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II. Replacen1ent Rates of Corn and Soybean Oilmeal in Fortified 

Rations for Grow ing-Fattening Swine on Pasture1 

BY EARL 0. H EADY, DAMON V . CATRON, D EAN E. McKEE, GoRDON C. ASHTON AND VAUGHN C. SPEER 

A previous bulletin reported results from a n experi­
ment designed to predict substitution rates and economic 
optima in corn/ soybean oilmeal rations for growing and 
fattening hogs in dry lot. 2 Principles and analytical mod­
els were included which illustrate that the least-cost 
ration depends both on ( l ) the marginal rate of sub­
stitution between feeds and ( 2) the ratio of feed prices. 
These basic concepts will not be repeated in this bulletin. 

Since more hogs are farrowed in spring than in fa ll , 
the research reported in this study was conducted for 
growing and fattening hogs raised on pasture. Like the 
clrylot study, the objectives of the pasture exre2"iment 
were to estimate: ( 1) the production function, (2 ) the 
substitution rate between corn and soybean oilmeal a t 
differen t points on the production surface, ( 3 ) the 
least-cost ration for different soybean oilmea l/ corn price 
ratios, ( 4) the relationsh ip between the rate of hog 
gains and the input of corn and soybean oilmeal and 
( 5 ) the proportion of the years in which a least-cost 
fe~cl ing system resu1ts in greater profits than a least­
time feeding system. Substitution between major classes 
of feed such as corn and soybean oilmeal is possible 
mainly where the rations are fortified with appropriate 
quantities of trace minerals (as well as an tibiotics in the 
case of drylot feeding) . These fortifying elements have 
been included in the rations of this study. 

DESCRIPTION OF THE EXPERIMENTS 

Two experiments were conducted cooperatively by 
the Department of Animal Husbandry and the Depart-

1 Project 11 35, Iowa Agricultural and H ome Economics Experiment Station . 
:! H,eady , Earl 0., W oodworth , Roger, Catron , Damon V. and Ashto n. 
Gordon C . New procedures in estimating feed substitution rates a,nd 
de term ining econom ic efficiency in pork producton. Iowa Agr. Exp. 
Sta. Res . Bui. 409. 

ment of Economics and Sociology to obtain data for 
estimating feed relationships for hogs fed on pasture. 
The first experiment, A. H. 597, was conducted dur­
ing the summer of 1953. The second experiment, A. H . 
597 A, was conducted during the summer of 1954. Both 
experiments were conducted on an alfalfa pasture. The 
data from the two experiments were combined for the 
purposes of this study. 

Both experiments were randomized complete block 
designs and included 12 treatment combinations with 
three replications each . Treatment combinations con­
sisted of six rat ions, an antibiotic treatment and an anti­
biotic, check. The rations were: 8 percent, 10 percent, 
12 percent, 14 percent, 16 percent and 18 percent pro­
tein . The antibiotic treatment consisted of crystalline 
chlorotetracyline (aureomycin ) feel at the rate of 5 mg. 
per pound of ration. The rations were composed of 
ground yellow corn and solvent-extracted soybean oil­
meJ.l fortified with dicalcium phosphate, calcium car­
bonate, salt, trace minerals and vitamins ( table 1) . The 
experimenta l unit wa an individual hog, and each hog 
received the same ration throughout the entire experi­
ment. 

The hogs were feel individually in portable field 
units. Each field unit consisted of three pens equ ipped 
with individua l self-feeder and waterers. The units 
were ali<med side by side on pasture. They were moved 
each M~nclay, Wednesday and Friday during the ex­
periment. The original order of the units on the field 
was maintained at all times. 

The pasture sward for experiment 597 was com­
posed of a mixture of alfalfa and bromegrass. Mower 
clipping was used to maintain a maximum herbage 
height of about 8 inches; the pasture area was clipped 
several times during the trial to prevent excessive growth. 

TABLE I. COMPOSITION OF RATIONS FED IN EXPERIMENTS A. H. 597 AND A. H. 597A (POUNDS OF EACH INGREDlENT INCLUDED 
IN 100 POUNDS OF FEED ) . 

Ingredients Percent protein: A. H . 597 Percent prou•in: A. H . 597A 
18 16 14 12 10 8 18 16 14 12 10 8 

Ground yell ow corn* ......... . 71.60 78. 75 83.70 88.85 91.95 97 .00 73.05 78.50 83.95 89.35 94.75 97.25 
Solvent soybean oil meal.. ..... 25.90 18.70 13.70 8.40 5.30 0. 15 24 .50 19.00 13.50 8.00 2.50 
Dica l. phosphate ............. 0.95 1.00 1.05 1.30 1.30 1.40 0.70 1.30 1.40 1.60 1.70 1.70 
Ca lcium carbonate ......... 1.00 1.00 1.00 0.90 0.90 0.90 1.20 0.65 0.E0 0.50 0.50 0.50 
Sa lt 0.50 0 .. 10 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 
Trace m inera ls 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 
To:al pound s ..... 100 100 100 100 100 100 100 100 100 100 100 100 

itTh<' protein cont ent of th e rorn fed in both ex.;:,Prinwnt~ wa s R.2 prr("e nt . 
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Moisture was sufficient in both seasons so tha t the 
herbage remained of good quality over the experi­
mental period. 

Treatment combinations and the pigs were randomly 
assigned to pens within a block. Of the three rep lica­
tions, one included females, and the other two included 
males. The hogs were weighed every second week while 
they were on the experiment and were removed from 
the experiment as each hog reached 200 pounds. 

The breeding of the hogs used in experiment A. H. 
597 was Duroc x Poland China x Landrace x Duroc 
and Poland China x Landrace x Duroc. A Poland China 
x Landrace x Duroc cross was used in experiment A. 
H . 597 A. Thirty-six hogs were required for each ex­
periment, a total of 72 hogs for both experiments . 

ESTIMATION OF THE PRODUCTION 
FUNCTION 

Two steps have been fo llowed in estimating the 
production function. First, three alternative types of 
functions have been fitted to al l observations of the two 
experiments. 3 These functions are denoted as over-all 
fun ctions. Second, each of the three types of functions 
have been fitted to the observations on each of the six 
rations separately. The latter functions are called indi­
vidual ration fun ctions. Interest is mainly in the over­
a ll functions ; they express the rela tionship between hog 
gains and the input of any one of many combinations 
of the feeds. Individual ra tion functions express the 
rela tionship between hog gains and feed input when 
feeds are held in fixed proportions. The input-output 
curves for different rations varied in fixed proportions 
can be readily obtained from the over-all function. 
Therefore, comparisons of th e feed-gain relationship 
estimated by the over-all function with that estimated 
from the individual ration function provides a simple 
means of checking the reliability of the over-a ll function . 

The production functions express total gain beyond 
weaning as a function of total feed consumption be­
yond weaning. Experimental observations were taken 
on the consumption of feed and the amount of gain 
over 2-week intervals. The interval observations were 
progressively totaled over the enti re feed ing period to 
obtain a series of cumu la tive summations of gain, corn 
consumption and soybean oilmeal consumption beyond 
weaning for each hog. The over-all production func­
lions were then fitted to the 72 series of observations. 
Each individual ration fun ction is fitted to 12 such 
series of observations. 

AUTOCORR ELATION 

Fitting of the functions for the cumulative series 
introduces a problem of autocorrelation. Th e different 

:1Analysc~ o f vari ance are presenled in tabl~ 2 fo1 both experiment~ and 
for two we ight intervals. They indicate no sig nifica nt antibiotic eff ects 
for da ily gain or feed consumption under condit ions g iven . For feed 
co nsumption per pound o f gain . antib iotic effects were signific:rnt only 
for the in itial-to-200-pound weight interval in experim ent 597 . Sim ilar 
n!sult s a ppear in t2blc 3 for pooled data of the two experiments . Anti­
biotic effects upon feed per 100 pounds gain ar-e sig nificant at th e 5-
pcrccnt probability level for o nly the linear term for the initial-to-thc-
200-pound weight interval. In general, the analyses of varjance do not 
support the hypothesis that th e antibiotic treatme nt and th e check 
lo ts constitute separate population s. Consequently. data from trea tment 
and check lots are pooled fo r es timat ion o ( the produ ction fun ct ion and 
c;:ich pro te in level includes obse rva tio ns from 12 hogs. 
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observations for each hog are not independent since ( l ) 
the second observation taken on a hog is the sum of the 
feed consumption and gain over the first and second 
2-week intervals; (2 ) the third observation is the sum 
of the feed consumJiltion and gains in each of three 
2-week periods, etc. Although the series of observations 
taken on a hog is itself autocorrelated, it is independent 
of the series of observations taken on other hogs . Since 
the over-all production function is fitted to all observa­
tions in each series, the autocorrelation coefficient for 
the entire collection of data is likely to have a va lue 
greater than zero. 

The presence of a utocorrelation in the observations 
does not present problems in predicting the relationship 
between the dependent a nd the independent variables, 
but it does introduce problems in making tests of signif­
icance. The effect of autocorrelation is to reduce the 
number of effective observations to which the function 
is fitted. In other words, the number of degrees of 
freedom used for tests of significance of uncorrelated 
series is fewer than when autocorrelation is present. 

Procedures are available for approximating the effec­
tive number of degrees of freedom in autocorrelated 
series.' However, the necessity of calculating the a uto­
correla tion coeffi cien t and approximating the effective 
number of observations may be avoided by basing the 
tests of significance on a minimum number of effective 
observations to which the seri es would be reduced bv 
autocorrelation. ' 

Since the observations taken on different animals are 
independent, the minimum number of effective observa­
tions may be regarded as equa l to the number of hogs 
from which observations were taken. The minimum 
number of effective observations is 72 for the over-a ll 
function and 12 for the individual ration functions. If 
th e tests are significan t on the basis of the mjn im um 
number of effective observations, the null hypothesis may 
be rejected. If the tests are not significant, the null hy­
nothesis cannot be accepted without furth er testing . In 
the latter case, the test must be conducted on the basis 
of the actual number of observations used, disrega rding 
a utocorrela tion for the moment. If the test still is not 
significant at an acceptable probabi lity level with the 
greater number of degrees of freedom, the nu ll hy­
pothesis may then be accepted. ' 

CON S IDE RATIO NS I N THE C HOICE OF THE FUNCTION 

Choice of the appropriate form of the relation be­
Lween feed inputs and hog gains should be rela ted to 
the nutritiona l logic underlying the problem. The pro­
tein requirement of hogs relative to their requirement 
fo r carbohydrate declines from weaning to ma rket 
weight. Young pigs in a stage of rap id growth require 

t'fintne r. Gerhard . Economet rics. John Wi ley and Son s, In c. , N ew Yo rk . 
1952. pp. 240-252. 
iiThe effective number o f obse rvations need to be approximated onl y if 
the tests are no t signi fica nt on the basis of th e minimum effective number 
of observa tions but are signi fic2nt. on th e bas is of the actual num ber o f 
observa tions tak en . For example , if th e ca lcul ated Ht" for a reg ress ion 
coeffici ent in the over-all fun ction were 2.6 16, th e regression coeffi cient 
would be signi fica nt a t th e 0.0 1 level of probab ility on the basis of 500 
degrees o f freedom. On the basis o f the minim um number o f e ffec t ive 
observat ions for the over-a ll func tion , 72 , th e regress ion coeff icie•nt would 
not be sig ni ficant. If the autocorrelation reduces th e number o f e ffective 
observations to less than 125, th e null hypot hes is wo uld be accepted a t 
the 0.0 1 level o f probability. If the e ffecti ve num be r o f o~se1va ti om; i~ 
126 or grea tf'r. th e null hypoth r!- is would be accept ed. 



TAliLE 2. IND!V!D UAL SUMMAR IES OF MEAN SQUAR ES FOR EXPERIMENTS 5Y7 AND 5~7A. 

Experiment 597 Experiment 597A 
Mean squares M ean squares 

Source of varia tion 

Replica te .......... ... .. _ 
Protein level ..................... . ....................... . 

Linear component.. .................................... . 
Quadratic component 
Rema inder ... . .................... . 

Ant ibiotic... . ............ . 
Protein level x ant ibiotic. 
Experimental error .... 

T otal ............... . 

R eplica te ..... .. .... . 
Pro tein level• ....... ........ . 

Linear compon ent.. .. ......... . 
Q uadratic component.. .. . 
R emainder........ ...... .. 

Antibiotic .. .............................. . 
Protein level x an tibiotic ... . 
Experimen ta l error .. 

Totalt ............... _ ....................... . 

D.F. Da il y Dail y 
ga in feed 

2 0.0016 0.3101 
5 0.8522 2.8067 
I 3.4110 10.2024 
I o. 7005 2.7961 
3 0.0498 0.345 1 
I 0.0001 0.0093 
5 0.0320 0. 1237 

22 0.0304 0.2794 
35 

2 0.0 188 0 .21 22 
4 0. 11 21 0.3863 
I 0.1893 0. 7958 
I 0.2294 0.3060 
2 0.0 149 0.2218 
I 0.0104 0.0832 
4 0.0124 0.0764 

17 0.0 135 0. 1729 
28 

Fccd./ lb. D.F. D ai ly Dail y Feed/ lb. 
ga in gain feed ga in 

Initial weight to 7~ pounds 
0.1056 2 0.0603 0.4848 0. 1896 
6.5 172 5 0.7934 1.3989 1.8664 

20. 1655 I 3.5733 5.1637 8.4689 
8.9280 I 0.2476 1.37 14 0.6209 
1.1 642 3 0.0488 0.153 1 0.0808 
0.5 160 I 0.0004 0.0051 0.0004 
0.6345 5 0.0422 0.4086 0.0241 
0.55 16 22 0.02 12 0. 1288 0.0524 

35 
Initial weight to 200 pounds 

0.0548 2 0. 1526 1.92 10 0.0054 
0.1453 5 0.4445 2.8237 0.2494 
0. 1288 I 1.5616 10. 1308 0.6380 
0.4488 1 0.6167 3.7891 0.3236 
0.0018 3 0.0 148 0.0663 0.095 1 
0. 1307 I 0.0148 0.6861 0.0910 
0.0 11 9 5 0.0342 0.3692 0.0277 
0.0248 22 0.0 152 0. 1632 0.0314 

35 

~Th ere were no data for the 8-pcrcenl protein ra tions aflcr the pigs attained 75 lbs. weight in Experime nt 597. 
1Va lu rs for one pig estima ted in Experiment 597 . 

TABLE 3. COMBI NED SUMMARIES OF MEAN SQUARES FOR EXPERIMENTS 597 AND 597A. 

Mea n square!i !vlean sq uares 
Source of variat ion D .F. Dai ly Dail y Feed/ lb . D.F. Daily Daily Feed/ lb. 

ga in feed ga m gai n feed gain 

Initial weight to 75 pounds In itial weig ht to 200 pounds 
Replicate ....................... . 
Pr·otcin level* ............... _ 

5 0.096 1 0.3860 0.7273 5 0.074:J 1.0672 0.0765 
5 1.5 776 3.8398 7. 1813 4 0.2837 1.1 735 0.2508 

Li near component.. ....... . 
Quadratic component ... . 
Rema inder ... ....... ......... ..... . 

I 6.9834 14.94 13 27 .3855 I 0.5240 2.8060 0.2585 
I 0.8905 4.0419 7. 1289 I 0 .5612 1.8042 0.6254 
3 0.0047 0.07 19 0. 4641 2 0.0248 0.0419 0.0596 

Antib iotic .... .... ..... ....................... . I 0.0055 0.0003 0.2726 I 0.0029 0.1949 0. 1344 
Protein level x a,ntibiotic ... .... . 5 0.04D2 0.2498 0.3848 4 0.0262 0.2152 0.0034 
Experimental error ..... ... . 55 0.0298 0.2225 0.3802 44 0.0143 0.1640 0.0304 

Totalt ............................. ····· ················- 71 58 

~ here were no data for the 8-pcrccnt p1·otein rat ions a fte r th e pigs a tt a ined 75 pounds weight. 
tValues for one pig estimated for the initial-to -200-pound pe riod. 

rela tively large amoun ts of protein for tissue building. 
As pigs mature and approach heavier weigh ts, the nu­
trient requirement for growth declines, and more of the 
nutrients are requ ired for the production of finish. 
Therefore, as the fi nishing process becomes more and 
more p rominent relative to the growth process, the re­
quirement for carbohydrate feeds becomes greater rela­
tive to the requirement for protein feeds. The shift in 
the nutrient requirements of the hog from weaning to 
maturity implies a decline in the rate a t which soybean 
oi lmeal substitutes for corn . 

The fo regoing considerations provide a basis for 
specifying general characteristics of the production sur­
face and the type of mathematical equation needed in 
predictions: The production function shou ld a llow 
changing elasticities of production as hog weight in­
creases. T he elasticity of production for corn should 
increase with increasing hog weight, while the elasticity 
for soybean oilmeal should decrease. Corn should be 
a llowed to become a limiting factor of production. 

OVER-ALL FUNCTIONS 

Three types of equations examined as alternatives 
for expressing the over-a ll relationship between hog gains 
and the input of corn and soybean oil meal are: ( 1) a 
quadratic, (2) a modified form of the quadratic- quad­
ratic root function- and (3 ) a power function. The 
quadratic equation is considered because it a llows chang­
ing elasticities of production. Th e modified quadra tic , 

with the squared terms replaced with root terms, results 
in a slow decline in marginal productivity of feed as 
feed inputs reach higher levels. The power or Cobb- ' 
Douglas function expresses both feeds as limitational, 
but assumes constant elasticities of production and linear 
isoclines through the origin. In the functions which 
fo ll ow, C refers to pounds of com , P refers to pounds 
of soybean oilmeal and Y refers to pounds of gain, a ll 
measured beyond weaning. 

(1) Quadratic : Y = - l.7536 + 0.2988C + 
0.9828P - 0.00003012C 2 

- 0.003880P 2 
- 0.0001684CP 

(2) Square root: Y = - 17.4939 + 0.2472C + 
0.03568P + 1.4249 yC 
+ 6.6133 \/P- o.08138 
yC yP 

(3) Cobb-Douglas: y = 0.5493Co.s•2s po.1Go• 

The quadratic function explains 98. 3 percent of the 
variance in hog gains ( table 4 ) , the square root function 
explains 98.1 percent, while the power function explains 
only 94.2 percent of gain variance. Using the minimum 
number of degrees of freedom, the linear and squared 
terms of equation 1 are significant at the 0.01 and 0.05 
probability levels. The cross-product term is acceptable 
at a probability level between 0.10 and 0.15. The linear 
term for P in equation 2 is significan t only at a prob­
abili ty level greater than 0.30. Roth terms for the Cobb-

34.1 



TABLE 4. CORRELATION COEFFICIENTS, STANDARD ERRORS AND " t" VALUES FOR OVER-ALL FU ' CTIONS. 
STANDARD ERRORS A ' D " t" VALUES IN ORDER G IVEN IN EQUATIONS. 

Standard errors Value of t 

Equation n 

I ... 521 
? ............ ·······521 
3 .. ................. 52 1 

* P < O.QJ 
t 0.05 > p > 0.01 
I 0. 15 > p > 0. 10 
I P > 0.30 

R' 

0.983 
0.98 1 
0.942 

Sbl Sb :! Sba 

0.009 1 0.0348 0.00001 
0.0146 0.0353 0.3760 
0.02 13 0.0072 

Sh4 Sb5 lln l b:: lh:i l b-1 lbs 

0.00026 0.000 11 32.89' • 28 .25' 3.00' 15.06' 1.55 ; 
0.5 107 0.0339 16.89' I.OJI 3.79' 12.95' 2.401 

68.78' 22.41 ' 

TABLE 5. CORRELATION COEFFICIENT S, STANDARD ERRORS OF REGRESSION COEFFICIENTS AND '· t" 
VALUES FOR INDIV ID UAL RATION FUNCTIONS. 

Equa tion 

y a + 
8-percent ration --------------· ······························-···················----·-· .. 0.965 

IO-perce nt rat ion ------ ---················ ···· ·········-···-·············· ..... 0.983 
12-pcrccnt ration .. . .................................................. .. 0 .992 
14-percent ration ..... . .............................................. 0.991 
16-perccnt rat ion ·········································- ...... 0 .976 
18-perce nt ration .... . ................................... ....... ____ ........ 0.983 

y a + 
8-pcrccnt ra ti on ............. ........... ..................... .............. ............... 0.965 

I 0-pcrccn t ra ti on .... . ........... ..... ....... ..................................... . 0.98? 
12-pcrccnt ration ..... ································ ········ ···-·······0 .992 
14-percent ration ..... . ................................................ ....... 0.991 
16-percent ration . . .... .. ........................... ................... ..... 0.975 
18-perccnt rat ion .......... .... ...... .................................. - ... 0.987 

y 
8-pc1 cent ratio n ......................... ...................... ................. ... .... 0.932 

JO- percent ra tion . . .................. ......................................... ....... 0.978 
12-percen t ration ..... ··································· ··················-···· ··········o.947 
14-pcrcent ration ......... ·················......................... ········o.987 
16-percent ra ti on ..... ································ ················· ···········o.939 
18-pcrccnt ration ............................................................. .. ........... 0.97 1 

Douglas function, equation 3, are significant at an 0.01 
probability level. 

The sum of the elasticities for corn and soybean 
oilmeal in the power function is equal to 1.003, indicat­
ing slight ly increasing returns to proportional increases 
in the input of the two feeds. This relationship appears 
unlikely in pork production, and, for the pasture data, 
the function appears to overestimate gains for higher 
levels of feed inputs. (This characteristic holds true only 
for the particu lar observations of this study and is not 
a characteristic of the same function fitted to oth er 
data.) The quadratic and the quadratic root functions 
express decreasing returns to proportional increases in 
both feeds. 

COMPARI SONS BETWEEN OVER-ALL FUNCTIONS 

R elationships among predictions from the three 
functions are shown in fig. 1 for a 12-percent protein 
ration. Similar estimates are obta ined from a ll three 
functions up to a feed input of about 250 pounds. Be­
yond 250 pounds of feed, the curve estimated by the 
Cobb-Douglas function rises above the curves estimated 
by the other functions. The quadratic and quadratic 
root functions give very similar res ults throughout the 
entire range of the curves. Below feed inputs of 350 
pounds, the curve for the quadratic root function lies 
below the curve for the quad ra tic root function. Beyond 
feed inputs of 350 pounds, the positions of the two 
curves are reversed. 

The relationships between the three functions at 
other protein levels are similar. At lower protein levels, 
the curves from the two quadratic-type functions are 
more nearly linear and correspond more closely to the 
estimates obta ined from the Cobb-Doucrl<1s function. At 
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Standard erro rs t values 

Shi SM t in llJ2 

b,C + b,C' 
0.0288 0.000048 10 .06 0. 16 
0.0187 0.00003 1 17.94 J. 30 
0.0136 0.000025 31.95 5.60 
0.0 160 0.000032 31.27 7.43 
0.0997 0.0002 10 5.72 1.87 
0.0232 0.000052 25.28 8.08 

b,C + b, \/C 
0.0412 1.2257 7. 77 0.64 
0.0268 0.8159 10.35 1.26 
0.0199 0.569 1 13.04 5.06 
0.0242 0.6614 9.20 6.78 
0.0406 1.1 010 3. 13 6.54 
0.0298 0.7772 3.24 10.47 
a Cb1 
0.0424 27.24 
0.0 165 62 .22 
0.0256 41.63 
0.0122 79.58 
0.0252 37. 73 
0.0 154 56. 19 

higher protein levels, the curves for the quadratic type 
functions have greater curvature and fall away from 
the Cobb-Douglas curve more rapidly. The quadratic 
functions produce curves that are most consistent with 
the scatter diagrams at a ll protein levels. 

I NDIVlDUAL RATION FUNCTIONS ( TABLE 5) 

Since the over-a ll functions have been fitted to a ll 
observations on the production surface, they might re­
sult in "abnormal" predictions for individual rations. 
Single-variable functions express the resu lt of a single 
ration without encoun tering some of the " joint relation­
ships" inherent in the over-a ll functions, and are, there­
fore, compa red with the over-a ll functions. These com-
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parisons show tha t "spurious" predictions do not arise 
from the over-a ll functions. In these graphic compar­
isons, corn alone is the independent variable. In any 
one ration, the ratio of corn to soybean oilmeal is fixed ; 
an increase in corn consumption must be accompanied 
by a constant proportion of soybean oilmeal. There is 
no necessity for m easurem ents to include both feeds in 
the individual ration function. 

The individual ration functions, paralleling the 
three over-all functions, with gain as the dependent 
variable and corn as the independent variable, are as 
fo llows: 

Quadratic functions : 
( 4 ) 8-percent protein ration, 

Y = - 5.102 + O.29OC + O.OOOOO9C 2 

( 5 ) 10-percent protein ra tion, 
Y = - 1.200 + O.335C 

(6) 

(7 ) 

(8) 

(9 ) 

12-percent protein ration, 
Y = - 3.062 + O.433C 

14-percent protein ration, 
Y = - 1.982 + O.5OOC 

16-percent protein ration, 
Y = - 1.664 + O.57OC 

18-percent protein ration, 
Y = 1.260 + O.586C 

Square root functions: 
( 10) 8-percent protein ration, 

Y = - 0.189 + O.32OC 
( l l ) 10-percent protein ra tion, 

O.OOOO4C 2 

o.OOO1c2 

o.OOO2c 2 

O.OOO4C2 

O.OOO4C2 

O. 784yC 

Y = - 5.854 + O.278C + 1.O28\/C 
(12 ) 12-percent protein ration, 

Y = - 14.831 + O.26OC + 
(13 ) 14-percent protein ration, 

Y = - 20.064 + O.223C + 
( 14 ) 16-percent protein ration, 

Y = - 31.031 + O.127C + 
( 15 ) 18-percent protein ration, 

Y = - 32.685 + O.O96C + 
Cobb-Douglas functions : 

( 16) 8-percent protein ration, 
Y = o.111c1 .1s6 

( 17 ) 10-percent protein ration. 
Y = O.272C1. 026 

( 18) 12-percent protein ration, 
Y = O.258C '- 067 

(19 ) 14-percent protein ration, 
Y = O.5O5C0·96 7 

( 20 ) 16-percent protein ration, 
Y = O.598C0•9 • 

(21 ) 18-percent protein ration, 
y = 1.OOOC0·865 

2.88O\/C 

4.484\/C 

7.2oovc 

8.137\/C 

For a ll three equations, estimates for the 8-percent 
ration show an increasing m arginal productivity of feed. 
The quadratic and square root fun ctions show a decreas­
ing m arginal productivity for rations with 10 percent 
or more of protein. The Cobb-Douglas function shows 
increasing marginal productivity through the 12-percent 
protein ration .6 Increasing margina l feed productivity 
for low protein rations may be an effect of pasture. 

6Qnl y equation 17 or the sing le ration power functions has an e lastici ty 
wh ich does not differ sig nifica ntl y from on e (P> 0.05 ) . 

Young pigs consume very little forage, but, as they 
mature, they consume increasingly greater amounts. 
H ence, with the low pa latability of a low-protein ra tion, 
small pigs may obtain insufficient amounts of protein 
from forage. As they grow, however, forage intake and, 
hence, gain per pound of concentrates may increase 
sharply, even for low-protein rations. Forage then be­
comes a substitute source of protein for hogs obtaining 
a small proportion of soybean oilmeal in the concentrate 
ration. However, this substitution is possible m ainly as 
the hog grows. The tendency to substitute forage protein 
for concentrate protein is less with ra tions high in pro­
tein because of their greater pa la tability and nutritiona l 
·'completeness. " This phenom ena would not have been 
expressed if feed value of forages could have been meas­
ured and used in predictions. 

COMPARISON OF OVER-ALL AND S INGLE - VARIABLE 

ES TIMATES 

After examina tion of the various statistics for the 
three over-all functions, the quadratic equation ( 1) was 
selected as the best estimator for the production surface. 
The Cobb-Douglas over-all function ( 3 ) was elimina ted 
because of the smaller proportion of the gain variance 
explained and the greater a lgebraic restrictions imposed 
by its logarithmic form . Square root over-a ll fun ction 
2 provides estima tes highl y similar to the quadratic fun c­
tion. However, since it expla ins a slightly lower por­
tion of variance in gains and has a relatively greater 
standard error for the P terms, it was rejected in favor 
of the quadratic function.7 H ence, the text comparisons 
which follow compa re estimates of single-line, input­
output curves derived from over-all and single-variable 
equations for the latter functions. 

" Growth curves" for six rations estimated by the 
single-variable and the over-all quadratic functions are 
shown in figs. 2 through 7. Similar curves are obtained 
from the estimates of the two types of quadratic fun c­
tions. At the 8-percent, 10-percent and 12-percent pro­
tein levels, the curve estimated from the over-a ll quad­
ratic function is a lmost identical to the curve estimated 
from the function fitted to each ration separately. The 
curves for the 14-percent, 16-percent and 18-percent 
protein levels are similar up to feed inputs of about 500 
pounds. Beyond this, the curve estimated by the over­
a ll function has slightl y greater slope than the curve 
estimated by the individual ration function for 14-per­
cent and 16-percent protein levels; the reverse is true 
for the 18-percen t protein level. 

I NTERVAL ESTIMATES FROM COBB- DOUGLAS ( TABLE 6) 

Farmers normally change rations on ly two or three 
times over the growing-fattening period . Since the 
isoclines for the Cobb-Douglas function a re linear, pass­
ing through the origin, they provide estimates of such 
"average rations." H ence, if the margina l rate of sub­
stitution for any isoquant is equated to the price ratio 

iWhile the regression coe ffi c ient for the cross-product term was sig nifican t 
at a probability level greater than 0. 10 but less than 0. 15 , it has been 
re tained in over-a ll quadratic fun c tion l since it adds som e p recision 
to estima tes . 
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TA 8Llo 6. CORRELAT ION COEFFICIENTS , STANDARD ERRORS AN D .. t " VALUES FOR INTERVAL COBB-DOUG LAS FUNCTIONS . 

Equation 

Wea ning to 75 lb. livewcight ........... . 
75 lb . to 150 lb . liveweight ....... .... . 

150 lb. to 200 lb. li vewcight ............ . 

•signifi can t at 20-pcrccn t leve l. 
tSignifi ca nt at 1-percc nt ]evcl. 

R' 

0.824 
0.887 
0.734 

of the two feeds, it indicates the ra tion which, on the 
average, is the least-cost one for the particular gain in­
terval. A quadratic function also provides linear iso­
clines. However, since they do not pass through the 
origin, a single "average ration for a weight interx:al" 
cannot be specified for marginal ra tes of substitution 
predicted from individual gain isoquants. Instead, each 
gain isoquant within a gain interval would specify a dif­
ferent ration. 

If the ration specified for one gain isoquant is used 
for a ll other unit gains, the ration so selected need not 
be the least-cost feed combination for the entire gain in­
terval. For this reason, a Cobb-Douglas function pro­
vides useful estimates for the purposes at hand, if it can 
be accepted statistically. Since it appeared less satisfac­
tory than other functions for the over-all surface, an at­
tempt was made to predict three in terval functions ; and 
hence, to eliminate "overestimates" of gain at high feed 
inputs. Another reason for this attempt was to provide 
"average rations" for three gain intervals and to con­
form with the normal practice of changing rations two 
or three times during the growing-fattening period. 

In fitting these interva l Cobb-Douglas functions, the 
observations have been divided into the following live­
weight groups ; ( 1) weaning to 7 5 pounds, ( 2) 7 5 
pounds to 150 pounds and (3 ) 150 pounds to 200 
pounds. A separate- function was fitted to each interval 
over the observations from a ll rations. The estimated 
relations are : 

(22 ) Weaning to 75 pounds: 
y = 0.3350Co.oosr p o.270• 

(23 ) 75 pounds to 150 pounds: 
y = 0.6543Co.so7 2 p o.Hos 

( 24 ) 150 pounds to 200 pounds: 
y = 0.3 127Co.os15 p o .0 210 

The elasticity of production for soybean oilmeal de­
clines, from low weights to higher weights, as expected. 
However, the elasticity of production for corn falls and 
then rises, instead of consistently rising from low weights 
to high weights as expected. The sum of the elasticities 
of production for the two feeds a re 1.1791 for the 
first interval, 0.9480 for the second and 1.0145 for the 
third. This relationship- increasing feed productivity 
followed by decreasing feed productivity and then in­
creasing feed productivity- is inconsistent with known 
biological conditions. 

While the in terva l Cobb-Douglas approach gave 
satisfactory results in estimating "average rations" to 
be fed over a gain interval in the earlier drylot study,8 
it does not appear to be appropria te for the pasture data. 
The quadratic over-a ll function again appears to be 

8H cady, E . 0. , Woodworth , R ., ct al. , op. cit. 

Standard errors t va lues 

Sbl SM lb, lb:: 

0.0359 0.0196 25.28 13.771 
0.0236 . 0.0125 34. 19 11. 281 
0.0553 0.021 I 17.85 1. 28' 

the best choice among the various alternative functions 
examined, a lthough modifications must be made in it 
use for determining ra tions to be used as "averages over 
gain intervals. " 

PRODUCTION SURF ACE ESTIMATES 

The pork production surface for corn and soybean 
oilmeal, based on equation 1 is shown in fig. 8. Con­
sumption of corn and soybean oilmeal is measured by 
the vertical distance of the surface. The gains in hog 
weight, between weaning and market weight, follow 
a path over the face of the surfaces. The location of the 
path upon the surface is determined by the ration fed . 

A ration consists of a fi xed combination of corn and 
soybean oilmeal and represents a vertical slice of the 
surface through the origin. The ration is represented 
by a straigh t line drawn in the horizontal or feed plane 
of the surface passing through the origin of the graph. 
The growth curve for a particular ration is the vertical 
distance between the ra tion line and the face of the 
surface. The growth curve and the ration line for the 18-
percent protein ration are shown in fig. 8.9 The 18-per­
cent ration growth curve traces the path of the hog 
gains over the surface throughout the production period . 
Each point a long the ration line in the feed plane meas­
ures the total consumption of the two feeds from wean­
ing. Each point on the growth curve measures the total 
gain in weight associated with the feed quantity. The 
slope of the ration growth curve represents the ma rgina l 
productivity of feed for the pa rticular quantity and 
combination of feeds represented. ' 

11 All portions of the surface outsid e the limi ts of 8- and JS-percent ra tion~ 
are beyond the limits of observations in this study. Hence th e a ppropriate 
s.urface is actually a " wedge" bounded by the 8- and i8-percen t ratio n 
Imes. 

8% PRQT[I N 

\ALL CORN l 
R.C.. !')f'o LIN[ 

18 ,-o PROTEI N GROWTH CuRVE ~ 

ALL CORN GROWTH CURVE / 

~,, a 
, 1601.!) 

0 

- 18 "1'. PROT EIN A4 TIQN U NE 

Fig. 8 . Production surface for hogs on pastu re, based on eq uat ion 1. 
(Contours on surface are ga in isoquan ts.) 
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TABLE 7. TOTA L GAl N BE YOND WEANING AND MAHG INAL PROD UCT!VlT IES O F A PO UN D OF RATIO N FO H VARIO US PROTEI N 
RATIONS. 

Po unds o f Tota l ga in beyond weani ng i\1arginal produc ti vity o f feed* 
feed con -

the ration Perce nt protein in th e ratio n sum cd be- Perce nt p,·ote in in 
yond wea ning 8 10 12 14 16 18 8 10 12 14 16 18 

50 ..... . -- -·-- ------· 12.54 13.67 15. 76 17 .30 18.93 20.64 0.296 0.334 0.399 0.46 1 0.529 O. ti l I 
0.330 0.390 0.447 0.503 0.568 100 ... 26.70 28.90 32.9 1 35 .72 38.64 4 1.55 0.293 

150 ...... .. :: : 40.72 43.96 49.70 53.54 57.36 60 .96 0.290 0.326 0.382 0.433 0.4i7 0.526 
200 ... ······ ····· · 54 .60 58 .84 66. 13 70.74 75. 10 78 .88 0.287 0.322 0.374 0.4 18 0.452 0.484 
250. ............ 68.34 73 .54 82 .20 87 .32 91 .87 95 .31 0.284 0. 318 0.365 0.405 0.426 0.442 
300 ... . 8 1.95 88 .06 97.90 103.30 107.65 11 0.24 0.282 0.3 14 0.357 0.398 1).400 0.400 
350 .. ····················· 95.41 102.39 I l 'l.25 I 18.65 122 .45 123 .68 0.279 0.311 0.349 0.3 76 0.375 0.358 
400 .. ........... .... 108. 74 11 6.55 128 .24 133.38 136.27 135 .63 0.276 0.309 0.340 0.362 0.349 0.316 
450 .. .. 121.92 130.52 142.86 147.50 149. 11 146.09 0.273 0.303 0.332 0.348 0.323 0.274 
500. ······.·.·.·:·.··· .. 134.97 144. 32 157. 13 161.0 1 160.97 155.06 0.270 0.299 0.324 0.333 0.298 0.232 
550 ..................... 147 .88 157.93 171.03 173.90 171.85 162.53 0.267 0.295 0.316 0.319 0.272 0.1 90 
600 .. ····················· 160.65 171.36 184.57 186. 18 181.75 168.51 0.264 0.29 1 0.307 0.305 0.246 0. 148 
650. ........ 173.29 184.61 197. 76 197.84 190 .67 173.00 0.26 1 0.287 0.299 0.29 1 0.22 1 0. 105 
700 .................. ... 185.78 197.68 210.58 208 .88 198.6 1 I 76.00 0.258 0.283 0.291 0.276 0. 195 0.063 

*Added ga in resulting frn111 an added pound of ration. A ll figures predicted as derivatives o f equation I. 

MARGINAL PRODUCTIVIT Y OF FEEDS IN FIXE D PROPORTIO S 

Predicted total gains beyond weaning and the mar­
ginal productivity of feed at several levels of total feed 
consumption a re shown in table 7 for six rations. Mar­
ginal productivities are calculated on the basis of a pro­
portiona l increase in the consumption of both corn and 
soybean oilmeal. In other words, the marginal p roduc­
tivities how the increase in hog weight from a 1-pound 
increase in the quantity of ration consumed. 

The change in nutrient requirements as the hog ~p­
proaches maturi ty is partly refl ected in the total gains 
for each ration (table 7) . Fifty pounds of an 8-percent 
protein ration produce 12.54 pounds of gain; 50 pounds 
of an 18-percent pro tein ration produce 20.64 pounds 
of gain. The higher p rotein ration supplies more of the 
protein necessary fo r tissue building and growth at lo.w 
weights. H owever, 700 pounds of th~ 8-pe~cen t protein 
ration produce 185. 78 pounds of gam, while the same 
amo un t of 18-percen t protein ration produces on ly 176 
pounds of gain. The high-protein ration does not s~p­
ply a sufficient amount of carbohydrate for production 
of fat at later stages of growth. 10 These differences are 
brought out very clearly by the marginal productivity 
figures . Up to a total feed in take of 250 pounds, mar­
crinal feed productivity is highest with an 18-percent ra­
fion. At the 300-pound feed level, an additiona l pound 
of the 16-percent ra tion has the same marginal produc­
tivity as an 18-percent ration. The marginal producti­
vity of the l 8-percent protein ration declines from 0.611 
a t the 50-pound feed leve l to 0.063 at the 700-pound 
feed level because of the decline in the protein require­
men ts as the hog ma tures. The margina l productivities 
of ra tions lower in protein decline less rapidly and do 
not reach as low a level, although they have lower mar­
gina l productivities at the beginning of the feeding 
peri od than the l 8-percent ration. 

ISO- PRODUCT CONTOUR S 

Fioure 9 a drawing of the contour or pork isoquant 
map iorresponding to the production surface shown in 

10The first 50 pounds of a 12-pC:rcc nt ra tion produce more ga in than t_he 
same amou nt of a n 8-percc nt ration, but less than would be produced wi th 
th e first 50 po unds o f an 18-percent ratio n .. Seven h~indrcd pounds o f 
the 12-pcrccnt protei n rat ion prod uced m ore gai n than ~1ther_ the 8-pcrcc nt 
o r the 18-pcrcent protein ra ti on. The 12-pcrcc nt protcm ration meets the 
re lat ively high pro tei n req uirem ents at ea rly stages o f growth be tter tha n 
th e 8-pcrcc nt ra tion. In terms of to ta l . gai n, ~t docs not do a~ well a~ th e 
18-perccn t ra ti o n .. H owever, a t heavier wc1g_hts, th e rc la t1 vcly hig her 
carbohyd rate rcqwrement of th e mature hog 1s m ore adequately met by 
th e 12-pcrcc nt ration than the 18-pcrcent rat ion. 
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fig. 8 is estimated from quadratic function 1. Contours 
or pork isoquants have been derived for 26, 76 and 141 
pounds of gain beyond weaning. The equation for the 
iso-product contours, equation 25, is obtained by solv­
ing the production function for corn (C ) in terms of 
soybean oilmeal (P) a nd gain (Y ) . Setting Y equal to 
the desired amount of gain and assuming a series of 
values for soybean oilmeal, the associated quantities of 
corn to produce the given amount of gain can then 
be calcu lated. 

(25 ) C = 4960.36 - 2.7961P ± (-16,600.2656 ) 
[ - 0.00000044P 2 + 
0.00001 774P + 0.08907733 - 0.000 12048 Y] ½ 

The quantity of corn and soybean oilmeal req uired 
to produce 26, 76 and 141 pounds of gain beyond wean­
incr a lso has been determined from the single-variable 
eq

0

uations 4 through 9 for each of the six ra tions. These 
feed quantities have been p lotted in fig. 9. (In every 
instance the quantities estimated from the individual ra­
tion functions fa ll very close to the contours estimated 
from the over-a ll equation. ) T he close agreement be­
tween the estimates from the individual ration functions 
and the over-a ll function is fmther proof that the over­
all equation provides reliable predictions of the rela­
tionship expressed within the experimental data. 
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The experit'nents conducted did not include rations 
beyond the 18-percent protein level. Therefore, the por­
tion of the iso-product contours lying below the 18-per­
cent protein ra tion line is an ex trapola tion beyond the 
range of the data. The present study provides no in­
formation on the shape of the contours in that section 
of the production surface. H owever, with increasing 
levels of protein, the contours should flatten out and 
eventua lly approach a zero slope. 

RATES OF SUBSTITUTION 

The rate at which soybean oilmeal substitutes for 
corn in the hog ration at a given level of output is in­
dicated by the slope at a particular poin t on the iso­
product contour. The substitution rate indicates the 
amount of corn replaced by adding one more pound 
of soybean oilmeal to the ration, with gain constan t at 
a particular magnitude. The iso-product contours in fig. 
9 are curved, and consequently the rate of substitution 
of soybean oilmeal for corn declines as the ration includes 
a greater percentage of protein . 

Marginal rates of substitution of soybean oilmeal 
for corn can be derived from equation 26 which is based 
on equation 25: 

(26 ) dC 

dP 

- 0.982769 + 0.007760P + 0.000168C 

- 0.298812 + 0.000060C + 0.000168P 

Table 8 includes prediction of the pork isoquants and 
the marginal rates of substitution associated with them. 
With a corn/ SBOM ratio of 0.20, a 14-percent pro­
tein ration, 57 .5 pounds of corn and 11.5 pounds of soy­
bean oilmeal are required to produce 26 pounds of gain . 
The rate of substitution on the 26-pound gain contour 
with a 14-percent protein ration is 3.01 (i.e., a pound 
of soybean oilmeal replaces 3.01 pounds of corn at the 
particular point on the 26-pound contour) . For the 
same ration, 169. 7 pounds of corn and 33.94 pounds of 
soybean oilmeal are required to produce a 76-pound 

gain. H owever, the q uantity of corn rep laced by a 1-
pouncl increase in soybean oilmeal drops to 2.44 pounds 
for th is level of gain. For a gain of 141 pounds, 338.9 
pounds of corn and 6 7. 78 pounds of soybean oilmeal 
are required, and J:he rate of substitution drops to 1.50. 
H ence, the substitution rate and relative feed value of 
soybean oilmeal declines as the hog increases in weight. 
While this point has been illustrated for a 14-percent 
ration only, it also holds true for rations containing other 
percentages of protein. 

CHANGES I N SUBSTITUTION RATES FOR A GIVEN GAIN 

Not only do the substitution rates for protein decline 
as the hog attains greater weigh t, but also they decline 
as the proportion of protein increases for growth to a 
given weigh t. For example, substitution rates vary from 
3.25 to 2.88 over the range for which the 26-pound gain 
contour has been predicted. In a ra tion containing 0.02 
pounds of soybean oilmeal per pound of corn, 1 pound 
of soybean oilmeal replaces 3.25 pounds of corn. A 
pound of soybean oilmeal replaces only 2.88 pounds of 
corn a t the same gain level in a ra tion with 0.40 pound 
of soybean oilmeal per pound of co rn . One pound of 
the former replaces only 2.99 pounds of the latter when 
the ratio of soybean oilmeal is 0.22. 

For the 76-pound gain contour, the marginal rate 
of substitution varies from 3. 19 with a soybean oilmeal/ 
corn ra tio of 0.02 to 1.98 with a soybean oilmeal/corn 
ratio of 0.40. The rate of substitution declines much 
more rapidly along the 76-pound gain contour than 
along the 26-pound gain contour because of the greater 
hog weight. The range in magnitude of substitution 
rates is even greater a long the 141-pound gain contour. 
A pound of soybean oilmeal replaces 3.09 pounds of 
corn with a soybean oilmeal/ corn ratio of 0.20, but only 
0.01 pound of corn with a ratio of 0.40. 

Special aspects in the interpretation of the substitu­
tion rates presented in table 8 should be mentioned. The 
feed quantities are the pred icted total amounts of corn 

TABLE 8. CORN AND SOYBEAJ'I OILMEAL QUANTITIES AND SUBSTITUTION RATES ALONG THE 2&-. 7&- AND 141-
POUND GAIN ISOQUANTS (DERIVED FROM EQUATIONS 25 AND 26 ) . 

Propor­
tion of 

SBOM in 
ration• 

0.02 
0.04 
0.06 
0.08 
0. 10 
0.12 
0.14 
0. 16 
0. 18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 

Percent 
proteint 

8.7 
9.4 

10.0 
10.6 
11.2 
11.8 
12.4 
12.9 
13.5 
14.0 
14.5 
14.9 
15.4 
15.8 
16.3 
16.7 
17.1 
17 .5 
17.9 
18.2 

26 pounds or ga in 

Feed required 
Margi nal 

rate of 
Corn SBOM substitu tiont 
(lbs) (lbs) dC/ dP 

88.0 1.76 3.25 
82.9 3.32 3.22 
78.5 4.71 3.18 
74.5 5.96 3. 15 
71.0 7. JO 3. 12 
67.8 8. 13 3. 10 
64.8 9.08 3.07 
62.2 9.95 3.05 
59.7 10.75 3.03 
57.5 11.50 3.01 
55.4 12.1 9 2.99 
53.5 12.83 2.98 
51.7 13.44 2.96 
50.0 14.00 2.95 
48.4 14.53 2.94 
47.0 15.04 2.92 
45.6 15.51 2.9 1 
44.3 15.95 2.90 
43. 1 16.37 2.89 
41.9 16.77 2.88 

76 pounds o f gai n 

Feed requ ired 
Marginal 

rate of 
Corn SBOM substitutiont 
(l bs) ( lbs) dC/ dP 

25 1.1 5.02 3. 19 
237. 1 9.48 :l.07 
225 .0 13.50 2.97 
214.3 I 7. 15 2.87 
204.9 20.49 2. 79 
196.4 23 .57 2. 71 
188 . 7 26 .42 2.64 
181.8 29.09 2.57 
175 .5 31.59 2.50 
169.7 33.94 2.44 
164.3 36. 15 2.38 
159.4 38.25 2.33 
154.8 40.24 2.28 
150.5 42 .14 2.23 
146 .5 43.95 2.18 
142.8 45.69 2.14 
139.3 47.35 2.10 
135.9 48.94 2.05 
132 .8 50.47 2.01 
129.9 51.95 1.98 

141 poun ds o[ gai n 

Feed required 
Corn SBOM 
( lbs) (lbs ) 

472.8 
447.6 
42fi.5 
408.4 
392 .6 
379. I 
367 .1 
356.6 
347.2 
338.9 
33 1.6 
325.0 
319.3 
314.3 
310.0 
306.4 
303.5 
301.3 
299.8 
299 .2 

9.46 
17.90 
25 .59 
32 .67 
39.28 
45.49 
51.40 
57 .05 
62 .50 
67.78 
72 .94 
78.01 
83 .02 
88 .01 
93 .01 
98.05 

103 .1 8 
I 08 .45 
11 3.93 
119.68 

M argi nal 
rate o f 

substituti ont 
dC/ dP 

3.09 
2.86 
2.65 
2.46 
2.28 
2.11 
1. 95 
1.79 
1.64 
1.50 
1. 35 
1. 21 
1.07 
0.93 
0.79 
0.65 
0.50 
0.35 
0.18 
0.01 

*The fi gures show the pounds of soybea n ojJmea l for each poun d o f corn . H ence, th e figure 0 .20 refe rs lo 2 poun d~ of soybea n o il mea l for each 1 
pound o f co rn . 
tBased upon a protei n con lcnt of 45 percent for soybea n oi lmea l an d 8.2 percent for corn. 
tThe nega tive signs have been om itted from the substituti on rates . Th e substi tution ratios are derivat ives from eq uation 26. Th e feed combinations 
for specified gai ns have been derived from equat ion 25. 
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and soybean oilmeal consumed beyond weaning to the 
level of gain represented by respective isoquants. The 
substitution rates are an expression of the rate at which 
soybean oil meal replaces corn at exactly ( or very near ) 
the gain level specified. The substitution rates are not 
averages for all gain levels from weaning up to the speci­
fied gain. In other words, substitution rates a long a 
10-pound gain isoquant wou ld differ from those shown 
in table 8 for a 26-pound gain isoquant . 

The production function, equation 1, predicts the 
gain resu lting from various total amounts of feed con­
sumed beyond wean ing. Hence, each contour, such as 
in fig. 9 and table 8, is derived with reference to the 
origin or weaning weight. The predictions suppose that 
the quantities of corn and soybean oilmeal specified by 
the coordinates of a point on a contour are fed in 
that proportion from weaning to the level of gain repre­
sented by the contour. 

LEAST-COST RATIONS 

The least-cost ration can be defined by equation 27 

where 
ac 
oP refers to the marginal rate of substitution 

of corn for soybean oi lmeal and P1,/P c is the price ratio 
of soybean oilmeal and corn. If the substitution ratio is 
greater than the price ratio, more soybean oilm eal 
should be used, since the value of the corn replaced is 
greater than the value of the soybean oilmeal added. 
If the substitution ratio is less than the price ratio, the 
ration is not lowest in cost. and corn should be substi­
tuted for soybean oilmeal. 

(27 ) 
ac 
oP 

Least cost rations are determined by equating the 

i.lC . 
derivative ( oP , equation 26 ) to the feed price ratio. 

However least-cost rations determined by use of sub­
stitution ' rates estimated from the over-all production 
function must be carefully interpreted . The hogs in 
these experiments were each fed a constant ration 
throughout the entire course of the experiments. The 
production function therefore, expresses, under a con­
stant ration system of feeding, the relationship of total 
weight gain to total consumption. of corn and soybean 
oilmeal from weaning weight. The iso-product con­
tours (fio-. 10) derived from the over-a ll production 
function,"' therefore, show the possible combinations of 
corn and soybean oilmeal to produce various levels of 
gain under a single ration technique of feeding. The 
ration which is determined by equating the substitution 
rate on these contours to the feed price ratio gives the 
total quantity of corn and soybean oilmeal which will 
produce the amount of gain represented by th e respec­
tive contour, and not over-a ll gain contour's, with the 
lowest outlay for the feed under a system of feeding a 
single ration throughout the feeding period. For ex­
ample, point G on the 225-pound contour in fig. 10 is 
the locus, on that contour, where soybean oilmeal sub­
stitutes for corn at the rate of 2.5. Therefore, th e co-
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ordinates of point G are the quantities of corn and soy­
bean oilmeal which will produce 194 pounds of gain 
beyond weaning under a constant ration system of feed­
ing. With a soybean oilmeal price of 2.5 times the price 
of corn, corn and soybean oilmeal would be fed from 
weaning to the 225-pound weight level, in the propor­
tions represented by the line OG. 

A single ration fed throughout the entire feeding 
period is one possible system to follow ; but it is obvious 
from the relationships shown in fig. 10 that this system 
does not resu lt in the lowest possible feed cost. Feed 
costs can be further reduced by adjusting the proportion 
of corn and soybean oilmeal fed at intermediate points 
throughout the feeding period. The line AFG in fig. 
10 is an isocline joining all points on successive contours 
having a slope of 2.5 ( i.e. , a substitution rate of 2.5 ) . 
Comparing line AFG to line OG it is obvious that be­
low 194 pounds, least-cost gains are not attained if the 
same ration is fed throughout the entire feeding period. 
One hundred and nineteen pounds of gain can be pro­
duced at lower cost by feeding corn and soybean oil­
meal in the proportions represented by the feed quantity 
at point F . This ration has a higher proportion of soy­
bean oilmeal than the ration represented by the line 
OG. Similarly, the ration for producing 44 pounds of 
gain has a higher proportion of soybean oilmeal than 
the ration for producing 119 pounds of gain under a 
single ration feeding system . The rate of substitution 
between corn and soybean oilmeal is changing con­
tinuously as the hog gains in weight. Consequently, if 
feed costs are to be minimized, a different ration shou ld 
be fed for each successive pound of gain produced . 

PARTICULAR INTERPRETATION OF I SOCLJN ES 

The isoclines (say ac 2 5) . -p = . 1n 
a 

fig. 10 might 

appear to be interpreted as indicating that the leas t­
cost ration to reach 75 pounds includes the amount 
of protein shown at A, with some of this taken away 



from the pig as he attained 119 and then 225 pounds. 
However, this is not the case. Point A shows only the 
feed combination, fed as a single ration, which would 
be used to attain minimum cost if the pig were to be 
taken only to 75 pounds; point F shows the least-cost 
feed combination if the pig were to be fed to exactly 
150 pounds; point G shows the feed combination for 
lowest cost if the hog were fed a single ra tion and taken 
to exactly 225 pounds. These isoclines do not directly 
show how the com and soybean oilmeal proportion are 
to be adjusted throughout the period from weaning to 
market weight in order to minimize feed cost per each 
successive pound of gain produced. The isoclines refer 
only to a constant ra tion feeding system, to the gain 
level indicated. They are, however, indicative of the 
necessity for feeding a lower p rotein ration for each 
successive pound of gain produced. 

The quadratic function provides isoclines which a re 
linear but do not pass through the origin. 11 Hence, they 
indicate, for each successive gain contour, the ration 
which would produce the particular gain at lowest cost 
if only this ration were fed to the weight level. How­
ever, since the isoclines intersect other contours at points 
representing different rations, this one ration would not 
represent the least-cost method of producing smaller 
gains on the same hog. The least-cost ration for each 
gain level is indicated by the point at which the isocline 
corresponding to a particular price ratio intersects the 
relevant isoquant . It is for this reason that an isocline 

such as oC 2 5 . f" 10 aP = . m 1g. represents a smaller pro-

portion of protein for hogs of heavier weights . 
Generally isoclines have a positive slope. In fig. 10 

they appear to be vertical, or to have a slight negative 
slope. This phenomenon arises mainly because of the 
nature of the experiment and measurements. The quan­
tities measured in the feed plane are com and soybean 
oilmeal. The third feed, forage, is not measured . If the 
protein in forage were added to that in soybean oilmeal, 
the isoclines would have a positive slope. Small pigs 
eat very little forage because their digestive organs can­
not handle it. However, as hogs progress in weight, they 
can and do consume much more forage rela tive to con­
centrates. Thus for a 225-pound hog, the feed equivalent 
of soybean oilmeal in forage would, if added to the soy­
bean oilmeal measured in the study, fall at a point to 
the right of G in fig. 10. 

In a study designed to relate the gain surface phys­
ically with feed input, forage should be measured and 
introduced into the production function. The current 
study did not, however, have this objective. It was de­
signed to allow specification of least-cost rations under 
conditions representing the environment in which most 
farm ers make their decisions. M ost fa rmers tum their 
pigs on pasture as a disease control precaution, as well 
as to obtain some feed advantage. Yet hog pasture usu-

11Th c equatio n o f isocl ines is as follows where - K is a stated substi tut io n 

rate or price ra~c: -0.9828 + 0.007760P + 0.0001684C 
------ ------ = -K 

clP ---0 .2988 + 0.0006024C + 0.000 1684P 

The eq uation of k291~8K ~co_do7760P -0.0001684PK -0.9828 
C = ------------- --

G.0006024K -0.000168~ 

a lly includes an abundance of forage, and no a ttempt 
is made to fu ll y utilize it in matching costs of forage 
against concentrate feeds. The farmer is concerned, 
given an ample supply of forage and the quantity that 
is consumed when elifferent concen trate rations are fed, 
with balancing corn and protein supplement feeds in a 
manner to minimize concentrate costs. In a subsequent 
study, it is anticipated that an experimental design will 
be included to a llow physical measurement of produc­
tion relationships for a ll three feeds . 

INTE RVAL RATIONS 

A fixed ratio of corn and soybean oilmeal fed over 
an interval of gains does not result in the lowest possible 
feed costs for the entire gain interval because substitu­
tion rates change continuously as the hog increases in 
weight. Therefore, if feed costs are to be minimized 
the proportions in which the corn and soybean oilmeal 
are fed should be changed for each unit of gain pro­
duced (i. e., should follow an isocline) . In practice, it is 
impossible to make such extremely small changes in the 
ration. To adjust the ration for gains even as small as 
a pound, the hogs would have to be fed individually 
and the rations changed daily. Farmers are concerned 
with the least-cost ration for rather wide intervals of 
gain. From a practical standpoint, they may consider 
changing the ration only two or three times in the 
course of the entire feeding period from weaning to 
market weight. 

H ence, in providing practical figures for farmer 
recommendations, the production surface has been di­
vided into three weight interva ls. The three weight in­
tervals are: Weaning to 75 pounds liveweight, 75 to 
150 pounds liveweight and 150 to 225 pounds liveweight 
( i. e., the total weight contours shown in fig. 10) . For a 
given ratio of the feed prices, a constant ration is selected 
for each interval. T he ration selected should produce 
the gain at a lower feed cost than any other constant 
ration feel over the same interval. 1 2 

The least-cost ration for each interval is given in 
table 9 for a series of soybean oilmealjcorn price ratios. 
These rations were approximated from the over-all quad­
ratic production function in this manner: A series of 
ration lines was projected through the surface from 
weaning to a liveweight of 225 pounds. The total feed 
requirements beyond weaning then were computed for 
producing a 75-, 150- and 225-pound hog a long each 
of the ration lines. In other words, the various quanti­
ties of corn and soybean oilmeal which can be used for 
producing 44, 119 and 194 pounds of gain beyond wean­
ing were determined. The difference for a particu lar 
ration, in respect to protein percentage, between the total 
feed requirements at the beginning and the end of each 
weight interval was used as the feed requirements for the 
particu lar interval. The least-cost ration for the interval 
is then determined by summing the value of corn and 
soybean oilmeal for the numerous rations. While the 
p rocedure is an approxima tion (in contrast to the equa­
tion of the derivative of the isoquant eq uation with the 
price ratio ) , it gives estimates of the least-cost ration, 

l::!Grcater refinement in the leas t-cost feedi ng system can be achieved by 
dividing the surface in to a greater number o f weight interva ls. The ratio.n 
then can be alte red more frequently over the tota l production period. 
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TABLE 9. LEAST-COST RATIONS ON ALFALFA PASTURE FOR VARIO US SOYBEAN OILMEAL/ CORN PRICE RATIOS. 

\ 1/eaning to 75 pounds 75 to 150 po:mds 150 to 225 pou nds 

Soybea n D ays to Days to D ays to 
oi lmeal~ 

Feed required 
feed feed feed 

corn price Percent over Feed required Percent 
in1:~tal 

Feed 1·eq uired Percent over 
ratio Corn StlOM protein inte rva l Corn 

I.I 174 
1.2 175 
1.3 177 
1.4 178 
1.5 181 
1.6 182 
1.7 186 
1.8 190 
1.9 196 
2.0 204 
2. 1 209 
2.2 213 
2. 3 216 
2.4 218 
2.5 221 
2.6 223 
2. 7 85 24 15.8 33 230 
2.8 93 20 14 .5 36 234 
2 .9 104 17 12 .9 40 236 
3.0 11 8 12 11.2 46 242 
3.1 130 8 10.0 52 242 

accurate within a few tenths of a percent in protein and 
sufficiently accurate for practical uses. 

INDICATIO N OF RATIONS 

In table 9, least-cost rations can be determined as 
follows: With a price of 4.05 cents per pound for soy­
bean oilmeal and 1.5 cents per pound for corn, the price 
ratio is 2.7. At this price ra tio, the least-cost ration over 
the weaning to the 75-pound interval is 15.8 percent 
protein . The ration will include 85 pounds of corn and 
24 pounds of soybean oilmeal for this amount of gain, 
plus the 2.5 pounds of the minerals indicated in table 1 
for each 100 pounds of feed . For gains in the 75-150 
pound interval for a price of $1.12 per bushel for corn 
and $4 per hundredweight for soybean oilmeal, a price 
ratio of 2 on a per-pound basis, the least-cost ration 
includes 204 pounds of corn and 23 pounds of soybean 
oilmeal, plus 2.5 pounds of minerals per 100 pounds of 
feed. With 11. 7 percent protein, growth over this gain 
interval req uires 43 days. 

The procedure described above for finding the least­
cost ration can be contrasted to other concepts of feeding 
in fig. 10. With a price ratio of 2.5, the rations for each 
of the three weight intervals would be represen ted by 
line OABCDE. From weaning to 75 pounds liveweight, 
com and soybean oilmeal would be fed in the proportion 
represen ted by the line OA. At the 75-pouncl con tour 
a shift is made along the contour to point B. From 75 
to 150 pounds, corn and soybean oilmeal would be fed 
in the proportion represented by line BC. The ration 
is shifted again at the 150-pound contour to the propor­
tions represented by line DE for the interval from 150 
to 225 pounds liveweight. The line OABCDE might be 
called the "practical expansion path" of ra tions for a 
price ratio of 2.5. It represents a compromise between 
feed ing of a different ration for each pound of gain 
(line AG) and feeding the same ration over the en tire 
feeding period (line OG) . The first alternative is im­
practical while the second does not minimize feed costs. 

It can oe seen by comparing the line OG with line 
OABCDE that the constant ration over the entire pro­
duction period results in underfeeding of soybean oil­
m eal throughout the first and second weight intervals 
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SBOM protei n Corn SBOM pro tei n interva l 

42 14.9 43 232 23 I 1.2 32 
41 14. 7 43 235 22 11.0 32 
39 14.5 43 236 20 10.8 32 
38 14.3 43 238 19 10.6 32 
37 14. 1 43 239 18 10.5 32 
36 13.9 43 24 1 16 10.2 33 
34 13.4 43 243 15 10. 1 33 
30 12.9 43 245 14 9.9 33 
27 12.4 43 248 13 9.8 33 
23 11.7 43 249 12 9.6 34 
20 11.0 44 249 12 9.6 34 
19 10.9 44 249 12 9.6 34 
17 10.6 44 251 II 9.5 34 
16 10.5 H 25 I I I 9.5 34 
15 10.3 45 254 IO 9.4 34 
14 IO. I 46 254 IO 9.4 34 
12 9. 7 47 25h 9 9.2 34 
IO 9.5 47 256 9 9.2 34 
9 9.3 48 256 9 9.2 34 
8 9. l 49 259 8 9.1 34 
8 9.1 49 259 8 9. 1 34 

and overfeeding of soybean oilmeal throughout the third 
weight interval. Cost of feed is not minimized in any of 
the three weight intervals by feed ing the constant ra tion. 
The same condition may hold true for OABCDE within 
each weight interval. Soybean oilmeal may be underfed 
through the first portion of the weight interval and 
overfed through the last portion. Consequently, feed 
costs can be further reduced by lessening the magnitude 
of the weight interval, but still feeding a constant ration 
over each of the smaller intervals. Again, h owever, it 
is believed that determination of "average least-cost" 
rations for the three intervals is sufficient for practical 
purposes. 

LEAST- COST GRAPH 

F igure 11 , based on the rations in table 9, provides 
a graph for calcula tion of least-cost rations under differ­
en t prices for corn and soybean oilmeal. The series of 
iso-price ratio lines in fig. 11 show a ll combinations of 
corn and soybean oilmeal pr ices giving the sam e price 
ratio. R ather than to consider an infinite series of price 
ratio lines with minute changes in the proportions of 
corn and soybean oilmeal in the ration , only eight lines 
have been drawn. This procedure amoun ts to assuming 
that the gain isoquant is made up of a series of linear 
segments ( rather than of continuous points on a smooth 
curve ) .1 3 

The least-cost ration for a given set of prices for corn 
and soybean oilmeal is found by reading up the corn 
axis of fig. 11 to the given price of corn, and then read­
ing across in a horizontal direction until a point is 
reached directly above the given p rice of soybean oil­
meal. The area of the graph in which the point lies 
determines which of the rations in table 10 is the least­
cost ration to be feel for the gain intervals of 75-150 
pounds and 150-225 pounds for growing-fattening hogs 
on alfalfa pasture. For ·example, if the price of corn is 
$1.40 per bushel and the price of soybean oilmeal is 
$6.50 per cwt., these prices form the coordinates of point 
X on the graph. Poin t X falls in area G. The least-cost 
ra tion for hogs between 75 and 150 pounds liveweight 
13Th e substitution rate o f soybean o ilm ea1 for corn is consta nt along any 
on e· segm ent· o f a lin ear-segmen t· iso-producl curve . The ratio o f feed 
prices may th en vary be tween th e num eri ca l va lue of th e slo pes o f two 
adjacent segments o f th e iso-product contour w ithout affecting the least­
cost combin ation of the feeds. 
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is given opposite line Gin section I of table 10. For hogs 
between 150 and 225 pounds liveweight, the least-cost 
ration is given opposite line G in section II. The rations 
in table 10 are in terms of feed requirements per hun­
dred pounds of gaii,; ra ther than in terms of the quan­
tity of feed required for a single hog to produce the 
amount of gain for each weight interval. This measure 
is used since it conforms with customs in anima l science 
for quoting feed requirements. 

RATE OF GAI 

The proportion of protein in the ration affects the 
time of m a rketing as well as the rate and the cost of 
gains. Savings in feed costs must be balanced against 
gains or losses from marketing hogs at different times 
of the year. 

To allow prediction of the effect of rations on rate 
of gain, two types of functions a re examined as a lterna­
tives for expressing the relationship between the inputs 
of corn (C ) and soybean oilmea l (P ) and the number 
of clays (T ) required to consume various quantities of 
the two feeds . The two functions a re the quadra tic ( 28 ) 
and the square root ( 29 ) . Each function has been fi t ted 
over the observations from a ll six rations in both experi ­
m ents . 

(28 ) T = 4. 2477 + 0.Hl4C - 0.3673P -
0.0003C2 + 0.0047P2 

- 0.00lOCP 

(29 ) T - 23.0~·21 - 0.0064C + 0.5304P + 
7.9090\/C - 4.0347\/P 
0.2120\/C\/P 

The statistics for the two functions a re presented in 
table 11. Equation 29, the quadratic root, exp lains only 
a slightly greater proportion of the variation in the de-

TABLE 10. LEAST-COST RATJONS FOR PASTURE FED HO GS IN TERMS OF FE ED PER 100 POUNDS OF G AIN. 

L 75 to 150 pounds 
A 
B 
C 
D 
E 
F 
G 
H 
I 

IL 150 to 225 pounds 
A 
B 

Corn 

232 
237 
243 
261 
279 
29 1 
297 
315 
323 

309 
··········· ··········· 317 

······· ·· ············· ··························· 32 1 C 
D 
E 
F 
G 
H 

···················· ························ .... .................. . ·················· 33 1 
······················ ················· ·· ··········-··········· ···················· ······· 332 

························· 335 
··········································· ······································· ·· ····· 339 

····· ·· ················ ................ .................. 341 
I ...................... ···················· 345 

SBOM 

56 
51 
48 
36 
27 
21 
19 
12 
II 

31 
25 
21 
I 7 
16 
15 
13 
12 
II 

Percen t 
prote in 

14.9 
14 .3 
13.9 
12.4 
11 .0 
10.5 
IO. I 
9.3 
9. 1 

11 .2 
10.6 
10.2 
9.8 
9.6 
9.5 
9.4 
0 .2 
9.0 

Ave rage 
da i_l y 
g a m 

1.74 
1.7.'i 
1. 76 
1.75 
I.i i 
1.68 
1.64 
1.54 
1.52 

2.33 
2.33 
2.31 
2.29 
2.2 7 
2.25 
2.23 
2.20 
2. 18 

Number 
of 

days 

43 
43 
43 
43 
44 
44 
46 
48 
49 

32 
32 
33 
33 
34 
34 
34 
34 
34 

TABLE II. CORRELATJON COEFFICIENTS, STANDARD ERRORS ANO ' · t " VAL U ES FOR TIME F UNCTIONS IN ORDER OF 
REGRESSION COEFFICIE ' TS JN EQ UATIOJ\S 28 AN D 29. 

Standard errors t va lues• 

Equation R 2 R Sbl Sb:! Sb3 Sb4 Sb5 th1 tb2 tb3 to. tb5 

(28) ........ 0.912 0.955 0.0141 0.0539 0 .000027 0.00040 ) .00018 31.35 6.8 1 12.04 11 .83 5 .60 
(29 ) ··--······· 0.918 0.958 0.0021 0.0503 0.5358 0. 7283 0.0483 3.05 10.55 14.76 5.54 4 .39 

*All t va lU<~s exceed a probabi lity level of 0 .05 or less. 
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pendent variable, (T ) , than does equa tion 28. Equation 
28 gives a relation showing time as a maximum at a 
level of feed consumption within the range of exp eri­
mental observations. For total time to reach a maximum 
would mean that the hog would have to " d ie off" and 
cease feed intake, an unrealistic situation . It appears 
more logical that the slope of the total time function 
should fa ll off rap id ly a t low total feed input and ap­
proach linearity as total feed consumption reaches a 
high level and th e hog approaches maturity. A m ature 
hog has nearly a constant daily feed intake. Conceiv­
ably, the hog could live severa l yea rs, with tota l time 
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continuing to increase with age and continued feed con­
sumption. 

Equation 29, the square root function, more nearl y 
a llows the latter conditions. The relations obtained from 
the two types of eqµa tions a re p lotted in figs. 12 through 
17 for the six ra tions included in the experiments. In 
terms of comparisons, equation 29 has been used as the 
basis for estimating rate of gain. 

Estimates of the tota l time req uired to consume 
various quantities of feed for six different rations are 
shown in table 12. At low levels of feed input, the least 
time required to consume a given quantity of feed is ob-
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TABLE 12. TOTAL TIME REQUIR ED TO CONSUM E A GI VEN AMO UNT OF FEED IN RATIONS OF VARIO US PROTEIN LEVELS . 

Lbs. o( Iced 

50 
100 
150 
200 
250 
300 
350 

- 400 
450 
500 
550 
600 
650 
700 
750 
800 
850 
900 

8% 

31.5 
53 .9 
71.0 
85 .4 
98 .0 

109.4 
11 9.9 
129.6 
138.7 
147.3 
155.4 
163.2 
170 .7 
177.8 
184.7 
19 1.4 
197.8 
204. 0 

tained with the 18-percen t protein ration. As the pigs 
become older and heavier, the advan tage of the extreme­
ly high protein ration becomes increasingly smaller and 
finally gives slower gains than a ration with somewhat 
less protein. 

An eq uation of dail y rates of gain can be expressed 
as in equa tion 30 where D is gain per day, Tis total time 
to consume a given amount of feed, Y is gain forthcom­
ing from the same feed and C and P refer to corn and 
soybean oilmeal consumption per pig. 

(30 ) D = 
Y - 1.75 + 0.2988C + 0.9828P 

T - 23.0421 - 0.00064C + 0.5304P + 
0.00003C2 

- 0.0039P2 
- 0.00017CP 

7.909 y'C - 4.035 y'P - 0.212 y'C y P 

The average daily rate of gain, between SO-pound 
feed increments, of the 18-percent protein ration rises 
up to a total feed input of 250 pounds (table 13) . Be­
tween inputs of 200 and 250 pounds, a maximum av­
erage daily rate of gain of 1.685 pounds is reached . Be­
yond the 250-pound level of feed consumption, each 
additional SO-pound increment of the ration resul ts in 
lower daily gains. 

The 16-percent protein ra tion produces gains at a 
slower rate than the 18-percent protein ration up to an 
input of 200 pounds of feed . The same comparison holds 
true between the 14-percent and the 16-percen t pro­
tein rations. As the hog consumes more feed and in­
creases in weight, the rate of gain fa ll s off with the 
higher protein ration. The rate of gain between 50-
pound feed increments r ises wi-th the 16-percent pro­
tein ra tion only up to a total feed consumption of 350 

T otal day, 
10% 

23 .8 
42.4 
56.5 
68. 1 
78.2 
87 .2 
95.4 

102.9 
109.9 
11 6.4 
122.6 
128.4 
133.9 
139.2 
144 .2 
149 .1 
153. 7 
158.2 

to co nsum e specifi ed feed quant ity for protein levels o f: 
12% 14% 16% 18% 

19.5 16.5 14.0 11.7 
36.6 • 32.8 29.9 27.2 
~ -6 ~-3 ~ .3 ~.7 
W.4 ~~ ~~ ~~ 
69.8 65.2 62.3 60.2 
78 .3 73.6 70 .9 69 .2 
86.0 81. 3 78.9 77.7 
93. 1 88.5 86.4 85.7 
99. 7 95 .2 93.5 93.3 

106.0 101.6 100.3 100.6 
111.9 107 . 7 106 .7 107.7 
11 7.4 11 3.4 11 3.0 11 4.6 
122.8 11 9.0 11 9.0 121.2 
127.9 124.3 124.8 127.7 
132.8 129.5 130.5 134.0 
137.5 134.5 135 .9 140.2 
142.0 139.3 141.3 146.3 
146.4 144.0 146.5 152.2 

pounds. Rates of gain are higher with the 14-percent 
ration than with the 16-percent ration beginning at 250 
pounds of feed. At 350 pounds of feed, the 12-percent 
p rotein ration produces gains at a faster rate than the 
14-percent rat ion. While the rates of gain for the 8-
and 10-percen t rations con tinue to increase up to 700 
pounds of feed, they never become greater than for the 
12-percen t ration . 

It is evident from the data in table 13 that the pro­
tein content of the ration m ust be decreased over the 
production period if the rates of gain are to be kep t 
at a maximum. The minimum time ration to feed from 
weaning to 75 pounds ligh tweight consists of 63.42 
pounds of corn and 31. 71 pounds of soybean oi l meal. 
The protein content of the ra tion is 19.9 percent, and 
the time to feed out over the interval is 24 days. The 
interval from 75 pounds to 150 pounds can be covered 
in a minimum of 43 days with a ration of 190.1 6 pounds 
of corn a nd 30.43 pounds of soybean oilmeal. The pro­
tein level of the ration is 12.9 percent. A 10.6-percent 
ration results in gains from 150 pounds to 225 pounds 
in the minimum of 32 days and requires 237.51 pounds 
of corn and 19.0 pounds of soybean oilmeal. 

LEAST-COST VERSUS LEAST-T IME RATIONS 

The least-cost ra tion a lways resul ts in feed costs equal 
to or lower than a least-time feeding system. However, 
the least-cost ration is not necessarily the most profit­
able management p ractice. The two systems of feed­
ing resu lt in the same profit on ly when the soybean oil­
mealjcorn price rat io is such that the least-cost and the 
least-time rations a re identical. T he least-cost and least­
time rations for pastu re-fed hogs are identical when the 

TABLE 13. AVERAGE DAILY GAIN BETWEEN FEED INTERVALS FOR VAR IOUS PROTE IN LEVELS. 

Lbs. of fee d 

JOO 
150 
200 
250 
300 
350 
400 
450 
500 
550 
600 
650 
700 

Dail y ga in com puted as an average between 50-l b. feed in crements wi th pro te in percentages of : 
8 10 12 14 16 18 

0 .632 0.817 1.000 1.1 28 1.24 1 1.343 
0 .819 1.074 1.294 I .42~ 1.5 11 1.563 
0.965 1.280 1.520 1.630 1.676 1.66 1 
1.088 1.45 7 1.704 1.784 1. 777 1.685 
1.194 1.613 1.860 1.901 1.833 1.658 
1.288 1.754 1.992 1.988 1.852 1.59 1 
1.373 1.882 2. 106 2.05 1 1.843 1.493 
1.449 2.000 2.205 2.094 1.809 1.369 

............ 1.519 2.110 2.289 2.118 1.754 1.222 
1.583 2.2 11 2.362 2. 126 1.680 1.056 
1.642 2.305 2.423 2. 11 9 1.590 0.873 
1.696 2.394 2.474 2.099 1.484 0.675 
1.746 2.476 2.516 2.067 1.365 0.463 

---
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soybean oilmealjcorn price ratio is 2.5 or less for hogs 
in the first interval ; 1.8 for hogs in the second interva l ; 
and 1.4 for hogs being fed through the third interval. 
For price ratios higher than these, the least-cost ration 
prodf1ces gains at a slower rate than the least-time ra­
tion . Also, the least-time ration then has a higher feed 
cost than the lea t-cost ration. 

If the hog producer is faced with the prospect of a 
declining market price for hogs, hogs may be sold at a 
lower price under the least-cost rather than under the 
least-time feeding system (because of the greater length 
of time ordinarily required to produce the gain with 
least-cost rations) . For hogs fed on pastu re, differences 
in market price may be great enough to offset the feed 
economies obtained by feed ing the least-cost rations. 
With a rising market price for hogs, the least-cost feed ­
ing system ordinarily will give the greater return over 
feed cost: Within limits, the value of the hog is increased 
the longer it is held off the market; a lso gains are pro­
duced at a lower cost. 

Rations for least-cost and least-time rations are much 
more similar on pasture than drylot. This condition 
holds true on pasture because of the availabili ty of p ro­
tein in the forage. If the price ratio favors the use of a 
small percentage of protein in the concen trate mix, the 
hog can supplement the protein in take by consuming 
more forage. Accordingly, the rate of gain for hogs on 
pasture is not decreased much when the concentrate 
ration is adjusted to include less protein. In drylot, how­
ever, a shift in ration to meet a higher protein/ corn 
price ratio cannot be offset by a greater intake of pro­
tein from forage . 

H ISTORIC O UTCOMES 

The effect of the seasonal fluctuation in hog prices 
on returns over feed cost has been examined over the 
20-year period from 1935 through 1954 for spring hogs 
farrowed a t four differen t ela tes . These figures indicate 
the number of years in which either the least-time or 
least-cost rations would have been most profitable. The 
market price at which the hogs wo uld have been sold 
under each system has been determined by taking in to 
account the time required to produce a 225-pound hog 
with least-cost and least-time rations. The feed p rices 

used were the average annual price of soybean oilmeal 
in each of the years and the price of corn in the month 
at which the hogs reach weaning weigh t, 75 pounds 
liveweight and 150 pounds liveweight. The price of corn 
was assumed constant for the cl uration of each weight 
interval. It was further assumed that 6 weeks would 
be required to raise pigs from farrowing to weaning 
weigh t. The farrowing elates considered were : F eb. 1, 
M arch 1, April 1 and M ay 1. 

In the 20 years, with hogs farrowed on Feb. 1, the 
least-cost rations wou ld have resu lted in the greater re­
turn over feed costs in 15 of the years ( table 14) . The 
least-time ration would have given the greater returns 
over feed cost in only 5 years. With hogs farrowed on 
March 1, the least-cost ration would have given the 
greatest return over feed cost in 19 years; the least-time 
ration would have given greater returns in only 1 of the 
20 years. For hogs farrowed on April 1, the least-cost 
rations would have been more profitable in 13 years, 
while the least-time ration would have been more profit­
able in 7 of the 20 years. For a May 1 farrowing date, 
the least-cost ration was more profitable in 9 years, 
while the least-time ra tion was more profitable in 11 
of the 20 years. 

Rate of gain is of lesser importance with hogs far­
rowed early in the season. Hogs farrowed in F ebruary, 
March and April can be produced more profitably on 
the least-cost ration a greater proportion of the time 
than on the least-time ration. Rate of gain is of much 
greater importance for hogs fa rrowed la te in the season, 
because of sharp seasonal price declines in October. The 
low<"r market price often more than offsets the feed 
economies obtained by feeding the least-cost ration. 

The average feed costs for the 20-year period in 
producing a 225-pound market hog on pasture differ 
only sligh tly for least-cost and least-time rations. 1:'he 
sma ll difference probably results from the hogs bemg 
on pasture. Protein from legumes replaces some of that 
which would otherwise be obtained at a cost from soy­
bean oilmeal in clrylot. The rates at which soybean oil­
mea l substitutes for corn in the hog ration under a 
pasture feeding system are such that the least-cost ration 
devia tes only slightly from the rations which maximize 
the rate of gain. The modal gain for the least-cost ration 

TABLE 14. COMPARISON OF RET U RNS PER H OG OVER FEED COST AFTER WEA N ING FOR LEAST-COST AND LEAST­
TIME RATIONS IN THE PERIOD, 1935 TO 1954. 

No. Lim es 
Average re turn over Average f.ecd cost 

of least-cost No. of tim es least~time feed cost 1935-54 1935-54 
gave grea ter ret urns gave g rea ter returns 

Farrowi ng ela te ove r feed cost over feed cost L. C . L.T. L. C. L.T. 

Fcbn,ary 1 ....... . 
Ma rch I ........................... . 
April 1 
May I 

15 5 
19 
13 
9 11 

$24.8 1 $23.94 $12.02 
26.26 26. 19 12.34 
25 .1 3 25.2 1 12.39 
22.14 22. 1 i 12.42 

TABLE 15. FREQUENCY DISTRIBUTION OF THE DIFFERENCES IN RETURNS ($) BETWEEN THE LEAST-COST AND 
LEAST-TIME RATI ONS. 

Farrowing date 

February 1 
March 1 
April l 
.May 1 . 
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Amount by wh ich 

Greater 2.0 1 1.51 
thz n to to 
2.5 1 2.50 2.00 

2 0 1 
0 0 0 
2 0 0 
I 0 0 

re tu rns ove r 

1.01 
to 

1.50 

6 
0 
0 
2 

feed costs for a least-cost ratio n exceed those o f a least-t ime ration 

0.5 1 0 0 - 0.5 1 - l. 01 - 1.51 - 2.01 
to to to to to to to 

1.00 0.50 - 0.50 - l. 00 - 1.50 - 2.00 - 2.50 

3 3 4 0 0 0 1 
1 18 I 0 0 0 0 
2 9 2 I 2 0 0 
0 6 4 4 2 0 I 

$12.08 
12.41 
12.44 
12.65 

Less 
than 
- 2.51 

0 
0 
2 
0 



is less than 50 cents over the 20 years ( table 15 ) . The 
largest difference was for the F eb. 1 farrowing date. In 
2 of the 20 years the returns for the least-cost ration 
exceed the returns for the least-time ration by more 
than $2 .50. In 10 of the years, the returns with the 
least-cost ration were within $1 of the returns with the 
least-time ration. The returns from the least-cost and 
least-time rations differed by $1 or less for all 20 of the 
years under a M arch 1 farrowing date. On the average, 
over a period of years, li ttle gain is forthcoming from 
feeding the least-cost, as compared with the least-time 
ration on pasture. H owever. in a few individual years 

the economic advantages of the least-cost ration with 
a pasture feeding system is quite large. 

GRINDING AND MIXING VER SUS FREE CHOICE 
• 

Feeding either least-time or least-cost rations re-
quires grinding and mixing of concentrate feeds. These 
extra steps add to the cost of the rations. H ence, an 
additional study is needed for comparison between (a ) 
the costs of rations fed free choice and (b ) the costs 
of rations plus the costs of grinding and mixing for 
least-time and least-cost rations. These comparisons are 
not possible from the data of this study. 

SUMMARY 

Two experiments were conducted with corn and 
soybean oilmeal rations fed to growing-fattening hogs 
on alfalfa pasture. These experiments were designed 
to determine feed substitution rates and optimum ra­
tions. Each experiment included six different rations, 
ranging in protein content from 8 to 18 percent. 

Several algebraic forms of production functions were 
examined as alternatives in expressing the relationship 
between hog gains and corn and soybean oilmeal in­
puts under pasture feeding. Functions were fitted to 
all observations to provide estima tes of the over-all 
gain surface. Then the production period was divided 
into weight intervals, and a function was fitted to each 
interval. Of the alternative forms of functions con­
sidered, a quadratic over-all equation gave greatest 
accuracy in estima tes and was used for analysis of the 
corn/soybean oilmeal substitution ra tes for hogs pro­
duced on pasture. 

The production function, isoquai:i,t and marginal 
substitution equations used for predictions are indica ted 
below as equations a, b and c, respectively. In these 
equations, Y refers to gain, C refers to corn 

(a ) Y = - 1.75 + 0.299C + 0.983P - 0.00003C2 

-0.00388P2 
- 0.00017CP 

(b ) C = 4960.36 - 2.796P + (-16,600.3) 
[-0.0000004P + 0.000018P + 0.0891 
- 0.00012YJ½ 

( ) 
ac = _ o.983 - o.oo78P - 0.00017c 

c oP 0.299 - 0.00006C - 0.00017C 

consumed and P refers to soybean oilmeal. All variables 
are measured in pounds per pig after weaning. 

From these equa tions h ave been predicted: ( 1) 
marginal feed productivities, (2 ) gain isoquants for 
different weight levels, ( 3) marginal rates of substitu­
tion and ( 4 ) feed isoclines. T able A shows possible 
feed combinations in producing a gain of 76 pounds. 
The first two columns show alternative combinations, 
in pounds of soybean oilmeal and corn, for producing 
the specified gains. The third column includes deriva­
tives from equation c and indicates the ra te at which 
soybean oilmeal substitutes for com . 

With a SBOM/ corn price ratio of 2.5, the least-cost 
ration on pasture includes 13.5 percent protein. With 
this ration, the price ratio is equal to the marginal rate 
of substitution, a necessary condition for minimizing-

feed costs. Similar data have been worked out for other 
gain levels and are presented in tabular and graphic 
form in the text. 

The rate at which soybean oilmeal substitutes for 
corn in the hog ra tion declines as the hog increases in 
weight. To minimize feed costs for any set of corn 
a nd soybean oilmeal prices, the proportion of soybean 
oilmeal must be reduced as hog weight increases. For 
example, a t a 141-pound gain level and with the 2.5 
price ratio, the ration which minimizes feed costs in­
cludes only 10.6 percent protein on pasture. 

M ain tenance of the maximum rates of gain a lso 
requires that the ration be altered as the production 
period progresses. A high-protein ration must be fed 
in the early part of the feeding period, with protein 
content gradually diminished, if the rate of gain is to be 
at · a maximum over the entire growing and fattening 
period . 

One choice which must be made by the hog pro­
ducer is whether to feed the least-cost or the least-time 
ration. O ver the past 20 years, a least-cost ration would 
have given greates t profit for hogs farrowed on Feb. 
1, M arch 1 and April 1. The least-time ration would 
have given greater returns in most years for hogs far­
rowed on May 1. 

The differences in returns between the two types 
of rations, however, were usually small for three reasons: 
First, a ltering the protein level of the ration changes 
the rates of gain in the 75- to 150-pound and 150- to 
225-pound weight intervals only by small amounts for 
pasture-fed hog because they can use protein from 
forage to substitute for that in grain or supplement. 

TABLE A. ALTERNATJ\'E FEED COMB!. ATIONS IN PROD UCING 
76 POU NDS OF GA IN . 

Pounds 
SBOM 

:Ma rg inal rate 
of subs1 iwtion , 

ac 
af> 

Percen t 
protein in 

ration 

225 ..................... ........... 14 .................................. 2.97 .................................. 10.0 
214 ................................ 17 .................................. 2.87 .................................. 10.6 
205 ........... - ................... 20 .................................. 2.79 .................................. 11.2 
196 ................................ 24 .................................. 2.7 1 ......... - ....................... 11.8 
189 .......... ·-········ ........... 26 .................................. 2.64 .................................. 12.4 
182 ........... - ................... 29 ·········· ........................ 2.57 .................................. 12.9 
176 ................................ 32 .................................. 2.50 .................................. 13.5 
170 ................................ 34 .................................. 2.44 .................................. 14.0 
16-1 ................................ 36 .................................. 2.38 .................................. 14.5 
159 ................................ 38 ........................... ....... 2.33 ···················· .............. 14.9 
155 ................................ 40 .................................. 2.28 .................................. 15.4 
1 so ................................ 4? ............... ................... ? .23 .................................. 15.8 
146 ................................ 44 .................................. 2. 18 .................................. 16.3 
143 ................................ 45 .................................. 2.1 4 .................................. 16.7 
139 ................................ 46 .................................. 2.10 ..................... - ........... 17.1 
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Second, the predominant soybean oilmeal/ com price 
ratio was 2.5 or less over the 20-year period. Conse­
quently, in most years, the ration which resulted in the 
least-time also resulted in least-cost gains in the weaning­
to-75-pound weight interval. Third, since the hogs were 

11111111111 l~lli f lllll]IU!lllf f Ill rr1111~1111~11 111111111 
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on pasture, part of their protein requirements could be 
obtained from pasture, even for a ration containing a 
small proportion of soybean oilmeal. Thus, least-cost 
and least-time rations are much more similar for hogs 
on pasture than tor hogs produced in drylot. 

APPENDIX 

DETERMINATION OF INTERVAL LEAST-COST RATION S BY 

MEANS OF INTERVAL FUNCTION 

An alternative procedure for determining the least­
cost ration over a segment of the production period is 
that of using interval production functions. The num­
ber of times that the ration is to be reconsidered in the 
course of the entire feeding period can be arbitrari ly 
decided upon beforehand. This procedure has been fol­
lowed in fitting the in terval Cobb-Douglas functions 
presented earlier. The production period has been di­
vided in to the following liveweight intervals: weaning 
to 75 pounds, 75 to 150 pounds, and 150 to 200 pounds. 
A separate function has been fitted to the observations 
for each interval. The object is to find a constant ration 
for each weight interval which will produce the gain 
from the beginning to the end of the interval at the 
lowest possible feed cost given the price of corn and 
soybean oilmeal. 

From each interval production function, an iso-prod­
uct contour can be derived to represent the end of the 
weight interval. These contours, estimated from the in­
terval Cobb-Douglas functions, are shown in fig. 1-A. 
The lower contour shows the combinations of corn and 
soybean oilmeal which produce 44 pounds of gain be­
yond weaning (i.e., will feed a hog from a weaning 
weight of 31 pounds to a weight of 75 pounds) . The 
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second contour indicates the combination of corn and 
soybean oilmeal required to produce 75 pounds of gain 
beyond a liveweight of 75 pounds. The third contour 
shows the feed quantities to produce 75 pounds of gain 
beyond a liveweight of 150 pounds. The experimental 
observations extended up to a liveweight of 200 pounds. 
H ence, the third contour involves some extrapolation 
beyond the range of the data. Equating the marginal 
rate of substitution along each contour to the inverse 
price ratio of the feeds gives the combination of feeds 
which will produce the gains in each weight interval 
at minimum cost. The feed quantities are determined 
on the assumption that a constant ration will be fed 
over each weight interval. 

If the soybean oilmealjcorn price ratio is equal to 
2, the least-cost ration will be one of 13.3 percent pro­
tein for the weaning to 7 5-pound interval; 11. 6 per­
cent protein for the 75- to 150-pound interval; and 9.2 
percent protein for the 150- to 225-pound interval. The 
feed quantities are shown by the ration lines in fig. 1-A 
and are measured from the origin to the contour in all 
three cases. Figure 1-A is a drawing of three iso-product 
contours each taken from a separate surface. By using 
interval production functions, a separate production 
surface is estimated for each weight interval. 

The three interval contours are assembled in fig. 1-A 
in the form of an over-all production surface extending 
from weaning to the 225-pound weight. The expansion 
path of the least-cost ration with a soybean oilmealj­
corn price ratio of 2.0 also is shown. The iso-product 
contour at the end of the first interval is drawn, and 
the dashed line shows the ration fed throughout that 
interval. The point at which the least-cost ration line 
of the first weight interval intersects the 75-pound con­
tour becomes the origin for the graph of the 75-pound 
to 150-pound contour. The second segment of the 
dashed line shows the least-cost ration fed throughout 
the second weight interval. The point of origin for the 
graph of the 150- to 225-pound contour lies on the 
point where the ration line for the second weight in­
terval intersects the 150-pound contour. The three seg­
ments of the dashed line illustrate the manner in which 
the feeds are fed throughout the entire feeding period. 

A shift in the price ratios of the feeds will alter the 
expansion path for the least-cost ration. If the price 
of com falls relative to the price of soybean oilmeal, it 
will be economical to feed rations containing a higher 
proportion of corn than previously. The ration lines 
in fig. 1-A would now be shifted to the left. When the 
contours are assembled in the manner of fig. 1-A, the 
points of origin for the second and third contours would 
be shifted to the left along the respective contours. The 
contours would then be shifted to the right and upward 
from their present position. The new expansion path for 
the least-cost ration would be more steeply inclined 
towards the corn a)i:i$. 


