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SUMMARY 

Farmers who use fer tilizer on a crop are concerned 
with at least two uncertainty problems relating to the 
amount of fertilizer that maximizes profits. Both of these 
problems arise, in pa rt, from weather, a common under­
lying cause. First, crop yield is uncerta in. Thus, a quan­
tity of fertilizer applied, with the decision made before 
planting, may not be optimum for the yield actua ll y 
obtained. Second, a t the time of planting, future crop 
use or price may also be indefinite. The value of hay, 
for example, may differ according to the method of 
utiliza tion. H ence, a particular amount of fertilizer ap­
plied in the spring may not provide the optimum value 
product at the end of the season. 

This study is concerned with the estimation of pro­
duction functions and the analysis of uncertainty prob­
lems as they rela te to fertilization of a lfalfa with P 20 ;; 
and K 20 . The basic data are taken from an experiment 
in which three hay cuttings were obtained during the 
1952 growing season on Weller silt loam in Van Buren 
County, Iowa. 

For estimation of production surfaces and derivation 
of economic optima, a quadratic function provided the 
best fit for the data. The equations for the first, second 
and third cuttings were used to predict production sur­
faces for fertilization of hay. The positively sloped por­
tions of surfaces presented in the text express the range 
of fertilization levels and the mixtures that are relevant 
to decision-making under the particular environmental 
conditions of the study. Isoquants, denoting marginal 
rates of substitution between nutrients, a lso were com­
puted. In general, the substitution rates do not decline 
rapidly for different proportions of nutrients at a given 
yield level. Too, the isoquants for the three cuttings were 
similar in slope relative to a given proportion of nutri .. 
ents. The production function equations provided the 
information used to predict (a ) profit-maximizing 
levels and ra tios of P 20 5 to K 20 and ( b ) the levels of 
ferti lization that maximize the return on fertilizer m­
vestment. 

The fertilizer levels that maximize profits per acre 
under various prices are higher than those that maxi­
mize the return on the fertiliza tion investment . This 
relationship holds under all conditions where fertiliza­
tion is profitable. At prices of $20 per ton for hay and 
10 and 5 cents per pound, respectively, for P 20 5 and 
K 20 , the profit-maximizing level is 64 pounds of P 20 5 

and 79 pounds of K 20. It takes 55 pounds of K 20 per 
acre to maximize profit on the fertilization investment 
when a uniform application of 20 pounds of P 20 5 per 
acre is applied and when application costs are $1 .30 
per acre. For the prices and applications of P 20 5 

studied, the rates of K 20 that maximize return on the 
fertilization investment range only 11 pounds- from 52 
to 63 pounds per acre. 

The initial analysis included estimation of optimum 
quantities of ferti lizer under different price, capital and 

resource-use situations. For this analysis, the number of 
cu ttings per year w.s assumed to be known with certain­
ty. The optimum quantities and optimum combina tion 
of the two nutrients were computed. However, since 
many farmers use ferti lizer grades available in the mar­
ket ( e.g., 0-20-20 ) , computations were made for the 
three most common ones to determine the effect of 
their application on net returns, as compared with the 
optimum mix. Decreases in profits resul ting from the 
use of these three grades, or the optimum mix, varied 
from nil to 32 percent in the cases examined. 

Next, a situa tion was ana lyzed where it was assumed 
tha t uncertainty exists with respect to the number of 
cuttings harvested each year. Climatic data were avail­
able to indicate the probability of drouth conditions. On 
the basis of these data, it was concluded tha t, over a 5-
year planning period, three cuttings could be expected 
in 4 years and two cuttings, in the remaining year. Ex 
ante, the decision-maker must anticipate the number 
of cuttings and apply fertilizer accordingly. His expecta­
tions may or may not be correct. Within this setting, it 
was shown that losses could be minimized if the decision­
maker assumed that three cuttings could be expected 
every year. 

The effect of on-farm utilization of a lfalfa in forms 
other than hay on optimum rates of ferti lizer was con­
sidered. This effect was assumed to be that of price 
a lone rather than that of "side-benefits." A procedure 
was outlined whereby a value could be imputed to 
alfalfa hay depending on its method of uti lization . Ex 
ante knowledge of the form of the production function 
was assumed for this purpose. Ferti lizer grades that 
minimize the cost of producing a required output were 
then computed. 

The most complex situation analyzed was that in 
which both the number of cuttings and the price (as a 
result of util ization ) were assumed to be uncertain at 
the time of fertilizer application. This problem was 
treated as one of decision-making under absolute un­
certainty (a game against na ture) . Three decision-mak­
ing models (Wald, Hurwicz and Laplace) were then 
applied to provide crite ria for the course of action that 
the farmer should follow. Each criterion indicated the 
same act or decision with respect to fertilization as be­
ing optimal. 

For the data analyzed under uncer tainty conditions, 
the effect on profits resulting from errors in grade of 
fertilizer used was greater, within limits, than the effect 
of the rate of use of a particular grade. This stresses 
the need for ex ante information, such as soil tests, to 
predict "ideal" fertilizer ratios or combinations. 

The data indicate that differences in net profits aris­
ing from the use of various fertilizer grades and dif­
ferent levels of application are not necessarily large. 
H ence, at times, the analysis has been given an unwar­
ran ted definiteness, particularly when concerning the 
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use of one grade rather than another. The objection 
may be considered even more justifiable if the environ­
ment concerned is judged to be at a ll variable or un­
certain . 

There are some dangers in using production func­
tion data for predictive purposes. Recommendations 
may be made on the basis of one experiment carried out 
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under particular environmental conditions during a 
single year. Unless the circumstances are similar in 
future years, the suggested rates of fertilization may not 
maximize profit. If, however, data are built up for var­
ious soil types u;der changeable environmental condi­
tions, greater accuracy can be achieved in advice to 
farmers. 



Production Functions and Methods of 
• 

Specifying Optimum Fertilizer Use Under 
Various Uncertainty Conditions for Hay 1 

By Earl 0. Heady, John T. Pesek 
and W. Owen McCarthy 

One problem confronting a farmer, acting in his 
capacity as a decision-maker, concerns planning for a 
future that is uncertain with respect to yields, prices or 
both. This study examines the significance of decisions 
centering around fertilizer use, assuming that it has 
been decided to use some fertilizer. 

Once a positive decision has been made to use fer­
tilizer, a whole new series of choices must be faced. 
Ideally, a choice of specific fertilizer elements should be 
made on the basis of soil-test data and known crop re­
quirements and response; in practice, however, often 
complete information is not available to the individual 
farmer. This study seeks to demonstrate some a lternative 
types of choices and recommendations which can be ap­
plied to fertilization problems under uncertainty. The 
data are not expected to have general use. The applica­
tions made use of a particular set of data to illustrate 
choices under alternative decision criteria and assumed 
production and price outcomes. 

OBJECTIVES 

The main objective of this study was to develop 
methods for estimating or specifying optimum ferti lizer 
quantities under different settings with respect to price, 
capital, resource availability and uncertainty of number 
of cuttings and method of utilization under conditions 
found in a selected ferti lizer topdressing experiment with 
alfalfa. To achieve this objective, it was necessary to 
estimate production or response surfaces for a lfalfa 
fert ilized at a particular site. These response surfaces 
are then used to predict isoquants, isoclines and related 
quantities that are basic to decisions on optimum fertiliz­
er use. 

Initially, the problem of decision-making is limited 
to determining the rate of fertilization of alfalfa that 
would maximize profits when one, two or three cuttings 
can be expected with certainty. A study is made of the 
optimum quantities and ratios of nutrients under as­
sumed price situations, and comparisons are made of 
the sacrifice in profit resulting from the use of other 

'Projects 1189 and 1293 of the Iowa Agricultural and Home Economics 
Experiment Station , in cooperation with the Tennes ee Valley Authority. 

than optimal combinations. Next, it is assumed that the 
farmer is uncertain as to whether he will get one, two 
or three cuts from his alfalfa, and the decision-making 
problem is explored within this setting. 

The optimum application of fert ilizer depends on 
expected yields, the method of util ization or the market 
value of the crop and the cost of fertilizer. Since a farm­
er may sell alfalfa as hay or use it for feed, the optimum 
rate of ferti lization will depend on the market price of 
hay or imputed value for the livestock that use it. There­
fore, a decision-making situation is examined where it 
is assumed that the method of uti lization and, hence, 
the price, is uncertain. Optimum strategies for fertilizer 
use are developed for those situations in which both 
yield and ultimate disposal are uncertain. 

Decision theory or criteria are used to specify opti­
mum choices under the several situations just outlined. 
The situations do not include a ll of the uncertainties, 
especially those of price or of weather, confronting the 
farmer when he makes decisions on quantities and mix­
tu res of fertilizer nutrients . H owever, the situations in­
cluded are thought to be more realistic than the situa­
tions usually assumed for recommendations to farmers . 

SOURCE .OF BASIC DATA 
The alfalfa ferti lization experiment from which the 

basic data were obtained was on Weller silt loam in Van 
Buren County in 1952. Three levels each of phosphorus 
and potassium fertilizer were topdressed on an establish­
ed alfalfa stand early in the spring. The design was a 

Table I. Yields of alfalfa on Weller si lt loam in 1952 (tons oven­
dry materi al per acre ) . 

Rate of 
fertilization 1st cut 2nd cut 3rd cut 
(lbs./acre) Replicate Repli cate R eplicate 

P,O, K,O I II I II I II 

0 ·············· 0 0.73 0.84 0.69 0.95 0.45 0.55 
60 .. ............ 0 0.94 1.41 0.85 0.95 0.60 0.50 

120 ········ 0 1.16 1.38 0.83 0.92 0.62 0.57 

0 ..... 60 1.05 1. 21 0.85 0.85 0.55 0.57 
60 .............. 60 1.32 1.49 0.92 0.92 0.65 0.67 

120 ........ 60 1. 27 1.56 0.97 1.1 6 0.62 0.72 

0 .... 12D 1.05 1.32 0.90 0.92 0.57 0.62 
60 .............. 120 1.49 1.27 1.00 1.00 0.69 0.57 

120 .............. 120 1.68 1.38 1.07 1.00 0.67 0.65 
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3 x 3 factorial, replicated twice, and three cuttings were 
made during the growing season . Table 1 presents the 
treatments and yields of dry matter from the experi­
ment. 

Regression Analysis 

As a foundation for the ana lys is which fo llows, a 
regression equation was fitted to the data from each cu t­
ting. I t was decided, after preliminary examination of 

Table 2. Regression coeff icients, standard errors and +-values and their probabil ities for equations I through 5 expressing tons of alfalfa 
dry ma t ter per acre as a function of pounds of P,O, (P) and K,O (K) applied per acre in Van Buren County, Iowa , in 1952. 

p 

Equation 11• 
Partial reg ress io n cocf£i cient s 0.007042 
Standard errors 0.002865 
t-val ues 2.59 
Probability levels of t' 0.02 

Equation 2 
coefficients 0.00 1278 Partial regression 

Standard er rors 0.002028 
t-values 0.63 
Probab ility levels of t 0.50 

Equa tion 3 
Partial regression coefficicn ts 0.00143 1 
Standard errors . 0.001044 
t-va lues 1.37 
Probabili ty levels of I 0.20 

Equation 4 
Partial regress ion coefficients 0.008320 
Standard errors . 0.002432 
t-valucs 3.42 
Probability levels of t 0.0 1 

Equations :> 
Partial regression coefficien ts 0.00975 1 
Standard errors 0.003038 
t-va lucs 3.21 
Probabi lity levels of t 0.0 1 

11.Variablcs P and K refer to pounds per acre of P ,0, a nd K,0 , 

Coeffi cicn ts of• 

K P' 

0.006181 --0.000028 
0 .002723 0.000020 
2.27 1.36 
0.05 0.20 

0.001403 --0.000004 
0.002033 0.0000 15 
0.69 0.26 
0.50 0.50 

0.002 181 - 0.00000:> 
0.001048 0.000008 
2.08 0.58 
0.05 0.50 

0 .007584 - 0.000032 
0 .002430 0.000018 
3. 12 1.73 
0.DI 0. 10 

0.009765 - 0.000037 
0.003033 0.000023 
3.22 l.:>9 
0.01 0. 15 

respec tive ly . 

K' 

- 0 .000027 
0.0000 19 
1.29 
0.20 

--0.000006 
0.000015 
0.39 
0.50 

--0.0000 12 
0.000008 
1.46 
0 .20 

--0.000033 
0.000019 
1.77 
0 .10 

-0.00004:> 
0.000023 
1.92 
0.0:> 

PK 

--0 .000010 
0.0000 15 
0.67 
0.50 

0.000005 
0.000011 
0.45 
0.50 

-0.000002 
0.000005 
0.37 
0.50 

- 0.000005 
0.000013 
0.17 
0.50 

- 0.000007 
0.000016 
0.43 
0.50 

Inter­
cept 

0.8222 

0.8 11 9 

0.4903 

1.6342 

2. 1245 

hEquations 1, 2 and 3 ex press th e yields of dry matter o f the first , secon d and third cuttings, respective ly, wlri le equation 4 expresses the y ield of the first 
two cuttings and equation 5 expresses the tota l yield of d1·y matter. 

cProbability o f drawing a t•valuc as la1·ge or larger given the null hypothesis. 

Table 3. Analyses of var iance for alfalfa cuttings on Weller silt loam in 1952. 

Cutting I ···-· 
Equation l . 

R'=0.959** 

Cutting 2 . 
Equation 2 

R' = 0.863** 

Cutting 3 .. 
Equati'on 3 

R1 =0.918** 

Cut t ing 1+ 2 
Equation 4 .... 

R 2 =0.982 ........... . 

Cuttings I + 2 + 3 
Equation 5 

R2 =0.979** 

+ P > 0.0:> 
* P ::=:o.os 
** P ::=:0.01 
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Source of varia tion 

..................... ··'·······-·····Total 
..................... ... ... Replicates .. . 

Trea tmcn ts ... . 
Due to regression 

.................. ........... ····-···· Lack of l it 
Error . 

...... Total ·······-···- ·····-···-······ ·-····· ·············· 
················-······· ··-··-·····Replicates .. 

Treatments 
Due to regress ion ................... . 

............... Lack of fit ······ ·············-· · 
Errior 

.. _._Total ·······-· 
......... Replica tes ... . 

Treatments ............................. .. .. . 
Due to regression ···-········----···--· 
Lack of lit 

Error .. 

... _ . .T,otal ···- .................... . 

...... Replicates .................. . 
Treatm ents .... ··································-······· 

Due to reg ression 
Lac k of fit 

Error ·····- ··-··-···· 

....... Total .... ····················- ··················--···· 
........... Replicates .. . 

Trea tments .......................... . 
Due tio regression . 
Lack of lit 

Err.or · .. 

D egrees 
of 

freedom 

17 
I 
8 

5 
3 

8 

17 
I 
8 

:> 
3 

8 

17 
I 
8 

:> 
3 

8 

17 
I 
8 

5 
3 

8 

17 
I 
8 

:> 
3 

8 

1.0904 
0.07(0 
.o. 7747 

0 .2396 

0. 1777 
0.0193 
0 .1141 

0.0442 

0.0795 
0.0000 
0.0542 

0.0253 

1.4346 
0 .1 72 1 
1.3785 

0 .3840 

2.6018 
0. 172 1 
1.9530 

0.4767 

Sum of 
squares 

0.7434 
0.03 13 

0.098:> 
0.0 156 

0.0498 
0.0045 

1.3534 
0.025 1 

1.91 18 
0.0412 

Mean 
squares 

0. 1487 

0.0300 

0.0197 

0.005:> 

0.0100 

0.0032 

0.2707 

0.0480 

0.3824 

0.0596 

F 

4.96* 

3.:>7 + 

3. 1:> + 

5.04* 

6.42** 



several functions, to use a second-degree polynomia l 
function with an interaction term. Yields for the first 
and second and for the first, second and third cuttings 
were added together, and functions also were fitted to 
these totals. The five res ul ting equations are presented, 
in the order mentioned, in table 2. Note that equa:•ion 
4 can be obtained by adding equations 1 and 2. Equa ­
tion 5 can be obtained by adding equations 1, 2 and 3. 
The t-values and the standard errors of each coefficient 
for the equations are also included in table 2. 

Table 3 presents the analyses of variance for the 
yield data corresponding to each of the five regression 
equations. The over-a l! significance of the regressions 
was tested by means of the F-ratio. The F-va lues are a ll 
significant at less than the 5-percent level, except for 
the second and third cuts taken alone where the 
F-values fall just slightly above the 5-percent level of 
significance. 

All rearession coefficients have been retained in the 
predicting

0 

equations because they play a logical role in 
fertilizer response. All partia l regression coefficients 
have the expected signs, and a ll except the interaction 
term coefficients are grea ter than their respective stan­
da rd errors for equations l , 4 and 5 which a re used in 
subsequent analyses. Omission of the crossproduct terms 
would not appreciably affect the estimates. 

II.I 

3.25 

3.00 

a: 2.75 
u 
ct 
a: 2 .50 
II.I 
0. 

2.25 ,._ 
a: 
II.I 

::: 2 .00 
ct 
2 1.75 
► a: 
o 1.50 
II) 

z 
0 ... 
d 1.00 
..J 

II.I • 75 
► 

~ .50 
..J : 
..J 
ct 

0 

Nature of the Production Surfaces 

Equations 1, 4 and 5 were used to derive exp~ct~d 
yields of a lfalfa for various P"O 5 and K 2O levels w1thm 
the experimenta l• range. These a re shown in table 4, 
and tocrether with additional estimates, have been used 

' b 
to construct the production surfaces of fig. 1. The rel-
evant range of ferti lization for the experiment was from 
0 to 120 pounds per acre for both nutrients, but, for 
illustrative purposes, extrapolation has been made be­
yond this range. 

The comparative heights of each surface in fig. 1 
a re a refl ection of the accumulated yield after each cut­
ting. The differences in heights represent the addition 

Table 4. 

1st Ci.IL 

Expected yields of a lfalfa ( tons oven-dry mate ri al per 
acre) for various P,O, and K,O levels ( lbs. pe r acre) . 

K,O 

P,O, 0 4-0 80 120 

0 0.82 1.03 1.14 1.18 
40 1.06 1.27 1.35 1.36 
80 1.21 1.38 1.46 1.46 

120 1.26 1.42 1.49 l.47 

1st + 2nd 0 1.63 1.88 2.03 2.07 
cut 4-0 1.92 2.16 2.30 2.33 

80 2.10 2.33 2.46 2.48 
120 2. 17 2.4-0 2.52 2.53 

1st + 2nd 0 2. 12 2.44 2.62 2.65 
+ 3rd 40 2.66 2.76 2.93 2.94 
cu t 80 2.67 2.96 3. 12 3. 12 

120 2.76 3.05 3.19 3. 18 

Fig . I. Dry matter production surfaces for the f irst, first and second , and first, second and third cuttings of alfalfa , respectively , from 
left to right. 
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to total yield from the extra cutting. The second cutting 
was heavier than the third ( as is reflected in equations 
2 and 3) . Hence, the increase in height between the 
firs t and second surfaces is greater than the increase 
between the second and third . 

Nature of the Yield lsoquants 
Isoquants2 were derived from production functions 

1, 4 and 5 after they were adjusted for the moisture 
content of hay. 3 These adjusted functions were used to 
graph a set of three isoquants for each equation, and 
these isoquants are shown in fig. 2. The isoquants pre­
dict the various combinations of P 2O 5 and K 2O that 
were required to produce a particular alfalfa hay yield. 
Some of these combinations are shown in table 5 along 
with the marginal rates of substitution of P20 s for K20. 
Thus, for one cutting, 5 pounds of K 20 and 54 pounds 
of P20 5 , or 30 pounds of K,O and 14 pounds of P20 5 , 

both gave a yield of 1.3 tons of hay, and the marginal 
r.ates of substitution are 0. 744 and 1.346 pounds P20 s 
per pound K 20 , respectively. 

2For a complete procedure for calculating isoquants sec: Earl 0 . Hea<ly, 
J ohn T. Pesek a nd William G. Brown . Grop res ponse su ,-faces and 
economic optima in fertilizer use. Iowa Agr. Exp. Sta. R es. Bui. 424. 
1955. 

3Commercia lly, hay is usually considered to contain 12 percent m oisture; 
prices are quoted for a p1·oduct wit h this characteris tic , a nd d eviat ions 
are adjusted for the actual price paid. T he followin~ analyses a rc less 
cumbersome with this change reflected in the equations. 

80 

' 1 70 ,I 

w 
0:: 

60 

~ 50 

0:: 
LLI 
c.. 

~ 40 
z 
::> 
0 
c.. 

J,30 

c.."" 

20 

10 

0 10 

A= Isl CUTTING 
B = Isl+ 2nd CUTTINGS 
C = lat + 2nd + 3rd CUTTINGS 

20 30 40 50 60 
K20, POUNDS PER ACRE 

Fig. 2. ls<>quants for the first , f irst and second, and first, second 
and third cuttings of alfalfa hay. 
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Ta ble 5. Fertil izer combina tions and corresponding marginal rates 
of substitution for various hay yields. 

1st cut l st +2nd cut l st + 2nd + 3rd cut 
1.3 tons p er acre . 2.5 tons pe r acre 3.0 tons per ac re 

MRS• MRS• MRS• 
Lb. Lb. P,O, Lb. Lb. P,O, Lb . Lb. P,O, 
K,O P,O, for K,O K,O P,O, for K,O K,O P,O, for K,O 

5 54 0.744 5 75 0.507 5 69 0.528 
10 45 0.856 10 59 0.677 10 59 0.634 
20 28 1.095 20 37 0.962 20 4-0 0.868 
30 14 1.346 30 15 1. 303 30 23 1. 134 
4{) 0 1.656 35 6 1.479 40 9 1.437 

•Pounds of K,O replaced by I pound of P,O, for part icular yield levels. 

The isoquants are curved and indicate diminishing 
marginal rates of substitution. T he change in s-1ope from 
left to right is gradual, indicating tha t the nutrients are 
close substitutes, within the range of the experiment, 
for attaining a given yield increase. 

Nature of the Yield lsoclines 
Yield isoclines4 were derived from the basic produc­

tion functions for the first, first plus second, and first 
plus second plus third cuttings corresponding to the re­
spective production functions 1, 4 and 5. An isocline 
family has been drawn in fig. 3 for each of the three 
equations or production functions. R elative slopes of 
each set of isoclines are quite similar for the price ratios 
used here. This means that expansion paths of produc-

4See: Earl 0. H eadr, et. a l. , loc . ci t. for a compl ete discus'Sion of isoclin es. 

120 

w 
0:: 
u 
<( 100 
0:: 
LLI 
c.. 
V) 80 0 
z 
::> 
0 
c.. .. 60 
0 

N c.. 

40 

20 

0 

FOR 1,t CUT 

Pp • 3.3 Pk 
Pp • 2 .0Pk 
Pp• 1.4 Pk 

--------------------

FOR lit +2nd CUT 

Pp • 3 .3 Pk 
Pp, 2 .0Pk 
Pp • 1.4 Pk 

----------
-------

PER 

FOR ltt+2nd+lrd CUT 

Pp •3.3 Pk 
Pp=Z.OPk 
Pp :11.~ Pk 

I 
I 
I 

I I 

ii 
I I 
I I 

I I I 
I I I 
I I I 
'WRIDGELINES 

II I 
II I 
~ I 
\ I 

~ \ 
11 I 
11 I 
11 I 
I 1, 
I 1, 
I 11 
I I 
I 

120 

Fig. 3. Isocline• fo r the first, first and second, and f irst, . second 
and third cuttings of alfalfa hay . ( Dashe d lines are ridgelines. ) 



tion are about the same whether one, two or three cut­
tings are expected; i. e., least-cost mixes of P 20 5 and 
K 20 do not change much with number of cuttings. The 
maximum is predicted to come with less of both nu­
trients for a single cutting than for two or three cut­
tings, but the location of isocline convergence differs 
only slightly for two and three cuttings. In this case, 
maximum yield for three cuttings is predicted with 
slightly more P 20 5 but slightly less K 20 than for two 
cuttings. 

DERIVATION OF ECONOMIC OPTIMA 
Optimum fertilizer quantities a re derived in this 

section under the assumptions of certainty with respect 
to yields, utilization, number of cuttings and price. 
Prices used are the monthly averages in the Iowa mar­
ket. The justification for this approach is that hay has 
a value no greater than the current market price for a 
farmer who wishes to sell. On the other hand, the farm­
er cannot impute a value higher than the market price 
to his own hay. If his cost of production were higher 
than this, other things equal, he should buy hay. Ap­
pendix A shows the range in monthly prices received by 
Iowa farmers for a lfalfa hay for the period 1944-58. 

Three possibilities relating to various optima are 
examined in this section. The first and simplest pos­
sibility involves deriving profit-maximizing quantities of 
fertilizer under the assumption that the farmer has un­
limited capital available for its purchase. The second 
possibility involves deriving the quantity of fertilizer that 
maximizes return per dollar invested in fertilization. The 
third possibility involves determining the relative pro­
fitabili ty among common fertilizer grades marketed in 
Iowa and as compared with profit-maximizing ( opti­
mum ) blends. In computing these several fertilization 
quantities, the only cost considered is that of the fertiliz­
er and its application. If fixed harvesting costs were in­
cluded, indicated profits would be lowered, but ferti liz­
er quantities would generally be the same. 

Unlimited Capital Situation 
Profit-maximizing quantities of ferti lizer, where 

capital is unlimited and prices and yields are assumed 
to be known with certainty, were derived from the 
original production function equations 1, 4 and 5. The 
partia l derivatives of yield with respect to both P and 
K for each function were equated to the nutrient/ hay 
price ratio, and the profit-maximizing rates of fertiliza­
tion were determined by simultaneously solving each 
pair of equa tions for P and K. The results of these calcu­
lations are presented in tables 6, 7 and 8. 

As the price of hay increases, the data in the tables 
indicate that it is profitable to apply more ferti lizer; but, 
as fertilizer prices increase, with the price of hay remain­
ing constant, net profits are maximized by restricting 
fertilizer use. The profit-maximizing quantity of ferti liz­
er also increases as the number of cuttings expected in­
creases. 

As hay prices n se, the nutrient proportions that 

Ta ble 6 . Profit-maximizin g rates of P a nd K fertilizatio n fo r var­
io us hay and fe rt ilize r p rices fo r th e f irst c utt ing of 
alfalfa hay. 

Hay price 
($/ ton) 

Fertilizer price 
(cents/lb. ) 

P,O, K,O 

15 ·······-
15 . 

8 
10 

15 ···························· 12 

20 ···-··· 8 
20 ···························· 10 
20 ·········-········· 12 

25 
25 ···········-·· ·· ··· 

8 
10 

25 ·····-······-············· 12 

30 ... ······························ 8 
30 10 
~o .......................... 12 

3 
5 
7 

3 
5 
7 

3 
5 
7 

3 
5 
7 

Profit-maximizing 
quantiti c-s o f 

fer tilizer (lbs.IA. ) 
P,O, K,O 

27 77 
9 58 
0 27 

48 82 
35 67 
21 53 

61 84 
50 73 
39 62 

69 86 
60 77 
51 67 

Hay yield 
(tons/A .) 

1.44 
1.28 
1.09 

1.55 
1.46 
1.34 

1.60 
1.54 
1.47 

1.63 
1.59 
1.53 

Tabl e 7. Profit- ma xi mizing rates of P a nd K fe rti liza tio n fo r va r­
ious hay a nd fe rti lizer pr ices for t he tot al of t he f irst 
two cuttings of a lfa lfa hay. 

Hay price 
($/ ton ) 

Fertilizer price 
(cents/lb. ) 

P,O, K,O 

10 
10 
10 

8 
······· ··················· JO 

12 

15 8 
15 10 
15 ···················-······-····· 12 

20 . 8 
20 ·· ········· ....... ....... 10 
20 12 

25 . ···················· ············ 8 
25 ···-························ .... 10 
25 ···········-· ········· · 12 

30 . 8 
30 ···-·········· ··· ·· ····· 10 
30 .......................... . ...... 12 

3 
5 
7 

3 
5 
7 

3 
5 
7 

3 
5 
7 

3 
5 
7 

Profit-ma..ximizing 
quantities of 

fertilizer (lbs .IA. ) 
P,O, K,O 

12 73 
0 47 
0 20 

48 84 
31 67 
14 51 

66 89 
54 77 
41 €4 

77 92 
67 82 
57 72 

84 94 
76 86 
67 78 

Hay yield 
( tons/ A. ) 

2.35 
2.15 
1.99 

2.62 
2.48 
2.29 

2.72 
2.63 
2.53 

2.76 
2. 71 
2.64 

2.78 
2.75 
2.70 

Tabl e 8. Prof it-ma xim izin g rates of P a nd K fertiliza tion fo r vario us 
hay and fe rt ilizer p rices for the tota l of a ll th ree c uttings 
of alfa lfa hay. 

Hay price 
($/ ton ) 

Fertilizer price 
(ce nts/ lb. ) 

P,O, K,O 

10 
10 ····· 
10 .... . 

15 .... . 
15 ... .. ······· 
15 ·······- ············· ·· ·· 

8 
10 
12 

8 
10 
12 

20 .................................. 8 
20 ···- ···· ··-················· 10 
20 ........ 12 

25 ··· ············-······-··· ..... 8 
25 ·······-· ·······-············· 10 
25 ............... 12 

30 ···········- ··· 8 
30 ············· ········· ············ 10 
30 ·······-··-·· ···· ·· ······- ····· 12 

3 
5 
7 

3 
5 
7 

3 
5 
7 

3 
5 
7 

3 
5 
7 

Profit-maximizing 
quantities of 

fertilizer ( lbs.I A.) 
P,Os K,O 

28 77 
5 59 
0 39 

60 85 
45 72 
30 60 

76 88 
64 79 
53 70 

85 91 
76 83 
67 76 

92 92 
84 86 
77 80 

H ay yield 
(tons/ A.) 

3.18 
2.90 
2.73 

3.41 
3.29 
3. 13 

3.49 
3.42 
3.33 

3.53 
3 .49 
3.43 

3.55 
3.52 
3.48 
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maximize profi ts change considerably. In table 8, as­
sume that P 20 5 costs 8 cents per pound and that K 20 
costs 3 cents per pound. When hay is selling at $10 per 
ton, the proportion of P20 5 to K 20 that maximizes pro­
fits is approximately 1: 3. But if the hay price rises to 
$30, the ratio changes to 1: 1. As nutrient prices change 
relative to each other, however, the profit-maximizing 
proportions of fertilizer nutrients change in such a way 
that the relative quantity of the nu trient becoming rel­
atively more expensive will be decreased . 

Comparison of tables 6, 7 and 8 emphasizes that 
correct anticipation of the number of cuts (and thus 
the ex ante decision to fertilize accordingly ) can have 
significant consequences on costs of fert ilization and on 
profit. For example, the farmer may expect two cuttings 
and apply the corresponding amount of fertilizer but 
realize only one cutting. Assuming prices of $15 for hay, 
8 cents for P 20 5 and 3 cents for K 20 , table 7 shows 
that, on the basis of expecta tions of two cuttings, 48 
pounds of P20 5 and 84 pounds of K 20 should be ap­
plied. However, if only one cutting is realized, with the 
yield levels indicated by eq uation 1, only 27 pounds of 
P20 s and 77 pounds of K 20 should be applied . The 
farmer will have applied an excess of 21 pounds of 
P20 5 and 7 pounds of K 20. Without accounting for 
residual value, the cost of the excess fertilizer is $1.89 
per acre. If prices per pound for P20 5 and K 20 are 
now assumed to rise to 12 and 7 cents, respectively, the 
excess fertilizer has a value of $3.36 per acre. Or, sup­
pose tha t the farmer fertilizes for three cuts ( table 8 ) 
but gets only two (table 7) . With hay at $15 per ton, 
P20s a t 12 cents and K 20 at 7 cents per pound, the 
excess fertilizer has a value of $2.55 per acre. 

Limited Capital Situation 
The previous section indicated profit-maximizing 

quantities of fertilizer where a fa1mer is not limited on 
capital for purchase of fertilizer. But most farmers must 
allocate limited capital among competing investment 
alterna tives. Under these conditions, profit for the farm 
as a whole is maximized if investments in fertilizer, feed , 
livestock and other a lternatives ar,e pushed to levels so 
that marginal value returns on investment are equal 
among them. Th.is criterion, rather than the one discuss­
ed in the preceding section then is relevant. H owever, 
to make fertilizer recommendations on the basis of equal 
marginal returns on investment would require know­
ledge of (1)_ the amount of capital available and (2) 
the return from various increments of it invested in 
different alternatives . In the absence of this knowledge, 
a substitute criterion is one of nutrient quantities that 
maximize return on the investment in fertilization .ij 
These quantities have been derived for specified prices 
in this section. 

The amount of fertilizer that maximizes returns per 
dollar invested in fertilization may be derived as follows 

.:iSee a!s6: J ohn Pesek a nd Earl 0. H eady. Derivation and a pplica tion of 
a method for determining min imum recom1ncnded rates of fer tiliza tion. 
Proc. Soil Sci . Soc. Amer. 22: 419-423. 1958 . 
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where we have a production function of the form: 

Y = a+ bF + cF2. (6) 

Y is yield, and F is fer tilizer appl ied . Then 6. Y, yield 
increase from ferti lization, 1s 

6. Y = bF + cF2. (7) 

If e is price per unit of product, a value function 
for the response can be constructed from the production 
function as fo llows 

V =ebF +ecF2. (8) 

The following cost function, C, may also be constructed 

C = f +gF (9) 

where f is the fixed cost associated with application of 
ferti lizer per unit of a rea, and g is the price per pound 
of F. The return per dolla r invested in fertilization may 
be expressed as 

ebF +ecF2 
I =-~---

f +gF . ( 10) 

The return on the money invested is maximized by set­
ting the first derivative of I with respect to F equal to 
zero and by solving for F at relevant values of e, f and 
g. 

The alfalfa experimenta l results include two nutri­
ents, P 20 5 and K 20 . If one nutrient is held constant 
in the basic production functions 1, 4 and 5 ( converted 
to a constant in hay yields ), a value function may be de­
rived for the remaining nutrient. Thus returns are maxi­
mized for the nutrient a llowed to vary-given the other 
nutrient fixed at specified rates. 6 If fixed application 
and fertilizer costs and a hay price are then assumed as 
in table 9, the amounts of fertilizer maximizing returns 
per dollar invested can be derived. The different figures 
for each price situation illustrate the amount of potas­
sium fertilizer needed to maximize returns on the ferti-

6This procedure is an a pp rox imatio n of the proced ure implied in equa­
tion 10 where in the cost of one nutnent 1s fixed va lue at a ny o ne rate 
and , like the cost of a pplica tion , it a ppea rs in the t e1 m f 111 equations 
9 and JO when ca lculation s are m a de. 

Table 9. Quantitie s of K,O max,miz,ng return per dollar invested 
in ferti liza tion of three cuttings of alfalfa hay at dif­
ferent fertilize r prices given; $20 per ton for hay, fixed 
rates of P,O, applied and different costs of application. 

Fixed in pu ts Fertilizer prices M axim izi ng Hay 
Cost of Lbs. P,O, (cents/ lb .) rate of K,O yield 
application applied P,O, K,O (lbs./A. ) (tons/ A. ) 
pu acre puKre 

$0.80 0 8 3 54 2.82 
1.30 0 10 5 54 2.82 
1.80 ······················ 0 12 7 54 2.82 

0.80 ··························· · 10 8 3 58 2.95 
1.30 10 10 5 54 2.92 
1.80 ······················ 10 12 7 52 2.91 

0.80 20 8 3 60 3.05 
1.30 ··················· 20 10 5 55 3.02 
1.80 ·····················-··· 20 12 7 52 3.01 

0.80 ••H• ••• • • • •• • •••••••• • 40 8 3 63 3.22 
1.30 40 10 5 56 3. 19 
1.80 40 12 7 52 3.17 



lization investment (including the cost of the fertilizer 
and the fixed costs per acre of applying it ) when dif­
ferent fixed amounts of P2O 5 are used. 

Table 9 indicates, for a hay price of $20, the amounts 
of fert ilizer to be used if the return per dollar invested 
in K 20 ferti lizer and its application is maximum at 
given fixed costs and P2O 5 rates. The fixed costs of 
application, including depreciation, interest, housing, re­
pairs, fuel and labor, are based on records kept at Iowa 
State University.7 The average fixed cost per acre is 
taken as $1.30, but high and low cost levels have also 
been assumed for illustrative purposes. These correspond 
with high and low fertilizer prices. As the amount of 
P 2O 5 applied per acre grows heavier, the amount of 
K 20 required does not increase in proportion. 

A main conclusion to be drawn from table 9 is that, 
if three cuttings are expected, the rates of K 2O needed 
to maximize returns on ferti lizations have a small range. 
Compared with the relevant portion of table 8, ferti liza­
tion rates are lower when based on the criterion of 
maximum return on fertilizer investment, but the differ­
ence is modest. The reasons for this are, first, that the 
response to the fixed P2O 5 application is adequate to 
pay for the fixed cost of application and cost of P2O 5, 

and, second, that fertilization of a lfalfa at $20 per ton 
for hay in this case is not a highly profitable practice. 
The less profit there is to be gained by fertilization, the 
more nearly alike will be the rates of fertilization based 
on the two criteria. 

Relative Profitability of Market Grades 
Many farmers use pre-mixed fertilizer grades com­

monly found in the market. R eports of tonnage of fer­
tilizer sold in Iowa prepared by the Iowa Department 
of Agriculture in recent years show that commonly used . 
ratios of P-K fertilizers are 0 : 1 : 1, 0: 2: 1 and 0: 1: 3. 
The most popular grades in these ratios are 0-20-20, 
0-20-10 and 0-12-36. In this section, profits from these 
grades, in 50-pound increments, are compared with 
each other by computing expected alfalfa yields from 
the basic production functions 1, 4 and 5. 

Tables 10 and 11 indicate the net returns to fer­
tilizer when the alfalfa is sold as hay. The market 
prices for the fertilizer grades were taken to be $60, 
$50 and $60 per ton for the three grades, respectively. 
Table 10 represents data for the first cut. With a price of 
hay at $15 per ton, the greatest net return to fertilizer 
above fixed costs is obtained from 150 pounds per acre 
of 0- 12-36. The net return is $1.61 per acre. By com­
parison, 150 pounds of 0-20-20 give a net re turn of 
$1. 19 per acre, while 150 pounds of 0-20-10 give a net 
return of $0.77. The profit-maximizing quanti ty of fer­
tilizer again increases with the price of hay. For a hay 
price of $25 per ton, maximum net returns are obtained 
with 300 pounds of 0-20-20. The net return is $6. 7 5 per 
acre. When 250 pounds per acre of 0-12-36 are used 
( the most profitable level for this grade ) , net return 

' Midwest Farm H a ndUook i 4th ed . Io,wa State U niversity Press, Ames, 
Iowa. 1958. 

Table 10. Net returns to fertilizer for th e first cutting of alfalfa 
at various fertilize r grad es and quantities and hay 
prices. n 

Fertilize r 
grade 

0-20-20 

0-20-10 

0-12-36 

Ferti lizer 
. 

applied 
(lbs. / A.) 

0 
50 

100 
150 
200 
250 
300 
350 

0 
50 

100 
150 
200 
250 
300 
350 
400 

0 
50 

100 
150 
200 
250 
300 

Hay 
Cost yield 

($/A.) (tons/A. ) 

0.00 0.92 
1.50 1.07 
3.00 1.19 
4.50 1.30 
6.00 1.40 
7.50 1.48 
9.00 1.55 

10.50 1.61 

0.00 0.92 
1.25 1.03 
2.50 1.1 3 
3. 75 1. 22 
5.00 1.30 
6.25 1.38 
7 .50 1.44 
8.75 1.50 

10.00 1.55 

0.00 0.92 
1.50 1.08 
3.00 1. 22 
4.50 1.33 
6.00 1.42 
7.50 1.48 
9.00 1.52 

Net returns 
to ferti lizer 

when hay price 
per ton is 

$15 $20 $25 

0 .00 0.00 0 .00 
0.69 1.42 2.15 
1.01 2.34 3.68 
1.1 9 3.08 4.98 
1.16 3.54 5.93 
0.90 4.00 6.50 
0.45 3.60 6.75 

3.18 6.60 

0.00 0.00 o.cd 
0.39 0.93 1.48 
0.64 1.69 2.74 
0.77 2.27 3.77 
0.76 2.67 4.59 
0.61 2.90 5. 19 
0.34 2.95 5.57 

2.82 5.72 
2.52 5.66 

0.00 0.00 0.00 
0.90 1.70 2.50 
1.44 2.92 4.40 
1.61 3.64 5.68 
1.39 3.90 6.38 
0.89 3.68 6.48 

2.98 5.98 

RTable derived values for the las t three columns do rwt agree precisely 
with tabulated va lues because of round ing errors in the Hay Yiel'tl 
column. 

Table 11 . Net returns to fertilizer for three cuttings of alfalfa 
at various fertilizer grades and quantities and hay 
prices on a p er-acre basis. u 

Net ret urns 
Fertilizer applied H a.y to fertil izer 

Fertilizer Amount Cost yield when hay price 
grade (lbs. / A.) ($/ A.) (tons/A . ) per ton is 

$15 $20 $25 

0-20-20 0 0.00 2.38 0.00 0.00 0.00 
50 1.50 2.59 1.64 2.68 3.73 

100 3.00 2. 78 2.97 4.96 6.95 
150 4.50 2.95 4.01 6.84 9.68 
200 6.00 3.10 4.74 8.32 13.90 
250 7.50 3.23 5. 19 9.42 13.65 
300 9.00 3.33 5.33 10.10 14.88 
350 10.50 3.42 5.18 10.40 15.63 
400 12.00 3.49 4.73 10.30 15.88 
450 13.50 3.55 3.99 9.82 15.65 

0-20-10 0 0.00 2.38 0.00 0.00 0.00 
50 1.25 2.54 1.12 1.91 2. 70 

100 2.50 2.68 2.07 3.60 5.12 
150 3. 75 2.82 2.85 5.05 7.25 
200 5.00 2.94 3.45 &.27 9.09 
250 6.25 3.06 3.89 7.26 10.64 
300 7.50 3.1 6 4.15 8.03 11.91 
350 8.75 3.24 4.23 8.56 12.89 
400 10.00 3.32 4.15 8.86 13.58 
450 11.25 3.39 3.89 8.94 13.98 
500 12.50 3.44 3.46 8.78 14 .10 
550 13.75 3.49 2.86 8.39 13.93 

0-12-36 0 0.00 2.38 0.00 0.00 0.00 
50 1.50 2.62 2.16 3.38 4.60 

100 3.00 2.83 3.77 6.02 8.28 
150 4.50 3.00 4.82 7.92 11.03 
200 6.00 3.13 5.30 9.06 12.83 
250 7.50 3.23 5.24 9 .48 13.73 
300 9.00 3.29 4.61 9. 14 13.68 

0 Table derived val ues for the last three co lu mns do not agree precise ly 
with tabulated values because o[ rounding errors in the Hay Yield 
column . 

is $6.48 compared with the $5.72 for the most profit-
able level of 350 pounds per acre of 0-20-10. Profit 
differences, when measured 1n absolute terms, are not 
great among the three grades analyzed, but the per-
centage differences are substantial. 
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Table 11 indicates net returns per acre when three 
cuts of hay are realized. For a hay price of $25 per 
ton, the highest net return of $15.88 is realized with 
400 pounds of 0-20-20. If 500 pounds of 0-20-10 are 
used, net return per acre is $1. 78 less. The decrease 
in profit resulting from the use of 300 pounds 0-12-36 
per acre, as compared with 400 pounds 0-20-20, is 
$2.20 per acre. 

These differences from using a lternative fertilizer 
grades are not great. However, consider again the data 
in table 11. If hay is priced conservatively at $15 per 
ton, the difference in value product resulting from 
using 300 pounds of 0-20-20, rather than 350 pounds 
of 0-20-10, is $1.10 per acre. When the hay price rises 
to $20 per acre, the amount is $1.54. With hay priced 
at $25 per ton, the figu,e is $ 1.99 per acre. 

We now examine the question: Are the profit dif­
ferences great when common mixed grades are used 
in place of the optimum mixture? This comparison is 
on the basis of the data tha t underly production fun c­
tion 5 for three cuttings. Using the predicted isoclines, 
we first compute the optimum quanti ty of 0-20-20, 0-
20-10 and 0-1 2-36 grades that should be used under 
specified price situations. Next, the amount of profit 
forthcoming from each of these quantities as compa red 
with using no fertilizer, is computed . Finally, these 
quantities are compared with optimum qua ntities of 
K 20 and P,05 from table 8 in which it is assumed that 
nutrients can be combined in the proportion indicated 
as best by the isocline equations. R esults of these cal­
culations a re presented in table 12. 

U se of either the optimum rate or 0-20-20 fertilizer 
grade results in approximately the same net value 
product, the difference between gross value of hay 
produced and the fertilizer cost. The greatest difference 
in net profit occurs when hay is selling at $ 15 per ton. 
In this situation, application of 45 pounds of P205 and 
72 pounds of K 20 returns $0.24 per acre more than 
use of 60 pounds each of P205 and K 20 in the 0-20-20 

Table 12 . Effect of using optimum rates of pre-mixed fertilizer 
grades on profit as compared wit h optimum combi na­
tions of P and K fe rti lizers at d ifferent hay prices . 

Net profit 
Ferti- Applied Net Over no 

Ferti- Ha y lizer rate of value ferti li -
li zcr price price P,O, K,O produc t za tion 
grade ($/ ton ) ($/ ton ) (l bs./A. ) (lbs. / A.) ($ / A.) ($/ A.) 

Optimum 15 45 72 41.25 5.57 
Optimum 20 64 79 58.09 10.50 
Optimum 25 76 83 75.38 15.9 1 

0-20-20 . 15 60 60 60 41.01 5.33 
0-20-20 20 60 73 73 58.00 10.42 
0-20-20 25 60 80 80 75 .35 15.88 

0-20-10 15 50 76 38 39.89 4.2 1 
0-20- 10 20 50 96 48 56.46 8.88 
0-20-10 . 25 50 108 54 73.47 14.00 

0-1 2-36 15 60 26 78 41.02 5.34 
0-1 2-36 ..... 20 60 30 90 57 .06 9.48 
0-1 2-36 ···-··· 25 60 33 99 73.29 13.82 

fl.Fer tilizer nutri en ts in opt imum grade arc p1·iced the sam e as fo r pre-
mixed gradesi or 10 an d 5 cen ts pe r pound for P,O, and K,O res pee-
tively. 
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grade. If 0-20-10 or 0-1 2-36 grade is used, rather than 
optimum amoun ts of K ,0 and P205 specified by the 
isocl ines, net profi ts are reduced by as much as $1.62 
or $1.02 per acr~, respectively. It appears, therefore, 
that indiscriminate use of fertilizer grades may resul t 
in a considerab le reduction in profits, as compared with 
those possible from using optimum mixes of nutrients. 
On the other hand, optimum quantities may sometimes 
be approximated closely enough by using a pre-mixed 
grade. In this case, the difference in net profit may 
be less important than the inconvenience of purchasing 
two k inds of fe rtilizer materials and mixing them or 
applying them separately. 

NUMBER OF CUTTINGS UNCERTAIN 
Analyses in previous sections assumed that number 

of cuttings and price were known with certainty and 
that optimum ferti lizer quantities were computed ac­
cordingly. In this section, it is assumed also that the 
number of cuttings to be realized is uncertain a t the 
time of fertilization . On this basis., the use or applica­
bility of game theory models in decisions and recom­
mendations for fertilizer can be examined. This analy­
sis assum es that the farmer might be uncertain about 
the number of cuttings to be obtained but is certain 
about the form of the production function when a 
particular cutting is obtained. 

The assumption of prices known with certainty is 
retained; a lthough somewha t unrealistic, retention of 
this assumption a llows us to simplify the analysis. How­
ever, this assumption is not as unrealistic as it may first 
seem for hay fertilized in the spring and is perhaps less 
unrealistic than assumptions about the production func­
tion . Table 13, derived from the alfalfa hay prices in 
Appendix A, expresses the June, July and August prices 
as percentages of the prices prevailing the previous 
April. Prices during the summ er tend to be lower than 
the price the preceding April. In no case was the price 
in June, July or August less than 80 percent of the 
April price, and, in about one-third of the years, the 
monthly price was 90 percent or more of the April 
price. August showed the greatest interyear flu ctuation. 

Table 13 . Alfalfa hay p rices for the mo nths of J une , J uly and 
August, 1944-58, exp resse d as a percentage of the 
April price." 

Year Apri l 

1944 
1945 
1946 
1947 
1948 

1949 
1950 
195 1 
1952 
1953 

1954 
1955 
1956 
1957 
1958 

·········-··-······················ 100 
········ ················ ·· ·········· 100 

......... ············· 100 
.......... 100 

····················· 100 

100 
·································-··············· 100 

100 
100 
100 

·······-··········· ··-··············-··-····· 100 
100 
100 
100 
100 

asee Appe ndix A. 

June 

86 
89 
96 
98 
81 

86 
91 
93 
86 
88 

88 
88 

11 2 
82 
87 

July Aug ust 

84 86 
85 81 
95 100 
87 92 

104 106 

80 83 
81 88 
81 83 
90 105 
93 94 

85 89 
83 82 

115 11 6 
82 82 
85 83 



Variations in Income Resulting From Differences in 

the Number of Cuttings 

Decisions with respect to the number of cuttings 
to be harvested during the year and the optimum fer­
tilization level may err in either of two directions, ig­
noring indirect and residual effects of fertilizer. The 
number of cuttings expected may be greater than the 
number realized, resulting in more fertilizer being ap­
plied than necessary to maximize profits. On the other 
hand, the number of cu ts harvested may be greater 
than the number planned; then the amount of fer­
tilizer applied will be short of that necessary to maxi­
mize profits. With regard to the alfalfa data, six out­
comes thus are possible. 

Too much fertilizer may be applied: 
(a) Two cuttings expected-one obtained. 
(b ) Three cuttings expected- one obtained. 
( c) Three cuttings expected- two obtained. 

Alternatively, too little ferti lizer may be used : 
( d ) One cutting expected-two obtained. 
( e) One cutting expected-three obtained. 
( f ) Two cuttings expected- three obtained. 

The deviations from expected profits can be com­
puted for each of these situations. In case a, for exam­
ple: The a lfalfa yields for different fertilizer mixtures 
and rates are derived from production functions 1 and 
4. A range of hay prices ($ 15, $20 and $25 per ton ) is 
assumed with the price of fertilizer known. Net re­
turns to fertil izer then can be calculated for different 
rates of fertilizer application, and the profit-maximiz­
ing rate can readily be determined. 

In example (a) two cuttings are expected, but only 
one is obtained. The amount of fertilizer maximizing 
returns for production function 4 is thus applied to re­
turns conforming to production function 1. Using the 
prices assumed, differences in net cash returns can be 
worked out. These differences can be regarded as gains 
or losses in profit. The justification for this is that ex 
ante expectations are assumed to be the relevant ones 
in the mind of the decision-maker. If a yield other than 
the one anticipated is realized, profits are either in­
creased or reduced. If cases b through f are treated 
similarly, variations in net returns can be tabulated in 
a similar fashion. 

Tables 14 and 15 indicate the extent by which net 
returns are reduced when the number of cuttings is 
overestimated. The optimum mixtures included in each 
table are the combinations of P205 and K 20 that max­
imize reburns under the price conditions assumed. 
Earlier, it was shown that these amounts lead to some­
what greater net returns than any of the commonly 
used pre-mixed grades. The amount of fertilizer ap­
plied is the quantity that maximizes profits if the num­
ber of cuttings is correct. When the number of cuttings 
is overestimated, returns are reduced. The total value 
product is less-mostly because of fewer cuttings­
and also, though less important, the expenditure on 

Table 14 . Re ductio n in an t icipated net ret urns whe n fe rt ilizing 
in a nti cipation of two c utting s, o nly on e cutt in g o b­
tai ned . 

l.bs. pe r acr .! 

Fertilizer 
grad e P,O, 

Optimum 31 
54 
67 

0-20-20 

0-20-1 0 ······· 

0-12-36 

8 Quantity maximizing net 
$15 per ton. 

bQuant ity m axim izing net 
$20 per ton. 

Csuantity maximizing net 
5 per ton. 

nutrients or 
fert ilize r 

applied 

200 
250• 
300" 
350c 

100 
150• 
200 
250 
30()b 
350C 

150 
200• 
25Qh,c 

returns for 

returns for 

r e tu rn s for 

Decline in expected net 
return ($/ A. ) when 

hay price per ton is: 
K,O $15 $20 $25 

67 1.85 
77 3.26 
82 4 .57 

1.63 2.18 2.72 
J.99 2.66 3.32 
2.32 3. 10 3.87 
2.64 3.52 4.40 

0.64 0 .85 1.0G 
0.93 1.25 1.57 
1.22 1.64 2.05 
1.50 2.00 2.50 
1.76 2.35 2.93 
2.01 2.69 3.36 

1.40 1.88 2.34 
1.75 2.34 2.92 
2.05 2.74 3.42 

two cuttings when hay price is 

two cuttings when hay price is 

two cuttings when hay price is 

Ta bl e 15. Re duction in an tici pated net returns when fe rti lizing 
in antic ipa t io n of t hree cutti ng s, only on e c utting ob­
t ai ne d . 

F ertilizer 
grade P,O, 

Optimum .... 45 
64 
76 

0-20-20 

0-20-10 ......... . 

) -12-36 ....... . 

8 Quantity max.1m1z1ng net 
$15 per ton. 

bQuantity maximizing net 
$20 per ton. 

cQuantity maximizing net 
$25 per ton. 

Lbs. per acre 
nu tricn t s or 

fertilizer 
a pplied 

250 
300• 
350" 
40Qc 

300 
3~0• 
400 
450" 
500c 

150 
200• 
250", C 

returns for 

returns for 

re turn s I.or 

Decline in expected net 
return ($/ A. ) when 

hay price pe r ton is: 
K20 $15 $20 $25 

72 4 .68 
79 7.24 
83 9.67 

4. 29 5.72 7.15 
4.88 6.50 8.13 
5.42 7.22 9.03 
5.87 7.82 9.78 

3.81 5.08 6.34 
4.29 5.74 7 .17 
4. 75 6.34 7.92 
5. 16 6.89 8.60 
5.53 7.38 9.23 

3.21 4 .28 5.35 
3.87 5.16 6.45 
4.35 5.80 7.25 

three cuttin gs when hay price is 

three c uttings when hay price is 

three cuttings when hay price is 

fertilizer 1s greater than warranted by the ex post op­
timum.8 

Net returns are reduced most when three cuttings 
are expected but on ly one is obtained ( table 15). If 
we assume the price of a lfalfa hay to be $20, then, on 
an ex ante basis, 350 pounds of 0-20-20 should be ap­
plied. Since the number of cuttings obtained is on!)' 

8 If expectations of the number of cuttings are correct, the quantities 0£ 
fertilizer g iven in the tables maximize profits. If expectat ions are in­
correct , the amoun t of fertilizer app lied no longer maxim·izes profits ex 
post. 
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one, rather than three, the realized net returns per 
acre will be $7.22 less than was anticipated. If the hay 
price is $25, a reduction of $9. 78 per acre occurs. Un­
der these circumstances, minimization of loss might be 
considered an alternative to profit maximization where 
decisions must be made under uncertainty of number 
of cuttings. 

If there is uncertainty as to whether one or three 
cuttings are likely, application of 200 pounds of 0-12-36 
reduces anticipated net value product least (by $3.87 per 
acre when the price of hay is $15 per ton ) . On the 
other hand, expectations may be correct, and three 
cuttings may be obtained. Then, 200 pounds of 0-12-
36 fertilizer does not give greatest profit from fertilizer 
use when compared with other combinations ( tabl es 
8 and 11 ). The expected net value product is reduced 
least when the crop is fertilized in anticipation of two 
cuttings but when only one is obtained ( table 14). If 
67 pounds of P 205 and 82 pounds of K 20 are applied 
per acre, expected net returns are reduced by only 
$4.57 (when hay is selling for $25 per ton ) . When 
three cuttings are expected, 76 pounds of P205 and 83 
pounds of K 20 are applied, and, if only one cutting 
1s obtained, the reduction in anticipated net returns 
1s $9.67 per acre ( table 15 ) . 

Most of the losses discussed m this section are due 
to the fai lure of realizing a cutting rather than to over­
fertiliza tion . Using 0-20-20 and a hay price of $20 per 
ton, the profit-maximizing rate of 350 pounds per acre 
results in a net profit of $10.40 per acre from fertiliza­
tion, table 11. If only one cutting is obtained, the net 
profit ( table 10) is maximized with 250 pounds of 
ferti lizer and is $4.00. The net profit from one cut­
ting fertilized with 350 pounds is $3. 18. Although 
the net return was reduced $7.22 per acre, only $0.82 
of this was due to overfertilization for the single cut­
ting. With hay still at $20 per ton but fertilizing with 
0-12-36, 250 pounds per acre maximizes profit at 
$9.48 per acre. This much fertilizer returns $3.68 per 
acre in one cutting while the optimum rate for one 
cutting is 200 pounds, returning $3.90 profit. H ere, only 
$0.22 of the $5.80 per acre decrease in profit is due to 
overfertilization. 

Tables 16 and 17 relate to the situations in which 
expectations are too conservative. The number of cut­
tings obtained are greater than anticipated . Quantities 
of ferti lizer that were (subjectively) presumed suffi­
cient to maximize profits are less than required . The 
largest addition to anticipated net returns occurs when 
one cutting is expected but three are harvested ( results 
not shown in table) . H ere, if hay is selling at $20 per 
ton, unanticipated returns amount to $5. 72 per acre 
if 250 pounds of 0-20-20 are used. Or, if the hay price 
is $25 per ton, an addition of $8.13 per acre to antici­
pated profits is possible if 300 pounds of 0-20-20 are 
used. 

If one cutting is expected but two are obtained 
( table 16), the increase in expected value product is 
smallest. Nevertheless, even when hay is only $15 per 
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Ta ble l b. Add ition to a nticipated net returns whe n fe rti lizi ng in 
a ntici patio n of one c utt ing but two cutti ng s obta in ed. 

Lbs. per acre Addition to expected 
• nutri ents o r ne t re turns 

fertilize r ($/ A. ) wh en 
Fertilizer applied hay price pe r ton is: 
g rade P,O, K,O $15 $20 $25 

Optimum 9 58 1.24 
35 67 2.60 
50 73 3.87 

0-20-20 ..... 100 0.86 1.16 1.44 
150• 1.25 1.68 2.09 
200 1.63 2.18 2.72 
250" 1.99 2.66 3.32 
300C 2.32 3. 10 3.87 

0-20-10 ..... 100 0.64 0.85 1.06 
150• 0.93 1.25 1.57 
200 1.22 1.64 2.05 
250 1.50 2.00 2.50 
300" 1.76 2.35 2.93 
350c 2.01 2.69 3.36 

0- 12-36 ·--- 100 0.99 1.32 1.65 
150• 1.40 1.88 2.34 
200b I. 75 2.34 2.92 
250C 2.05 2.74 3.42 

0 Quantity max11n1z 1ng 
$15 per Lon. 

ne t return s for one cutting when hay price is 

b~uantity maximizing net re turn s for one cutting wh en hay price is 
$ 0 pe r ton. 

cgu.antity maximizing net re turns for one cutting when hay price is 
$ 5 per ton . 

Ta ble 17. Add it ion to ex pecte d net ret urns whe n fe rti lizing in 
a nt ic ipatio n of two c uttin g s but thre e cuttings obtain e d . 

Fertilizer 
grade P,O, 

Optimum 31 
54 
67 

0-20-20 .... 

0-20-10 ...... ... . 

0- 12-36 

"Quantity m ax imizing net 
$15 per LOn. 

bgua ntity m aximizing ne t 
$ 0 per ton. 

c8uantity m ax imizing net 
$ 5 per ton. 

Lbs. per acre 
nutrients or 

fe rtilize r 
applied 

200 
250• 
3QOb 
350c 

200 
250• 
300 
350 
4()()b 
450c 

150 
200• 
25Qh, C 

returns for 

returns for 

re turns for 

Addition to ex pected 
ne t re turns 

($/ A. ) wh en 
hay price pc1· ton is: 

K,O $15 $20 $25 

67 2.20 
77 3.50 
82 4.68 

1.95 2.60 3.25 
2.30 3.06 3.83 
2.56 3.40 4.26 
2.78 3.70 4.63 

1.47 1.96 2.45 
1.78 2.36 2.95 
2.05 2.73 3.41 
2.28 3.05 3.81 
2.50 3.33 4.17 
2.69 3.59 4.48 

1.81 2.40 3.01 
2. 12 2.82 3.53 
2.30 3.06 3.83 

two c uttings w he n hay price is 

two cuttings whe n hay price is 

two cuttings whe n hay price is 

ton, the addition to expected net returns is between 
$0.93 and $1.40 per acre. The difference depends on 
the grade of fertilizer applied. As the hay price rises, 
the addition to anticipated net returns becomes greater. 
When hay is selling at $25 per ton, the increase in an­
ticipated returns is at least 50 percent greater than 
when the price of hay is $15 per ton . 



Reduction of Uncertainty Resulting From Knowledge 
of the Probability Distribution of the Numbe r of Cuts 

Myers9 estimated the probabili ties of runs of con­
secutive dry days a t Corydon in south-central Iowa. 
He took a "dry" day as having less than 0.2 inch 
of rainfall. He then estimated the probabilty of the 
middle day in a 5-day period being part of a series of 
successive dry days; these series of dry days were ta ken 
to be 5, 10, 15, 20, 25, 30 or more days. 

Most farmers in southern I owa take the first cut 
of a lfalfa by about June 10; the second cut, by July 
15 ; and, the third cut, not later than Sept. 1. It is as­
sumed that a 4- to 5-week dry period starting toward 
the end of June would resu lt in only one cutting being 
taken. A 3- to 4-week dry period starting around the 
middle of July would preclude a third cut. Table 18, 
adapted from Myers' data, indicates that, in 1 year out 
of 20, only one cut ting can be expected . In 2 years 
out of 10, a third cutting is unlikely. 

The period of time the operator expects to be on 
his farm also is relevant in his decisions. We need to 
consider some span of years in decision-making for 
supposing the frequ ency distribution of "correct" and 
"incorrect" choices. The 1954 Census of Agriculture 10 

shows that the average length of time the Iowa farm 
occupier (tenant or owner ) has been on his present 
farm is 13 years. The p lanning period for fertili zer­
use decisions is probably considerably less than this, es­
peciall y for tenant operators. Accordingly, a 5-year 
horizon is assumed for the analysis which follows. An 
added proviso is that, in each of 4 years, three cuttings 
are obtained. In the remaining year, only two are ha r­
vested. The probability of getting only one cutting in 
the 5-year period is ignored . · 

For discussion here, it is a lso assumed that loss of 
the third cutting does not alter the yield function for 
the first two cuttings and that loss of the last two 

9Richard E. Mlyers. Estima tion of consecuti ve dry days at Am es and 
Corydon , Iowa. Unpublished M. S. thesis. Iowa State Un iversity Library, 
Am es , Iowa . 1959. 

10 U . S. Rureau of the Census. Un ited States Census of Agr icu lture , 1954. 
Vol. I , pa rt 9. U . S . Govt . Print. Off. , Washing ton , D . C. 1956. 

Table 18. Pro ba bil it y of a len g th of run of d ry d ays grea ter tha n 
th e num ber of days indicat e d ." 

N umber of dry days 
Peri od 0 5 IO 15 20 25 30 35 

Mray 10-16 0.82 0.69 0.38 0. 19 0.09 
0.80 0.6 1 0.35 0. 17 0.08 
0.80 0.58 0.32 0. 15 0.08 
0.79 0.56 0.31 0. 13 0.05 
0.80 0.59 0.35 0. 15 0.08 

June 14-20 0.82 0.65 0.40 0.20 0.1 0 
0.84 0.68 0.43 0.26 0.15 0.07 0.05 
0.84 0.68 0.44 0.29 0. 19 0. 10 0.06 
0.85 0.68 0.46 0.31 0.21 0. 13 0.08 0 05 
0.86 0.69 0.50 0.34 0.22 0. 14 0.10 O.U6 

Jul y 19-25 0.88 0.78 0.57 0.39 0.25 0.14 0-09 0.05 
0.88 0.79 0.55 0.39 0.24 0.14 0.09 0.05 
0.84 0. 70 0.50 0.34 0.21 0. 14 0.08 0.05 
0. 8--1 0.68 0.48 0.31 0.20 0. 14 0.08 0 05 
0.85 0.70 0.52 0.35 0.23 0. 14 0. 10 0.06 

•See Myers, op. cit. 

cuttings does not influence the yield function for the 
first. This simplifying assumption may not always be 
true in practice, since loss of the second cutting does 
not necessarily m ea.,i the loss of a cutting taken at the 
usual time for the th ird. Considering th is possibility of 
this cutting, however, would introduce a degree of com­
plexity with which we are not prepared to deal at this 
time. 

Under these circumstances, two possible courses of 
action are considered: 

(a ) The alfalfa is fertilized in expectation of three 
cuttings every year. 

(b ) In 1 out of the 5 years, fertilizer is applied 
a t the rate that maximizes returns if two cut­
tings are obtained. Ex post, this decision is cor­
rect or incorrect. If the la tter is true, it is fur­
ther assumed that, in 1 year, only two cuttings 
are obtained when three are expected. 

At the end of a 5-year period, the net returns sit­
uation based on ex ante expectations conforms to one 
of the possibilities outlined in table 19.11 Profit-maxi­
mizing q uantities of fertilizer for the various situations 
were obtained from tables 6, 7, 8, 10 and 11. H ay 
yields and net returns were then computed. Hay prices 
used were $15, $20 and $25 per ton and, ferti lizer 
prices, $0.10 per pound for P205 and $0.05 per pound 
for K 20. 

Situation A is the one in which anticipations prove 
correct over the whole 5-year period. Common grades 
may be used in contrast to optimum proportions de­
rived from production functions. Use of the former may 
result in a reduction of income of up to $9.93 per 
acre over the whole period ( when the price of hay is 
$25 and 0-12-36 is used rather than the optimum 
grade) . Of the pre-mixed grades, 0-20-20 gives the 
greatest net returns if hay prices are high. If hay is 

11 Because si tuat ion A is th e o nly one in which c.xpectations a re wholly 
corrc·ct, net return s here should be highcs l. Tab le 19 does no t conf irm 
th.is beli ef. The reaso n is tha t fertilizer is appli ed in 50-po und incre­
m ents. For ma ximum net return s using a parltcular m_ixtu re , 229 pounds 
per acre may be necessa ry whr-n one cutt ing is obtained. If two cut­
tings arc realized , 253 pounds may be need ed to maximize profits. For 
three cuttings, 269 pounds m ay m aximize retu rns. But the tabl es a re 
drawn up so that it is possible tha t th e pro fit-maximizing a mount ap­
pears as 250 pounds in eac h case . 

Table 19. Net ret urns from fe rt il iz ing ove r a 5-year period a s­
s umi ng vario us method s of fe rt iliza t ion . 

Situation 

A. For 4 years expects 
3 cuts, gets 3; 
f.or I year expects 
2 cuts, gets 2 

B. For 4 yea rs expects 
3 cuts, gets 3; 
for l year ex~ects 
3 cu ts, gets _ 

C. For 3 years expects 
3 cuts, gets 3 · 
for 1 year expects 
2 cu ts, gets 3; 
for 1 yea r expects 
3 cuts , gets 2 

Grade 

Optimum 
0-20-20 
0-20-10 
0-1 2-36 

Optimum 
0-20-20 
0-20-1 0 
O-l ?-36 

Optimum 
0-20-20 
0-20-10 
0-1 2-36 

Net returns J.>Cr acre 
from f.erti lizatton when 

hay p,-icc per to n is : 

25.50 
24.2 1 
19.03 
24. 38 

25 .38 
24.09 
18.87 
24.38 

25.23 
23.95 
18.53 
24.38 

48 .95 
48.30 
41.29 
44 .34 

48.87 
48 .30 
41. 11 
44 .34 

48. 75 
47.60 
41.03 
43.60 

74.75 
74.52 
65.90 
64.82 

74.67 
74.52 
65.75 
64.82 

74.60 
74.27 
65.63 
64.82 
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selling for $25 per ton, use of 0-20-20 rather than 0-12-
36 resul ts in extra retu rns of $8.62 over the period. 

The decision may be made to disregard the prob­
ability of getting only two cuts in 1 of the 5 years. The 
assumption may be that three cuttings can be expected 
every year. Situation B gives the net returns when this 
course is followed. Compared with situation A, returns 
are reduced slightly. The largest observed difference be­
tween these two situa tions is 18 cents or less on a per­
acre basis. Moreover, this reduction is spread over a 
5-year period . 

In situation C, expectations prove correct in 3 years 
out of the 5. The net value product is not reduced by 
a large amount when compa red with situation A. The 
most unfavora ble case is when 0-12-36 is used through-
0ut the period and when hay is priced at $20 per ton. 
Net profits fa ll by $0. 74 per acre compared with the 
0-12-36 case in situation A. This amounts to a 
reduction of 15 cents per year. The use of different 
mixtures leads to substantia l differences in returns. 
However, the main source of variation in such returns 
seems to originate with the use of a particular mixture 
rather than with the possible discrepancies between ex­
pected and realized cuttings. 

We assumed profits to be influenced by two fac­
tors: (a) the choice of a particular fertilizer grade 
and (b ) the amount of ferti lizer applied when expec­
tations of the number of cuttings prove incorrect. On 
the basis of this study, it appears that profits are es­
pecia ll y dependent upon the choice of a pa r ticu lar fer­
tilizer grade. 

The basic assumption of this section was that only 
once, in a 5-year p lanning period, three cuttings of a l­
falfa cou ld not be harvested. The probability of 6et­
ting only one cut in any one year has been rejected al­
together. Uncertainty still remains as to the actual year 
in which two cuttings are obtained. For the data used 
in this study, it has been shown that decreases in net 
income because of incorrect fertilizer-use decisions can 
be minimized by assuming that three cuttings wil l al­
ways be obtained. This conclusion holds for a ll situa­
tions examined. The reduction in net income by acting 
as though three cuttings will a lways be obtained 
amounts to about 4 cents per acre per year when mea­
sured against correct anticipation of situation A in table 
22 . This loss is small. However, differences in net re­
turns arising from use of different fertilizer grades are 
such that meaningful recommendations can still be 
made concerning the grade to use. 

THE UTILIZATION PROBLEM 
Previous analysis has assumed that the alfalfa crop 

is harvested as hay. However, this is not a lways true. 
H ere we examine two cases when alfalfa is utilized in 
a form other than hay: (a ) standing alfalfa harvested 
by field chopper and fed to dairy cows and (b ) a lfalfa 
used as a summer pasture for pigs. 

To derive economic optima, a value must be as­
signed to the crop. For alfalfa used as hay, this was 
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taken to be the local market price. However, a lfalfa 
is not usuall y sold green-chopped or as pasture, and 
there is no established price in the latter two instances. 
The crop may be. used for dairy cow or hog enterprises, 
thus replacing other feedstuffs. H ence, it assumes a 
value equal to the cost of the feeds for which it sub­
stitutes. 

When green-chopped alfalfa is used for dairy cows, 
its value is derived from the substitution of a lfalfa for 
concentrate and grain mixtures. The value of the green­
chopped alfalfa can be estimated in terms of the value 
of the part of the ration it replaces. Consequently the 
imputed value of green a lfalfa varies directly with the 
price of concentrates and grain mixtures . This value 
is a lso directly dependen t upon the amount of concen­
trates and grains that green alfalfa can replace without 
affecting the nutritive value of the ration . It was cal­
culated that, when considerable latitude is allowed for 
either one of these factors, the imputed value of green 
alfalfa will not exceed the range of $15 to $25 on a 
per-ton, hay-equivalent basis. 

In case of hogs using summer pasture, the value of 
alfalfa is derived mainly from its replacement of the 
protein supplement in the ration otherwise fed . By a 
procedure similar to the one used for dairy cows, it was 
found that a lfalfa pasture might be worth anywhere 
from about $17 to $25 per ton hay-equivalent when 
used for summer pasture. 

All of these prices associated with alternative uses 
of a lfalfa fa ll within the range of prices previously con­
sidered in estimating economic optima. If a reasonably 
accurate estimate can be obtained concerning the im­
puted value of a lfalfa, the foregoing framework suf­
fices to determine the corresponding optimum ferti lizer 
mix and level of application. 

UTILIZATION AND NUMBER OF CUTTINGS 
UNCERTAIN 

In the successive sections, the analyses have become 
increasingly complex. This section deals with the prob­
lem of levels of ferti lization when both the number of 
cuttings expected and the utilization or price of the 
crop are unknown at the time fertilizer is applied . U n­
certainty as to the former arises especia lly from fluc­
tuating weather conditions. The assumption that there 
is no ex ante knowledge regarding the use of the a l­
falfa is a lso justifiable, since hay and other farm pro­
duct prices may change in response to weather or a 
changing economic environment. 

The postu late underlying this section is that the 
farmer who grows alfalfa as an intermediate product 
regards either its replacement value or its market price 
as the relevant price in decision-ma.1<ing. The replace­
ment value is the price he is will ing to pay (himself, in 
effec t ) for use of the crop in a fu rther stage of the pro­
duction process. The price depends on the market for 
hay, and the imputed value of hay depends on the mar­
ket prices of other feeds and livestock products. The 



fertilization problem thus becomes one of decision­
making under price uncertainty. 

Application of Game Theory to Decision-Making 
Under Uncertainty 

A series of prices is assumed to be known, corres­
ponding to the various uses of hay. But, as uti lization 
is uncertain, there is no ex ante knowledge of which 
price or value will be realized. If the alfalfa is kept, or 
sold as hay, its price is $15, $20 or $25 per ton, depend­
ing on the state of the market. Price is no longer as­
sumed certain. When the crop is fed green-chopped 
to dairy cows, the price per ton of hay-equivalent is 
$16.20, $21.40 or $26.60 and, as pasture for hogs, the 
price is $17.45, 21.44 or $25.43 per ton. The relevan t 
price out of each set depends on whether prices for 
grain and protein concentrate are low, average or high. 
It is assumed that, when there is a low price for hay, 
prices for feed also are low. 

The problem of level of ferti lization now becomes 
one of decision-making under absolute uncertainty, 
sometimes known as "a game against nature."12 In 
games against nature, a matrix is given, and one player 
must choose a strategy represented by a row, the col­
umn representing the strategy chosen by " nature"­
a fictitious player having no known objective and no 
known stra tegy. As far as this study is concerned, the 
farmer must choose from among a set of strategies 
a1, a 2 ••• am, but the relative desirability of each act 
depends upon "nature's strategy" (either s1, S2 ... sn ) . 
To each pair ( ai, s; ) consisting of a farmer strategy 
and a nature strategy, there is a consequence or out­
come. For the alfalfa fertili zation situation, the game 
ma trix is presented in table 20. 

Ta ble 20. G a me matrix fo r a lfalfa fe rt ilizat ion prob le m. 

Farmer stra tegies 
(uti lization method) 

a1 Sells or keeps as hay 

S1 

······• $15.00 

a, F-eecls green-chopped to dairy cows $16.20 

a, Feeds as pasture to pigs ..... . ...... $17.45 

" Nature strategies" 
( price outcom e ) 

52 

$20.00 

$21.40 

$2 1.44 

s, 

$25.00 

$26.60 

$25.43 

In table 20 the method of utilization corresponds 
to the farmer's strategies; prices refer to nature's 
strategies. Each value corresponding to a row (a i ) and 
a column ( si) indicates the outcome if the farmer 
selects one strategy and the price outcome is that in­
dicated . The problem now is in a game theory context. 
There are a number of possible "na ture strategies," as 
well as several strategies available to the farmer. H e 
does not know which "state of nature" will hold true, 
but he still has the problem of deciding which course 
to select. The decision concerning the strategy to select 

12Absolute uncertai nty m eans on ly that a series of prices is known , but 
the probability attaching to each price is unknown. For exampl e, see: 
Duncan R . Luce a nd H owa rd Rai ffa. Games an.cl decisions. J ohn Wiley 
and Sons, Inc., New York, N. Y. 1957, 

can be based on certain c1-iteria. These criteria have 
been discussed in an attempt to resolve the d ecision 
problem under uncertainty. The criteria select the 
farmer strategy tliat is optimal according to the par­
ticular criterion used. 

THE MINIMAX CR ITER ION 
This criterion has been suggested by Wald .13 Each 

farmer strategy is appraised by looking at the " worst" 
"nature strategy" coresponding to it, and the optimum 
choice is the one with the " best worst payoff." The 
'best worst payoff" suppo es that nature will select the 
stra tegy which is "worst" from the standpoin t of the 
farmer and that the farmer will select the course which 
is then best to him. To apply this criterion, each farmer 
strategy is assigned its security level as an index. The 
security level is the least amount receivable under any 
" nature strategy. " For table 20, the index for strat­
egy a1 is $15.00 ; for stra tegy a 2, $16.20; and, for strat­
egy a3; $17.45; a ll under s1 in this problem. The farmer 
strategy with a miximum security index is a3. Therefore, 
according to the maximum criterion, the farmer shou ld 
ferti lize the alfalfa in expectation of feeding it to hogs. 
The criterion is conservative: R elative to each farmer 
strategy, it concentrates on the "nature strategy" h aving 
the worst consequence. 

THE PESS IMISM-OPTIMISM INDEX CR ITER ION 
This criterion, first form ulated by Hurwicz, 14 is less 

conservative. A judgment is form ed, based on a weighted 
combination of the bes t and worst "nature strategies." 
The best and worst "nature strategies" are weighted 
according to a pessimism-optimism index. Compilation 
of this index supposedly requires a judgment by the 
farmer, depending on whether he is pessimistic or op­
timistic. The procedure can be explained as follows: For 
strategy ai , let mi be the minimum and M i the max­
imum of the si 1, si 2 •• • sin where sii is the cell ele­
ment or value in table 20. A fixed number a between 
0 and 1 called the pessimism-optimism index is chosen. 
With each a i is associated the index ami+( l - a )Mi . 
Of farmer strategies, the one with the higher index 
is chosen . If farmers are considered conservative, a 
might be taken as being between 0.5 and 0.8. In table 
21, a indexes for values of a ranging from 0. 3 through 
0.8 are included. For the a values 0.5 through 0.8, 
the index shows that strategy a3 is optimum. At a = 0.5, 
the choice between a 3 and a 2 is very close, bu t, at 
a-"':::::0.4, farmer strategy a 2, is op timum. 

PR INCIPLE OF INSUFFICIENT REASO N CR ITER ION 
This principle was first systematized by Jacob Ber­

noulli ( 1654-1 745 ) .15 It states that, if there is no evi-

13A. WaJd . Statistical d ecision fun ct ions. J oh n Wiley and Sons, Inc . , New 
York, N. Y. 1950. pp 23 1-249. 

14L. Hurwicz. Optima lity criteria for decision making under ig_n~rance . 
Cowles Com mission discussio n paper, Statistics, No. 370. 195 1. ( M1m co. ) 

15Lucc and Raiffa, op. cit. 
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Table 21. Pessimism-optimism index criterion , a m i and {l-o. )M , 
va lues . 

Pessinllsm~ 
optimism Farmer 
index, a strategics Q'.llli ( 1- a) M, a rn; +( I- a)M, 

0.3 a , 4.50 I 7.50 22.00 
a:: 4.86 18.62 23 .48 
a, 5.23 17.80 23.03 

0.4 a, 6.00 15.00 21.00 
3:? 6.48 15.96 22 .44 
a, 6.98 15.26 22.24 

0.5 a, 7.50 12.50 20.00 
a, 8. 10 13.30 21.40 
aa 8.72 I 2. 71 21.43 

0.6 a, 9.00 10.00 19 00 
a, 9.72 10.64 20.36 
a, 10.47 10.17 20.64 

0.7 a1 10.50 7.50 18.00 
a:? 11.34 7.98 19.32 
a, 12.21 7.63 19.84 

0.8 a.1 12.00 5.00 17.00 
a:: 12.96 5.32 18.28 
a, 13.96 5.09 19.05 

dence showing tha t one event from an exha ustive set 
of mutua lly exclusive events is more likely to occur than 
another, then the events should be judged equally 
probable. As far as game theory is concerned, this prin­
ciple is usually associated with the name Laplace. 16 

If there is complete ignorance for the fertilizer prob­
lem in table 20 with respect to which "nature strategy" 
among s1 , s2 ••• s11 is relevant, behavior should be based 
on the assumption that they are all equally likely. The 
situation then becomes one of risk, with a uniform 
probability distribution over a ll of the "nature strate-• 
gies." To decide which course to follow, each farmer 
strategy is assigned an index as fo llows: 

Si1+Si 2 + ... +si n 

n 

The farmer strategy with the largest index 1s chosen. 

16 John Milnor. Games aga inst natw·c . In, R . h1. Th rall , C . H. Coombs 
;.,nd R . L . D avis, eds. Decision processes. J ohn Wiley and Sons, Inc. 
New York , N . Y. 1957 . 

For table 20, the index is $20.00 for strategy a,, $21.40 
for strategy a 2 and $21.44 for strategy a 3 • 

Now, although this application of game theory has 
indica ted which tarmer strategies are considered op­
timum, the expected price remains uncertain. Thus, 
there still is doubt as to the optimum quantity of fer­
tilizer to use. The changes in value product resulting 
from applying other than the profit-maximizing quan­
tity of fertilizer are examined in the next section. 

Consequences of Incorrect Decision-Making 

While the decision to apply fertilizer in expectation 
that the crop will be used as pasture for hogs may prove 
correct, the value of the pasture is still absolutely un­
certain before the decision is made. Thus, there is a lways 
the chance that the amount of fertilizer applied may 
not maximize net value product. Variations in net value 
product when alfalfa rep lacement value or hay prices 
change a re shown in table 22. The fi gures represent 
the increase in value product (less fertilizer cost ) from 
applying fertilizer, as compa red with using no fertilizer. 

If strategy a3 is selected and 0-20-20 is applied, 350 
pounds of fertilizer maximize net returns when the al­
falfa 1 7 is valued at $17.45 or $21.44 per ton. If the 
replacement value of the a lfalfa is $25.43 per ton, then 
400 pounds of 0-20-20 are optimum. In the latter case, 
use of only 350 pounds decreases the value product by 
only 28 cents per acre. If 400 pounds are applied when 
only 350 pounds maximize profits, the decline in net 
value product is a lso 28 cen ts per acre for the $17 .45 
price and, zero, for the $21.44 price. 

Use of 0-20-20 fertilizer at a given ra te gives a 
greater net value product than either 0-20-10 or 0-12-
36, bu t the latter two mixes may be used for one rea­
son or another. In the case of 0-12-36, 250 pounds per 
acre always gives maximum net returns for that grade 
whatever the alfalfa replacement value. For 0-20-10, 
use of 400 pounds maximizes net value product at the 
low price, but the quantity needed increases to 450 

17More precisely, the equivale nt weight of a lfa lfa expressed as hay. 

Table 22 . Increase in net value product of alfa lfa from fertilization for various farmer strategies {a ,) and hay prices . 

Fertilizer 
grade 

0-20-20 

0-20-10 

0-1 2-36 

938 

( lbs./ A) 

250 
300 
350 
400 
450 
500 

300 
350 
400 
450 
500 
550 

150 
200 
250 
300 
350 

$ 15 

$5.19 
5.33 
5. 18 
4.73 
3.99 
2.94 

4. 15 
4.23 
4. 15 
3.89 
3.46 
2.86 

4.82 
5.30 
5.24 
4 .61 
3.44 

a , 
Hay price p er to n : 

$20 $25 $16. 20 

$ 9. 42 $13 65 $6.20 
IO. IO 14.88 6.47 
10.40 15.63 6.43 
10.30 15.88 6.06 
9.82 15.63 5.39 
8.92 14.90 4.44 

8.03 11.91 5.08 
8.56 12.89 5.27 
8.86 13.58 5.28 
8.94 13.98 5. 10 
8. 78 14.10 4 .74 
8.39 13 93 4.18 

7.92 11.03 5.56 
9.06 12.83 6.20 
9.48 13. 73 6.25 
9. 14 13.68 5.69 
8.08 12.73 4.55 

a, a, 
Use grcen:-chon pcd Used as pas ture 
R eplacem ent va lue Replacement va lue 

oer to n : oc-r ton: 

$21.40 $26.60 $17.45 $21.44 $25.43 

$10.60 $15.00 $7. 27 $10.63 $14.01 
11.44 16.40 7.67 11.47 15.28 
11.86 17.30 7.74 11.90 16.07 
11.86 17.66 7.46 11.90 16.35 
11.45 17.52 6.85 11.49 16. 15 
10.68 16.92 5.94 10.73 15.52 

9.1 1 13.15 6.05 9. 15 12.24 
9.77 14.27 6.35 9.81 13.26 

10. 18 15.09 6.46 10. 22 13.98 
10.35 15.60 6.36 10.39 14.42 
10.27 15.80 6.07 10.3 1 14.56 

9.94 15.70 5.57 9.99 14.40 

8.79 12.02 6.34 8.81 I l.i9 
10.11 14.03 7.14 10.14 13. 15 
10.69 15 .08 7.32 10.70 14.09 
10 .41 15. 13 6.83 10.44 14.06 

9.38 14.21 5. 71 9.41 13.12 



pounds and 500 pounds, respec tively, for the median 
and high prices. T he decrease in returns from using 
400 pounds per acre, rather than the profit-maximizing 
quantity of 500 pounds, at the h ighest rep lacement value 
is insignificant, only 58 cents per acre. 

If farmer strategy a 3 is selected, application of the 
optimal amount of 0-20-20 fertilizer gives a net value 
prod uct of $7 .74, $11.90 or $16.35 per acre, depending 
on the rep lacement value or price of the alfalfa. On the 
other hand, if 0-20-10 fertilizer is used, maximum net 
returns are $6.46, $10. 39 or $14.56 per acre. Thus, use 
of 0-20-10 rather than 0-20-20 may result in a reduc­
tion of net returns of $1. 28, $1.51 or $1.79 pe1· acre. 
On the basis of these resu lts for the particula r experi­
mental data, it is concluded that variations in net val­
ue product resulting from using different fertilizer 
grades are greater than changes in net returns attribut­
able to incorrect decision with respect to amount of a 
single ferti lizer used. 

Varia tions in net returns are not la rge when devia­
tions from the optimum quantitie of a particular fer­
ti lizer grade app lied a re not greater than 50 pounds 
per acre in this case. However, the changes in value 
product by using profit-max imizing quantities of one 
ferti lizer grade rather than another have yet to be exam­
ined. T hese variations may be greater. 

Assum e that, for some reason, th e 0-20-10 grade is 
used rather than 0-20-20 fertil izer and that value-pro­
d uct maximizing quantities of ferti lizer for strategy a,1 

are applied in each case. The reduction in net value 
product per acre from using 0-20-10 ferti lizer rather 
than 0-20-20 is as fo llows for the three price situations 
explained earlier:. 

If strategy a1 1s selected--$0.58, $0.88 or $0.80 

If strategy a 2 1s selected- $0.78, $1. 10 or $1.12 

The actual reduction will depend on the alfalfa re-
placement price. The three columns of figures corres­
pond to the low, medium or high prices for hay or hay­
equiva lent in the relevant part of table 22 .18 

Alternatively, if 0-12-36 fertilizer is used rather 
than 0-20-20, the reduction ( addition in one case) in 
net value product per acre, a urning the sam e prices, 
is as follows : 

If strategy a1 is selected- (-0.06 ) , $0.92 or $1.90 

If strategy a2 is selected- $0.18, $1.17 or $2.22 

It is apparent that these differences are large rela­
tive to the variations in profit arising from the use of 
a nonoptimum quantity of a single ferti lizer. They may 
sti ll be too small to make great differences in farmer 
decisions. Whether the conclusion has general applica-­
tion would again depend on the data arising from pro­
duction functions derived under oth er soil and cl imatic 
and crop conditions. 

" T hese arc $ 15, $20 a nd $25 under strategy a, an d $17.45, $21.44 and 
$25 .43 for strategy a,. 

Appendix A 

Midmont h p rices rece ived by Iowa farm e rs for alfalfa hay at local markets . 

Yea rn Jan. F eb. i\ifar. Apr. M ay Jun e Ju ly Aug. Sept. O ct. Nov . D ec. 

19H 21.00 20.5U 20.20 20.00 20.30 17.30 16.90 17.30 17.00 17.50 18.40 20.00 
1945 ....... 21.50 22 .00 21.20 21.1 0 19.50 18.70 18.00 17.00 16.70 16.80 17.00 17.00 

1946 18.00 18.00 18. 10 17.30 16.60 16.GO 16.50 17.30 17.30 18.30 18.80 21. JO 
1947 20.30 19.00 19.60 19.00 19.00 18.30 16.50 l 7.50 20.00 20.00 22 .00 26 .00 
1948 26.00 23.50 23.70 24.00 24 .00 23 .60 25.00 25.50 27.00 27 .50 26.30 27.00 
1949 28 .40 28.00 27 .30 26.00 25 .00 21.00 20.50 2 l.50 20.00 21.50 22 .20 22.50 
1950 22.30 22 .20 21.50 21.50 21.50 18.50 l 7.50 19.00 l 7.50 18.00 18. 10 20.00 

1951 20.00 21.00 19.50 20.10 19.40 18.30 16.20 16.70 16.80 18.40 18.30 20.70 
1952 20.40 19.90 19.90 18.80 18. 70 I 7.40 16.90 19.70 21. 20 21.60 22.20 22.10 
1953 23.40 23 .00 21.50 20.20 20.50 17.30 18.70 19.00 20.30 21.90 22.50 24.00 
1!)54 24.00 21.70 21.70 21.60 10.00 19.00 18.30 19.30 20.30 19.80 20.40 21.00 
1955 21.00 21.00 20.50 19. 00 18.00 16.70 15.70 15.60 17.50 17.00 18.00 18.20 

1956 --·· 19.00 10.00 17.80 17.80 21.00 20.(JI) 20.40 20.70 20.00 17.70 20.50 22. 10 
1957 21 .20 W.30 W.20 19.20 18.GO 15.80 15. 70 15.70 1+.80 15. 70 15.'.l() 16. (iO 
1958 ---······· ·· ····--- 16.60 15.20 15.00 14.90 13.90 13.00 12.6U 12.30 12.80 13. 10 

nS0 11rcc : l o"·a Crop an d Li vc:, Lock Rcpo rLing Service, D ts Nfo incs, Io,,·a. 
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