are:

{. Identify the relations {(1, 1), (2, 2), (4, 4), (5, 5),
(9, 9) }

{(1, 1), (3,3); (5, 1) (7,~9);/(=L, =)}
{(1,2), (3,3), (2,5), (1,5), (2,3), (1,3) )

2. What kind of relations are “equal,” “greater than,”
“less than?”

3. What are some relations that are only reflexive?
Just transitive? Just symmetric?

4. Are there some relations which have but two of
these properties?

5. What do the graphs of these functions have in com-
mon? {(x,y) |y = 4x + 1}, {(y, %) [4y -1 =
x}, {[(x, £(x)] [ f(x) = 4x + 3}




10.

What do the graphs of these functions have in

common?

{(%,y) |y + 3x + 2} {(m, n) | 2n = 2m + 4},
fitayh) ['h =-23 -+ 2}

What do you notice about the graphs of the pairs
of functions defined by f(x) = 3x + 2 and f(x) =

X + 4, f(a) = a— 3 and f(a) = a-1?

What conditions determine when two linear func-
tions intersect in a single point, many points, no

points?

Graph the following pairs of equations on the same
set of axes:

y=3x + landy = _;x+2,y:'5x+3and

i— —%— x—1
y =—x + 4and y =—-x + 3. What do you notice?

—

Consider the equations 3x + 2y — 5 0 and

2x—-y+3=0

Graph 1. {(x, y) | 2(3x + 2y =5) + 3(2x— y

i 12

12,

L

14,

Sie="0Fand {(x'y) | 3(3x &= 2y —9)
+ 3(2x —y + 3) = 0}
200x y) || 2(8x + 2y —9) + 1(2x—7y
+ 3) = 0} and {(x;y) | 4(3x + 2y —3)
+ 3(2x —y + 3) = 0}
3 filx, ¥) [2(3x + 2y — 35) + 3(2x —y
+ 3) = 0} and {(x,y) | (3x + 2y—3)
+ 2(2x —y + 5) = 0}
Is the graph of the following equation a horizontal
or vertical line?

4(3x — 5y —2) + 6(2x + 3y +1) =0

Using R X R as the universe, draw graphs of the

following functions:

l. y = x?
2. y=x%+1

3. y =x*-2

Using R X R as the universe, draw graphs of the
following functions:

l. y = 2x?

2. y = “3x2

3. y =—2sz

4. y = —ljﬁ— i

Using R X R as the universe, draw graphs of the

following functions:

05

15.

16.

17.

Here

I, ay=imiirh
2. y = x*-x
3. y = x* + 2x
4. y = x* = 2x

Using R X R as the universe, draw graphs of the
following functions:

Loy = (k=2 =1

2.y = [x 1 3)*=3

3y = 2{x + 1)==]

4, y=x%+ 8x + 16 -1

5. y=3(x*-6x + 9) + 7

6. y =2x*-T7x + 9

What values of x will make y = 0 in the following

functions?

lby=sx2kix+6

2. y=x*=9x-10

3.y = 25"+ bx

4, y = 3x* + 5x -8

5 y= 2% DX+ 3
6. y +ax* + bx +c

A radar station in Turkey observes the following:

Six seconds after a Russian rocket is fired it 1s
1,736 feet hich. Eight seconds after firing it is
2 204 feet high. Nine seconds after firing it is 2,411
feet high.

Assuming no booster rockets:

1. How high will it climb?

2. How soon will it reach its maximum height?

3. When will it strike the earth (ground level 0)?
1

. What elevation was it fired from?
is a sample unit of work based on question 7.

The ideas of question 7 should be preceded by a

precise definition of function. An intuitive definition

can be given which depends on the graph of a rela-

tion. A relation A is a function if and only if no two

points belong to the same vertical line. Another defini-

tion is—a relation A is a function if and only if no two

ordered pairs of A have the same first component (co-

ordinate, abscissa).



At this point, many exercises should be given where i
the pupils must identify which sets of ordered pairs are
functions. Examples are:

a {(2,8),)(4,,5):(8,-2),:(4 729,16, =)

SIS |

b. {(7,9), (3,71), (4,5) (42)}
c. {(3,2 ), (6,75), (6,4),(6,7), (2,4), (5,3))

Y

il an

bl 4

N\ S S :
- - \// \// |

All of the above are relations, but only a, b, d, e,
f, g, and j are functions. The relations are: ¢, h, 1.

The functions are: a, b, d, e, f, g, J.

The pairs of relations f and h, 1 and j are also re-

ferred to as inverses. If the definition of an inverse of

h. a relation has not already been studied, it can be dis-
A cussed here in connection with functions. That is, if

Y f is a set of ordered pairs, then the inverse of f (f*) is !
the set of ordered pairs (y, x) such that (x, y) be- |

longs to f. For example, if R = {(1, 2), (4, 3), (71, 3), .

(8, 15) } then R (the inverse of R) = {(2, 1), (3, 4),

(-3, 1), (15, 8)}. In this case both R and R are

il > functions. In the examples above only c, d, h, 1 have in-
X verses which are functions. Here are some other exam-

ples.

e={lxy) |y=2x+3)g*={(nx) [y + 2x+
3} = {(x,y) | x = 2y + 3}
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e={{xy) [x+y=5} "= {(y,x) [x+y
y =3}

=ity |y < x)h k2= {(xy) |x <y}
= {I(x,y) | x* + y* = 25,x< 0}, h™* =
® oyt = 25,x:</0}

{(y, x) |

Of these g, g, ¢, ¢*, and h™" are functions, the others
are not. Other exercises of this type may now be pro-
vided, the object being to graph them and determine
whether or not they are functions. Pupils should also
try to analyze some descriptions without graphing and
write a description of the inverse of a function and de-
cide if it is a function. One definition is needed: A
function f is a linear function if there are numbers a
% (0 and b such that f = {(x,y) | y = ax + b}. A
function f is a constant function if there is a number
asuch thatf = {(x,y) |y = a}

The foregoing is preparation for the work suggested
in question 7, The objective here is to let pupils review
what determines the slope of a function by supplying
them many functions with the same slope to graph on
the same set of axes. Several problems like the following

should be studied:

{(x,y) |y =3x + 2}
fEy) Y = 3xF 1)}
1(x%y) |y = 3%}
RSy Ly = 3x—4}
{(x,y)|2y—6x + 2 = 0}
) |y — 2x— 2}

The last one might be included as a check on pupil par-
ticipation in graphing. Then other similar problems

should be graphed.

Questions 12, 13 and 14. The purpose of these ques-
tions is to provide opportunity for analysis of the graph
of the quadratic function.

The problems listed here are chosen to provide the
opportunity for pupils to discover accurate and con-
venient methods of drawing the graph of a quadratic
function.

The basic function is y = x* The first question
studies the sliding of the graph up and down the
y axis. More problems than these should be provided,
and the pupil should find ordered pairs which satisty
the functional relationship.

The second question deals with the fatness or
thinness of the graph of the function, as well as the
flipover of the graph. Here again more examples
should be used to provide adequate understanding.
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The third question demonstrates how the graph is
slid along the x axis.

It is expected that all of these ideas will be discovered
by the pupils. They should also observe the graph’s axis
of symmetry. They should notice whether the graph
has a maximum or minimum value, when this value oc-
curs, and what the value is.

Question 15. This question introduces pupils to the
form (x —a)? — ¢ = y for graphing the quadratic func-
tion.

After working with the above material, pupils should
now have insight into another method of drawing the
graph of a quadratic function. This study should utilize
the approach which was introduced in TOPIC XIV.
Here we can analyze the axis of symmetry and maximum
or minimum values for graphing the function.

Here is one example:

Draw the graph of the function y = 2x* + 7x + 5

y:2x +-72E~]+5

et 49 49
y—QL_x+2 15]““’ 2L ]

i 772 9
y=2| x+ Sl
From previous work, the pupil should have in mind

E

and then draw the graph of twice x*. He can also use

the graph of x> = y. He can locate the point \'

symmetry to locate the point (0, 5) and ( _4? -+ f <0
14 5)
.

or (

7
("515)

Here again, time permitting, much can be done to
bring further understanding of the quadratic function.



For some it will be difficult, but surely all can recog-
nize the power of their previous work when applied
to problems of this type.

Question 16. The following discussion deals with the
location of the zeros of the quadratic function.

Looking at the graphical solution of the quadratic
equation, the zeros are the points where the graph
cuts the x axis.

At this point a review of solution by factoring and
by completing the square (TOPIC X1V) is appropriate.
The quadratic formula should be developed again as a
review of algebraic techniques.

Now the pupil should look at the quadratic function
and quadratic equation and make many observations,
for example:

Draw the graph of y = x* + 6x + 3.

State the maximum or minimum value of the

function.
State the equation of the axis of symmetry.
State the value of x which makes the y = 0.

Solution:

y =x*+6x + 3

y= (x*+6x+9) + (3-9)
y=(x+ 3)*—06

Minimum wvalues 6

Axis of symmetry x = 3

Zero of the function
0= (x+3)>2—6

0= (x + 3 +6) (x + 3—1/6)
x="3=V6orx=-3+ /6
y
= a . = = & —a —’
e [ X
v
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When examining the quadratic formula, time can

now be spent in analyzing the discriminant.

Question 17. This question illustrates a problem ap-
plication of the quadratic function.

Working through the given problem should illus-
trate many ideas. First of all, the given points should
be graphed on an appropriate scale.

The quadratic function can be determined as fol-
lows:

y =ax*+ bx + ¢
1736 =a 6%+ b 6:+ ¢
2204 = a8 +b-8+c
2411 = a9 + b9+ ¢

Solving the three equations should show:

2 — Y
b = 360

c = ~100
The function then is {(x,y) |y = 9x* + 360x — 100}

2800
2600
2400
2200
2000
1800
1600
1400
1200
1000
800
600
400
200
0 1

(9, 2411)
(8, 2204)

(6, 1736)

2 9 AENaL BRSZAS B0

Time in Seconds

Then, using the function we can find the remaining
solutions.

y = 9x* + 360x — 100
y — “9(x*—-40x) — 100
y = 9(x*—-40x + 400) — 100 + 9 - (400)
y = 9(x—20)* + 3500




Therefore, the rocket will climb to a height of 3500

feet. It will reach this after 20 seconds. It will strike

the ground when y = 0, so 0 = “9(x — 20)* + 3500
9(x—20)%—3500 = 0

r-20y2— 22 =g
9
[x-20+ ‘/33500][x-20— VB ] =0
x= 00 4 Y320
3
10/35 .

The time then is (20 + ) or nearly 40 sec-

3
onds when it strikes the earth.
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The rocket was fired from 100 feet below ground
level since at 0 time y = -100.

Summary

The latter part of this topic certainly should dem-
onstrate many applications of the pupils’ earlier work
in mathematics. Undoubtedly, some pupils will not be
able to do all the work suggested here, but it is hoped
it will be challenging to many and that most classes
will have opportunity to study material of this type
One function of modern mathematics is to stimulate
pupils to do better mathematical thinking. This topic

on relations and functions surely provides unusual op-
portunities for this.



TOPIC XVi
Mathematics As A Logical Structure®

Suggested time allotment: 3-4 weeks

This topic provides opportunity to review the logi-
cal development of the mathematics studied since the
seventh grade. It should arouse an appreciation for
the way that the structure of mathematics grows out of
the basic assumptions underlying its foundation.

The topic should begin with a listing of undefined
terms—number, addition, multiplication, etc.—and
the postulates for the natural numbers. A few of the
definitions and theorems should be discussed and

proven.

The integers may then be “invented” after showing
the lack of a solution in the set of natural numbers for
equations like 4 + x = 2. The additive inverse of
natural numbers can be postulated (i.e., for each num-
ber x there is a number “x such that x + x = 0).
The rules for computing with the positive and negative
integers may be proved as theorems after it has been
agreed (postulated) that the integers should have the
same properties as the natural numbers.

The rational numbers may be introduced through
the study of an equation like 3x = 5 and the postu-

: 1
lates for each number, a, there exists a number - -

such that a IT — 1. Theorems on computation, defi-

nitions, equivalence of fractions and repeating decimals,
and ordering the rational numbers can be included.

The existence of still another gap in the number

system may be found by examining the equation x* =
2. \/E’qshould be defined as the number whose square
is 2. It has been proved that there is no rational num-

ber <—such that ( =-)* = 2.

*Topic References: Numbers 1 ,2, 6, 7

The real numbers may be defined as numbers repre-
sented by infinite decimals and postulates, and the
theorems governing their behavior may be investigated.

The complex numbers are motivated by attempting
to solve an equation like x* = -1, The simple a + bi
form of complex numbers can be studied briefly.

The developments suggested above have been des-
cribed by Bertrand Russell as creating numbers by
“theft” instead of by “honest toil.” With a class of
sufficient ability, the creation of the integers, rational
numbers, etc., might be attempted by “honest toil.”
For example, the integers may be defined as ordered

—

pairs (a, b) of natural numbers where (a, b) =
(c, d)  a + d'='b + ¢, (a b) + {6 d) =
(a + ¢, b + d), and (a,b) * (c,d) = (ac + bd, ad
+ be) and it can then be proved that the integers have
the desired properties. Similarly, the rationals can be
defined as ordered pairs of integers where (a, b) = (¢,
d) & ad = be, (a, b) + (¢, d) = (ad + be, ba)
and (a, b) * (¢, d) = (ac, bd).

Thorough study of this topic should provide for
investigation of such questions as:

1. What are some properties that are common to all
of these number systems?

2. Are there number systems which do not possess these
properties ?

3. What properties are characteristic of only some of
these systems?

4. What are some purposes for organizing mathematics
in this way?

How are new mathematical structures developed?

I

6. What are some of the new fields which mathema-
ticians have attempted to structure?
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