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Production Functions, Isoquants, Isoclines and .Economic Optima 1n 
Corn Fertilization for Experiments With Two and 

Three Variable Nutrients 1 

BY VlILLIAM: G. BHOWN, EARL 0. H EADY, JOHN T. PESEK AND JOSEPH A. STRITZEL 

This study deals with the basic agronomic and 
economic relationships of fertilizer use. It is the 
second in a series of methodological studies de
signed to predict production surfaces, isoquants 
isoclines, marginal products and marginal replace
ment rates between nutrients when two or more 
nutrients are used in promoting increased crop 
yields. These quantities, which are fundamental 
in obtaining a basic science knowledge of ferti
lizer-crop relationships, are then used to predict 
optimum levels of fertilization and optimum ratios 
of nutrients with profit maximization as the cri
terion of selection. While the major objectives 
of the study are of a methodological nature, illus
trations are included to show how the basic rela
tionships and principles can be adapted to simple 
forms for farmer and educational uses. 

The logical foundations for research of the type 
reported in this bulletin are reported elsewhere.~ 
The production functions and economic optima 
predicted in this study are for corn on three types 
of soils with two and three nutrients variable in 
quantity. 

i Pro j ec t 1 29 4, I owa Agricul t ura l Ex perim e n t Sla ti o n . 

2 H ead y, E arl 0 ., P esek, John T. a nd B row n, Willia m G. Crop 
response s urfaces and economic o p tima in f e rtl!lze r u s e . Iowa 
Agr. Exp. Sta . R es. Bul. 424. 19 55. 

SOURCE OF DATA 

Data for this study are from three experiments 
conducted in 1953. Corn experiments were con-

T ABLE 1. A V E R AGE CORN Y lELDS P ER ACR E I N 1953 
FOR 60 F E RTILIZER TREATMENTS ON 

CARRINGT ON SOIL.* 

L bs. t Lbs. t 
Po unds of nitrogen , 

P,O, K,O 0 40 80 16 0 240 

0 0 97.9 5 103.20 10 6. 9 5 109.5 0 102.40 
0 40 106. 35 11 5.1 0 101.6 5 11 6.7 5 10 4.40 
0 80 112.20 1 20.25 113.5 5 11 8.1 5 110.95 

40 0 97.95 10 7.40 10 8.05 93.95 116 .20 
40 40 109. 10 11 6.3 5 11 2.55 11 8. 05 110. 80 
40 80 l 11.20 11 0. 10 115. 65 11 3.10 116.65 

80 0 94. 7 0 100.35 89.6 0 108.85 111.20 
80 40 1 09. 15 11 5.95 10 9. 70 113 .8 0 106.00 
80 80 1 26. 35 1 20.75 1 24 .55 119.8 0 1 2 2. 80 

1 20 0 99 .6 5 11 2.35 95.0 5 99. 30 93 .80 
12 0 40 1 20.05 11 8. 75 107. 7 5 115.95 114 .90 
1 20 80 101. 00 111. 05 1 22.55 119. 90 131. 05 
* E ach en t r y is tl1e av e ra g e of two obser vati on s, on e f r om ea ch 

ra ndomized block. 
t Per acre. 

ducted on three soil types-Carrington, Moody 
and Haynie. Nitrogen, phosphorus and potash 
were varied on each experiment. All three ex
periments were of a factorial nature (i. e. , every 
level of one nutrient was combined with every 
level of the other two nutrients). All other re
sources or inputs were held constant except that 
variable quantities of labor and machine services 
were used for fertilizer application and harvest
ing. Planting rates were constant in all three ex
periments. However, stands obtained did vary 
among plots at some of the locations. These vari
ations have been taken into account in certain of 
the regression estimates which follow. 

CARRINGTON EXPERIMENTAL DATA3 

Yields of corn on Carrington silt loam for va
rious fertilizer rates are presented in table 1. The 
factorial experiment providing the data consisted 
of two randomized blocks, each block having five 
levels of N, four levels of P 20 5 and three levels of 
K20. Yields were high in this experiment; plots 
without fertilizer averaged almost 98 bushels per 
acre. Large yield responses for fertilizer were 
not expected since the soil was at a relatively high 
fertility level (i. e., high yields were obtained on 
the check plots). However, an average increase 
of 9.8 bushels per acre was obtained from 40 
pounds of K20. Application of 80 pounds of K20 
resulted in an average increase of 14.2 bushels 
over the plots with no potash. The significant 
potassium effect (table 2) might have been antici-

3 H o wa r d Smith, fa r m e r-coop e rator, F a ye tte County , I o wa. 

T A BLE 2. ANALYSIS OF VARIANCE OF CORN Y IELDS ON 
CARRI NGT ON SOIL, RANDOMIZED BLOCK DESIGN. 

Source of D eg r ees of Sum of M ean F va riation fre e cl on1 s q uare sq u a r e 

T o ta l 119 18,570.37 
B lock s l 6,336.53 6,3 36. 53 106.39** 
T rea t men t s 59 8, 719.703 147. 80 2.d8** 

N 4 514.042 1 28. 51 2. 16 
p 3 79.285 26.43 0.44 
K 4,19 8.0 86 2,099.04 35 .24** 
N X p 12 523.262 43 .61 0.73 
N X K 8 630. 86 2 7 8.86 1.32 
p x K 6 870.996 1 4 5.1 7 2.4 4 • * 
N X p x. JC 24 1,903.170 79.3 0 1.33 

H'r1"· () 1· 59 ~.514.1 37 59. 56 
*P = 0.05 

**P = 0.01 
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pated since the experimental plot was, according 
to soil tests, low in K2O. 

Average yields of the plots r eceiving 0, 40, 80 
and 120 pounds of P 2O., do not differ greatly in 
table 1. Similar ly, the analysis of variance in 
t able 2 fa iled to indicate significant phosphorus 
treatment effect s . Lack of response to P2O5 was 
surprising since the soil t est for the experiment al 
plot indicated a low level of P 2Or. availability. 
Soil tests also showed a 3-ton lime requirement. 

Plots receiving differ ent levels of nitrogen be
haved somewhat erratically, as shown in table l. 
An average increase of 5.5 bushels was obtained 
for all plots r eceiving 40 pounds of N. However, 
a t 80 pounds of N, the average yield increase was 
only 2.9 bushels . At 160 pounds of N, the aver
age yield increase was 5.3 bushels over check 
plots; the yield increase declined to 3.8 bushels 
for 240 pounds of N. In t able 2 the mean square 
for nitrogen is not significant. 

Values of F in table 2 provide information for 
var iables to be used in the estimating equation 
or production functions which follow . Potash 
should be included since K2O gives a consistent 
and statistically significant increase in yield . 
Phosphorus can be dropped from consideration be
cause, even if all of the mean square due to P 
were explained by one r egression term, its F value 
would not be significant. Nitrogen is an inter
mediat e case ; ther e is some logical justification 
for including it even though it is not significant 
at the 0.05 level of probability. Phosphorus X 
potash interaction is significant at the 0.05 level. 
However, it was not included in the regression be
cause no term was fo und which would significantly 
2ccount for the variance in yield due to this term. 
A n ana lysis of covariance indicat ed that stand 
had a highly significant effect on yield. Similar 
r esul ts wer e obtained when st and was included 
as a varia ble in the multiple r egression. 

R EG11 Ess 10N ANAL YSIS FOH CAHHJNGTON Son~ 

The basic purpose of this study is to es timate 
crop yield product ion funct ions for fertilizer. Ac
cordingly, info rmation on the derivation of the 
regression equat ions is included in this section. 

In the preliminary analysis for each experiment, 
two general types of equations were used: (1) a 
quadratic equation with squared terms and (2) 
a square root trans1'ormation of a quadratic equa
tion. In some cases, squared and square root 
terms have been included in a single predicting 
equation. These two general types of equations 
were used because they (1) allow specification of 
the one nutrient combination allowing maximum 
per-acre yields, (2) allow convergence of isoclines 
to the point of maximum yield and indication of 
changes in nutrient ratios required to attain 
higher yields, (3) do not require constant sub
stitution rates between nutrients and (4) do not 
force constant elasticities of production. In the 
presentation which follows, only the type of equa
tion which appeared to give the most efficient 
predictions is included. 

The highly significant difference between the 
yields of the two randomized blocks (table 2) 
r aised a question as to whether the response sur
face differed significantly between the two blocks. 
To test whether the response differed between 
blocks, regressions were calculated for each block 
separately as indicated in equations (1) and (2). 

(Block I) Y = 57 .97 + 0.3800K - 0.002711K" + 0.4365 

I/ N - 0.02 638N + 0.0 02552S (l) 

( Blo8k II ) Y = 51. 64 + 0.2702K - 0.00 1162K" + 0.64 14 

I/ N - 0.0 2490 N + 0.00 2081S ( 2) 

In the above equations, Y refers to predicted 
total yield in bushels per acre, K refers to pounds 
of K~O per acre, N to pounds of elemental nitro
gen per acre, and S refer s to stalks per acre. The 
/ values of th e regression coefficients are given 
in the upper half of table 3. To help determine 
whether the two blocks should be pooled, l tests 
of the differences between corresponding regres
sion coefficients were made (table 3) _-1 The t values 
for the difference between corresponding regres
sion coefficients of the two blocks are small. A 
value of t as large or larger than the t value of 
difference for K2, I = 0.834, could occur by chance 
40 percent of the time even though the population 

1 .---\ n ana l y!=-; i s of v a ri a nce "'aR a.l ~o co m puted to tes t f or hon10-
gen e i ly o f r egre:ss ion; th e l'esu l t s we r e s im ila r to those o b
tain ed f r o m th e t t Psts . 

T .\8 1, ls ~- Y.-\Ll "ES F'O H I F OR COEFP [CI ,,~.\/T S O F TND IV I DU A [, IH,OCK REGRE'S S TONS /\N I) T EST 0 1" D TFf" lsRENCF. 
l:l li:T\1'8E.\/ CO RRES P O:-/ DI.\J G COEPF! C [ 8 N T S O li' THI•~ T WO 8 L OCKS. 

Va lues o [ t S ig nifi - V a lues of I S ig n ifi - V a lu e s of / fo r S ig ni fi - V a lu es of / for S ig nifi -
C 'oefficie n t fo r cance fo r cance cl i ff e r 0nce be tween ca nce poo le d r e g ress io n cancP. 

eq uati on (1) l evel* e quation (2) le v e l • equ a ti on s ( 1) & (2) t le ve l• e q ua t io n ( 3) l ev e l • 

K 3.515 0. 001 2.0 06 0.06 0.739 0.4 7 4.11 8 0.000 1 

K" 2.059 0. 05 0.810 0.43 0.8 34 0.4 1 1. 965 0.06 

".\/ 0.737 0.4 8 0.996 0.3 3 0.211 0.8 4 0.31 6 0.20 

-:--::-:J 0. 71 9 0. 48 0.620 0.55 0. 04 5 0.92 1. 030 0.31 

s 3.757 0.0 01 2.55 4 0.02 0. 731 0.4 6 4 .5!i 6 0.00002 

1: ··--···· ········ ·-······ ······ -------- 9.5 70 0.0000 1 

• l'rohab ili ty of obta ini ng as la rge o r la rge r va lu e of t b y c h 1nce, g ive n t h e nu ll h y poth es is. 
t T hese l's have bee n compute d b , · s ub t rac ting eac h p a rt icuhr r eg r ess ion c o e ff ic ie n t in e q uation ( 2) from th e corresp ond 

in g r eg r esss ion coeffi c ient in e q ua ti o n ( 1 ) a nd di v iding b y t ·,e w e ig hte d standa rd e rro r . 
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of K 2 coefficien ts was the same. The other co
efficients had even smaller l values of difference. 
Since there was no evidence that t he blocks had 
different response surfaces ( different regression 
coefficients ) , a r egression for the pooled dat a of 
the two blocks was computed as indicated in equa
tion (3 ). 

Y = 77 .866 + 0. 3162K - 0.001813K' + 0.9190N 
- 0.04453N + 0.00224 1S - 13.497 B (3) 

In the pooled r egression above, B represents 
the particular block ; B is 1.0 for Block I and 2.0 
for Block II. Stand and block are used here as a 
method of adj ustment similar to covariance. The 
experiment was not designed to include stand as 
a variable, but variation in stand did occur. This 
experiment cannot be used to det ermine optimum 
stand. However, precision of est imat es is con
siderably improved by including stand in the re
gression (as shown by its t value of 4.56 in t able 
3 ) . 

Blocks were included in t he regression to allow 
an estimating equation for either block and to in
crease precision of estimation . Including blocks 
in t he regression is j ustifi ed since it takes out t he 
var iability due only to the difference in stand and 
yield level of the two blocks. Predicting t he ac
t ual yield is secondary to predicting the r esponse 
of corn yield to fertilizer input s. That is , more 
interest is in the slopes of the production surface 
rather than the absolute level of yield. The values 
of t he N and K coefficients are important in de
termining the most profitable amount of nit r ogen 
and potash to apply. Stand and blocks were in
tr oduced only to increase t he precision of est imate 
of t he N and K coefficients. 

For an average stand and for Block I, t he inter
cept (N = 0; K = 0) of equation (4) becomes 
105.971. For an average st and and Block II, t he 
intercept is 92 .474. Equation (4 ) is the average 
of the two blocks with an average stand of around 
18,000 stalks per acr e and will be used in t he later 
economic analysis. 

y = 99.223 + 0.3162K - 0.001813K' + 0.9 190 \IN 
- 0.04453N (4 ) 

The value of t (4.118) for the linear response 
of yield to potash in table 3 is high ly significant . 
Accordingly, greater reliabili ty can be placed in 

T. \ HLE 4. AN X LY S l S O F \ ". \H. I .\ NCE F O l{ REG H ESS IO N 
0 1<' CO RN YI ELU. C ,UU:ll:--J G T O N SO I L. 

Source of D eg rees ol' Sum of i Jea n [<' 
v a ria ti o n f reedo n1 squa r e squa r e 

T ta l l UJ 1 8,5 70 .37 

Du e to r t>greHs i on 
e qu a ti o n t3) 6 12. 0 13.09 2.1102. J S 33.0 4** 

D ev iati on from 
regress ion J 13 6,55 7. 29 58.0 3 

o u, e r t r ealrn e n t 
e ffects 55 3,0 43. 15 55.33 

E rro r 58 3,5 1 4.14 60.'>9 

** P =c: 0.0 1 

T .\B 1, 1;; 5 . PHED ICT l.s ll Yll~ LJJ H O F CO i{;\! l ' l s l{ .\(' l{ J•: 1<'01{ 
S PEC IF 18O ,\JUTR I E:-I T CO ~fBI N c\T IO>J'S .\ l ' l 'Lf lsD 

O N C.-\HR INGT O N SO IL. 

L bs . K ,O Pound ~ nitrogen per a cre 

!)€ 1' acre 0 40 80 120 160 200 2 •1 0 

0 99.2 103.3 l 03.9 l 03.9 103.7 103.3 10~- ~ 

20 104.8 l 08.9 109 .5 10!1.5 109.3 [0 8.9 10 8.4 

40 l 09.0 113 .0 11 3.6 11 3.7 11 3.5 11 3. 1 112.;; 

60 I I 1. 7 115.7 1 16. :J 11 6. I l 16. 2 I 15. 8 I 15.2 

so 11 2.!I I 17 .0 I 17.G I 17. (i I 17. •1 I I 7.8 I 16. 5 

10 0 l I 2.7 I 16.S J I 7.4 I I 7 .·I I 1. 7.i I I fi.S 11 6.3 

the potash r esponse than in t he nitrogen response. 
(The variance of the N response was also reflected 
in the average figures of table 1 and the analysis 
of variance in table 2.) 

The ana lysis of variance for the regression esti
mates is presented in table 4. The F value of 43 
indicates that the propor t ion of variance ex
plained by the r egression equation (3) is highly 
significant . However, only 65 percent of the total 
sum of squar es is accounted for by equation (3) 
(i . e., th e coefficient of determination is 0.647) . 

P ROIH "CJ'I ON S l' HFAC E F OH CA IIHINGTON SOI L 

Equation ( 4) is used for t he economic analysis 
of the experiment on Carringt on soil. Predict ion 
of t he yields to be expected at various combina
tions of N and K20 are presented in table 5. These 
yields, estimated from th e production function, 
correspond to points on the production surface. 
Since the soil was fe rtile, yields ar e predicted to 
start at 99 bushels per acre with no fert ilizer. A 
yield of almost 118 bushels per acre is predicted 
at 80 pounds each of N and K 20. The figures in
dicate ranges of both increasing and decreasing 
total yields (i . e., positive and negative marginal 
products ) . 

A geometric view of the predicted production 
surface is provided in fig. 1. The height of the 
surface r epresents yield while t he horizontal axes 
represent inputs of N and K20 . Points on the 
surface (located by th e inter section of t he "roof" 
trusses ) correspond to the yields in table 5. The 
highest points on the "roof" are also the high est 
yields in t able 5. The slope of the surface indi
cates the r esponse to both N and K20. The slope 
is greater along the K20 axis t han along the N 
axis ; the steeper slope corresponds to the greater 
response to K~O as compar ed to N in t ables 1 
and 5. 

A slice through the surface parall el to the pot 
ash axis in fig. 1 would r epresent response of 
corn t o K ,O at a fi xed level of N. Three individ
ual yield i·esponse curves t o potash are given in 
fig. 2 for 0-, 20- and 100-pound levels of nitrogen. 
The three K~O response curves remain the same 
distance from each other. This lack of " inter
action" between N and K20 was probably a char
acteristic of the experimental site. Previous ex-
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Fig. 1. Perspective view of p r edicted y ie ld s urface fo r co rn 
on Carrington soil. 

periments have provided production surfaces with 
important interactions between fertilizer nutri
ents.5 However, N and K may interact less with 
each other than N does with P or P does with K. 

Corn response to nitrogen at three levels of 
K20 is shown by the three curves in fig. 3. Al
though the N response is strong for the first f ew 
r;ounds, it soon levels out and declines slightly . 

5 Earl 0. Headi-. J ohn T. Pesek a nd vVilli am G. Brow n . 
respo ns surfaces and economic optima in fe rtilize r u se. 
Agr . Exp. Sta. Res. Bul. 424. 19 55. 
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F igure 3 shows that the total increase in yield 
from N is less than half that for K20 in fig. 2. 

Predicted input-output or response curves when 
N and K20 are held in fixed proportions are given 
in figs. 4 and 5. For the fixed ratio of nutrients 
in fig. 4, N is equal to one, two and four times 
the quantity of K20. The small effect of N on 
yield is indicated by the lack of spread of the 
three curves. Greater proportions of N cause a 
slight increase in yield at first, then a small de
cline at heavier inputs. Larger proportions of 
K20 in fig. 5 have more effect because the initial 
increase is greater where K is 1.25 N. However, 
yield also declines more rapidly. Part of the large 
decline at heavier inputs of K20 is probably due 
to extrapolations beyond the 80-pound K20 limits 
of the experiment. If experimental inputs of K20 
had been extended to 160 pounds, a better esti
mate could have been made for the K20 response. 

Figure 6 shows the 95-percent confidence limits 
of the yield estimates for K~O. The spread at the 
ends of the curve is due to the increased distance 
from the mean, as the response is extrapolated 
beyond the 80-pound limit of K20 application in 
the experiment. Confidence intervals for the N 
response in fig. 7 are also relatively narrow, in
dicating some degree of precision in estimation. 

Marginal physical products of N remain the 
same at all levels of K20 because there is no in
teraction between N and K20 in equation ( 4) . 
Conversely, the marginal physical product of K20 
is not affected by the level of N. Th e marginal 
physical products of K 20 represented in eauation 
(5) and of N in equation (6) were derived from 
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the production function, ( 4). The partial deriva
tive of yield was taken with respect to K to ob
tain equation (5) and with respect to N to ob
tain equation (6). 

c t-
o K = 0.3 162 - 0.003626K 

0 t- = - 0 044 53 + 0.459 5 
o N . v' N 

(5) 

(6) 

The numerical values of the marginal products 
or yields from K (bushels per pound of K2O) can 
be computed directly from equation (5). By in
specting equations (5) and (6) it can be seen that 
yield increases become smaller and smaller as fer
tilizer application is increased. The marginal 
yields from K correspond to the slope or incline 
of the "roof" in fig. 1 parallel to the N axis. At 
0, 20, 40, 60, 80 and 100 pounds of K2O, the mar
ginal yields are 0.32, 0.24, 0.17, 0.10, 0.03 and 
-0.05 bushel, respectively. Similarly, marginal 
yields for N are computed from equation (6) ; 
for 1, 20, 40, 60, 80 and 120 pounds of N, the 
marginal products are 0.41, 0.06, 0.03, 0.01, 0.007, 
0.001 and -0.003 bushel, respectively. It can be 
seen from the N marginal yields that while N 
returns a fairly large increase in yield at small 
inputs the response soon levels out. Negative 
marginal products for either N or K indicate that 
further inputs at the particular levels cause a de
cline in total per-acre yield. 

YIELD JSOQUANTS FOR CARHINGTON SOIL 

Yield isoquants in fig. 8 are another aspect of 
the basic yield surface. The general isoquant 
equation, (7), was derived from the production 
function, ( 4). 

K = 87.23 + , /0.00666 ,/ N - 0 000323N + 0. 8194 - 0.00725Y 
- - 0.003626 

(7) 

The isoquant curves in fig. 8 were computed 
from equation (7). The isoquant curves show the 
various combinations of N and K2O which can be 
used to produce yields of 104, 107, 110, 113 and 
116 bushels of corn per acre. As yields are in
creased by 3 bushels per acre, increasingly greater 
inputs of N and K2O are required. The slopes of 
the isoquants show the change in amount of nitro
gen r equired to maintain a given yield when an
other unit of potash is added. The substitution 
or "replacement" rates of N for K2O are pre
dicted to change since the isoquants in fig. 8 are 
curved. 

Changes in substitution or replacement rates 
are shown in table 6 for yield isoquants of 104 
and 113 bushels. At 13.37 pounds of K2O and 1 
pound of N for the 104-bushel yield, one small 
added unit of K 2O would replace only 0.61 unit of 
N in production. However, as N is increased to 
10 pounds and K2O is reduced to 7.66 pounds, one 
small added unit of K2O would replace 2.57 units 
of N. The marginal rates of substitution of KtO 
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for N in table 6 correspond to the slopes of the 
isoquants in fig. 8. 

YIELD JSOCLI NES FOH CAHHINGTON SOIL 

Yield isoclines are directly related to isoquants: 
A particular isocline intersects all isoquants at 
points where the isoquants have the same given 
slope. For example, the middle isocline labeled 
Pk = P" in fig. 9 intersects all isoquants where 
their slope, dN/ dK, is equal to 1.0. Along a par-

TA BLE 6. COMBINATI ONS OF NUTRTENT S TO PRODUCE 
SPECIFI ED YIELDS PER A CRE AND CORRESPOND

IN G M .-\RGINAL RA T ES OF SUBSTIT U TION 
( MRS), CARRINGT ON SOTL. 

J 04 bush e l:;* 11 3 b u s h elst 

Lbs. L bs. oi' MRS o f Lbs. Lbs. of IRS of 

of N K ,O R for N , of N K ,O K fo r N, 
dN / dK t dN / dKt 

1 13.37 - 0.61 1 65.0 8 - 0.19 

10 7.66 - 2. 57 1 0 50.27 - 1.lD 

20 6.07 - 4.49 20 4 4 .99 - 2.31 

40 2.39 - 9.10 40 39 .9 8 -5.07 

60 1.05 - 16.07 60 37.62 - 9 .25 

80 0.3 8 - 28.!) 8 80 36.4 6 - 16.94 

100 0.13 ·-2] 2.8 4 100 36.03 - 130.99 

• rnc r ease in y ield from f e rtili ze r i s 4.78 bu s h el s at a tota l 
y ie ld of 1 04 bus h e ls. 

tinc r ease in y ie ld from :fe rtilize r is 13.7 8 bush e ls. 
+Change in N r eq u ir e d to main tain yi e ld whe n on e unit of K,O 

is a dded. 
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ticular isocline, nitrogen and potash replace each 
other in production at a constant rate. There
fore, if N costs twice as much per pound as K2O, 
that isocline should be chosen where 2 pounds of 
K2O replace 1 pound of N. It represents the least. 
cost expansion path, indicating changes in nutri
ent ratios necessary to give maximum profits as 
higher yields are attained. Along a particular 
isocline, the marginal rate of substitution or "re
placement rate" for nutrients corresponds to the 
price ratio of K2O to N. Thus, the isoclines in 
fig. 9 can be thought of as the optimum fertilizer 
ratio curves for the specified prices of N and K2O. 

Isoclines, like isoquants, are derived from the 
basic production function. The isoclines in fig. 9 
were computed from equation (8). Equation (8) 
was derived from equation (4) by dividing the 
partial derivative of yield with respect to K by 
the partial derivative of yield with respect to N 
and setting this ratio or equation equal to the 
K2O/ N price ratio, a . Then, K was expressed as 
a function of N. 

126.72 
K = 87. 20 + 12.28a - -JN a . (8) 

Under existing potash-nitrogen price relation
ships, nitrogen costs about twice as much per 
pound as K~O . The appropriate isocline in fig. 9 
then is the bottom curve labeled PK = 0.5 PN 
For this price relationship, very little N would be 

used until almost 60 pounds of K2O are applied. 
Beyond 60 pounds of K2O per acre, the ratio of N 
to K2O should be increased sharply, if production 
is to be expanded beyond 113 bushels per acre. 

The dashed lines in fig. 9 represent ridgelines 
which denote the economic limits of the isoclines. 
The ridgelines define the portion of the produc
tion surface included between the extremes of 
zero (or infinite) substitution rates for nutrients. 
(In other words, they are isoclines with zero sub
stitution ratios, indicating the extreme limits of 
nutrient substitution in obtaining specified yields). 
The ridgelines (isoclines of zero substitution 
rates) indicate the boundaries of the surface with 
positive slopes along both input axes; beyond the 
"ridges," one or both slopes are negative. If 
nitrogen were "free" in price but K2O were not,_ 
it would pay to expand production along the top 
ridgeline, always applying 106 pounds of N and 
purchasing K2O according to its cost and return. 
On the other hand if potash were "free" and nitro
gen were not, production should be expanded along 
the right hand vertical ridgeline. Since N and 
K~O were independent in basic surface equation 
( 4), the ridgelines are straight and meet at a 
right angle. However, where nutrients interact 
(as in the two experiments presented later) the 
ridgelines have different characteristics. 

All the isoclines (including ridgelines) con
verge and intersect at the point of maximum 
physical product. If both N and K2O were free 
and cost nothing to apply, inputs should be ex
tended to 87.2 pounds of K2O and 106.5 pounds 
of N, the point of isocline convergence. A maxi
mum physical yield of 117.76 bushels is predicted 
from these inputs of N and K2O. 

ECONOMIC OPTIMA FOR CARRINGTON SOIL 

Isoclines derived from the basic production 
function ( 4) provide the optimum combination 
of N and K2O for any yield level. The point of 
intersection of the appropriate isocline with a 
specified isoquant in fig. 9 gives the optimum 
combination of N and K2O for the given yield. 
The inputs of N and K2O which minimize nutrient 
costs for specified yields are presented in table 7. 
For current price conditions, where N costs twice 
as much per pound as K2O, the indicated amounts 

T ABLE 7. COMBINA T IONS OF N ITROGEN AND K2O T O 
~-II N lMlZE FERTILIZ E R COST S A T SPECIFI ED 

YI ELD S FOR D IFF ERENT PRI CE RAT IOS, 
CA R R I NGT ON SOIL. 

Y ield 
le vel Price P ri ce N/K pr ice Opti mum Opti mum 

(bu . pe r of N of K ,O r a ti o l bs. N lbs.K,O 
ac r e ) 

10 4 $0.16 $0.08 2.0 1 16 
110 0.16 0. 08 2.0 2 42 
116 0. 16 0.08 2.0 1 8 7 8 

104 0.10 0.10 1.0 2 1 3 
11 0 0.10 0. 1 0 1.0 4 38 
11 6 0. 1 0 0.10 1.0 22 73 

1 04 0.08 0.1 6 0.5 6 9 
110 0.08 0.1 6 0.5 10 32 
1 16 0.0 8 0. 1 6 0.5 33 66 
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of N are small, except for the high yield of 116 
bushels. When K20 is assumed to be twice as 
expensive per pound as N, the optimum amounts 
of N are increased. For a yield of 116 bushels, 33 
pounds of N would be used with 66 pounds of 
K 10. Isoclines are optimum fertilizer ratio curves, 
but the relationship of fertil izer cost to crop price 
must also be considered to determine the most 
profitable rate of fertilizer application. The op
timum level of application (and at the same time 
the optimum combination of nutrients) can be 
obtained by setting the partial derivatives of the 
production function, with respect to the various 
nutrients, equal to the respective nutrient-prod
uct price ratios. Optimum nutrient inputs in table 
8 were computed by equating the marginal physi
cal products (the partial derivatives of Y with re
spect to K and N) with their respective factor
product price ratios. For potash, the optimum in
put for the first price situation was obtained from 
equation (9). 

- 0 0036?5K - O.OS_ 0.3162 . ~ . - 2.00 (9) 

Solving equation (9) for K, an optimum input 
of 76.2 pounds is indicated. Similarily, the opti
mum input of N is found to be 14.8 pounds from 
equation (10) . Because N X K interaction was 
lacking in the production function, (4), N does 
not appear in the partial derivative of yield with 
respect to K. Conversely, K does not appear in 
the marginal physical product of N (partial de
rivative of yield with respect to N). Conse
quently, the optimum inputs of N can be found 
independently of K and vice versa. 

0.4595 0.15 
yN - 0.04453 = 2.00 (10) 

By setting the inputs of N and K20 of the basic 
equation ( 4) equal to the optima specified by 
equations (9) and (10), a predicted yield of 115.7 
bushels is obtained. The optimum yield of 115.7 
bushels exceeds the yield without fertilizer by 
16.4 bushels. This additional yield at $1.50 per 
bushel has a value $16.59 greater than the $8.31 
cost of the fertilizer. Thus, a return over cost of 
fertilizer of more than 100 percent appears pos
sible under present price relationships for farmers 

TAl3 LE 8. OPTL\1UM INPUTS OF FERTILIZER AND P Rl~-
lll CT ED YIELDS OF CORN UNDER VARIOUS N1TRO

(~J;;:-i , POTASH AND CORN PRICE SITUATJONS: 
CARRINGTON EXPERD~ENT, 19 53 . 

P ri ce Price Price Optimum inputs Pre- Gain 
di eted fror:, 

of corn of N ofK,O in l bs. p e r ac r e 
y ield fe r ti -

per bu. per lb. per l b. N K ,O per acre ]i zer* 

$2.00 $0 .1 5 $0.08 14. 8 76.2 11 5.7 $24.58 
J.00 0.15 0.08 5.6 65.2 114.1 8. 7 
0.50 0. 15 0.08 1. 8 4 2. 1 110.6 1. 9~ 

2.00 0.10 0.10 23.6 73.4 116.1 24 .02 
J.0 0 0.10 0.1 0 10.1 59 .6 114.1 7.91 
0.50 0. 10 0.10 3.5 32.1 109.1 1.36 

2.00 0.20 0.05 l 0.1 80.3 115.4 23.31 
1. 00 0.20 0.05 3.5 73.4 114.2 7.32 
0.50 0.20 0.05 1.1 59.6 112.5 0.59 

•Compute d b y multi ply ing in crease in yield from u se of fer-
tilizer tin1 es price of corn and s ubtrac ting cost of fertilizer. 

814 

with Carrington soil comparable to this experi
mental plot. This is true even though level of 
application is talrnn to the point where the last 
pound of fertilizer just pays for itself (i. e., mar
ginal cost equals marginal revenue). At lower 
levels of fertilization, return per dollar of ferti
lizer would be even greater (because of diminish
ing marginal physical productivity of both nutri
ents). A more conservative gain in profit from 
fertilizer is given in the second price situation 
of table 8 where corn is priced at $1.00 per bushel, 
with N at $0.15 and K 20 at $0.08 per pound. 

If technological progress should reduce the price 
of nitrogen to $0.10 per pound and the price of 
K 20 should rise to $0.10 per pound, the fourth, 
fifth or sixth price situation might be appropri
ate. In such an event, application of N should al
most be doubled, whereas inputs of K20 should 
be reduced slightly. For corn prices of $0.50 per 
bushel, figures in table 8 indicate that only a small 
return could be made from the use of fertilizer 
under the given prices of N and K20. Under such 
price conditions and with presence of risk and 
capital rationing, farmers probably would not ap
ply any fertilizer. Some tenant farmers who bear 
all fertilizer costs and receive only half the crop 
might rationally refrain from fertilizer applic1-
tion, even under present price conditions. 0 

Another factor which would need to be consid
ered by farmers is the greater uncertainty asso-
ciated with the nitrogen response in this experi
ment. Values of t for N in table 3 are much 
smaller than for K 20 (i. e., the standard errors 
were larger) . Therefore, a farmer who is short 
on capital (or who dislikes taking a chance of get
ting no return) would be more "sure" of profit 
by investing in potash. 

If the basic estimating equation, ( 4), is as
sumed to be accurate, what would be the cost of 
"not bothering" to apply nitrogen? The loss in 
revenue can easily be computed by obtaining the 
predicted yield with only the optimum K20 input. 
If corn is $1.00 per bushel and N is $0.15 and K20 
is $0.08 per pound, the gain from use of fertilizer 
in table 8 is $8.78 .per acre. By using 65.2 pounds 
of K20 and no N, a yield of 112.1 bushels is ob
tained or a loss of about 2 bushels over the "com
plete" optimum yield. However, the cost of 5.6 
pounds of N per acre is saved so that the net loss 
from not using nitrogen is only about $1.08 per 
acre. While N results in a relatively unimportant 
response, as compared to K20, farmers might still 
use it in their hill or row fertilizer. 

The extent to which profits are enhanced by 
following an isocline, rather than a fixed nutri
ent ratio, as level of yield is increased depends on 
the curvature of the isoclines and isoquants. One 
problem in agronomic and economic research is 
to determine yield surfaces where, for practical 
purposes, the same fixed nutrient ratios should 
or should not be recommended for farmers with 

0 All r efe r e n ces to app r o priate farm e r ac tion assume that the 
farmer has th e sa m e so il trpe a nd fe rtili ty condition s as for 
th e experime n t bein g discussed. 



different capital levels (and who can attain dif
ferent yield levels). In fig. 9, the line labeled F 
indicates the path of increasing yield when the 
ratio of nutrients is held fixed, with 2 pounds of 
K20 for each pound of N (i. e., a fertil izer mix
ture such as 10-0-20). If this fixed ratio path 
were used to attain a yield of 113 bushels, with 
N at $0 .16 and K20 at $0.08 per pound, the cost 
of the nutrients would be about $7.04; with ex
pansion along the P k= 0.5P0 isocline (where 
the 1 pound of K 20 substitutes for 0.5 pound of 
N ), the cost of the 113 bushels (i. e., a 13.78-
bushel increase) is $5.44. The difference would 
be smaller for a yield of 116 bushels . Differences, 
measured in the manner above, could be larger or 
smaller for other prices, other price and nutrient 
ratios and surfaces with more or less curvature 
in isoclines and isoquants. 

CARRINGTON SOIL PRESENTATION FOR PRACTICAL USE 

While the main purpose of this study is that of 
dealing with certain basic or methodological as
pects of ferti lizer response and economics, it is 
useful to indicate how the results can be pre
sented for farmers or extension personn el. Since 
N and K 20 effects were independent in the pro
duction function (9), the optimum rate for N 
can be selected without regard to the level of K~O. 
and vice versa. To find the optimum input of 
either nutrient, divide the price (per pound) of 
the nutrient by the price of corn. Selection of 
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the corresponding ratio from one of the charts 
in fig. 10 then provides the optimum input. 

Assuming N to be $0.15 and K20 to be $0.08 
per pound with corn at $1.00 per bushel, the ap
propriate N/ C price ratio is 0.15 and the appro
priate K / C price ratio is 0.08. Use of these ratios 
in fig. 10 indicates an optimum input of about 65 
pounds of K20 and 6 pounds of N. The gain in 
yield from these inputs a lso can be estimated. A 
gain of abo ut 13 bushels per acre from use of K 20 
and about 1.5 bushels from the N application is 
predicted. Of course, such a chart should be used 
only for a Carrington soil with fertility similar 
to the experimental field. Ra infall and biological 
conditions also would need to be as favorab le as 
for the experimental field in 1953. 

MOODY EXPERIMENTAL DATA7 

The cropping history and soil tests indicated 
low availability of nitrogen and phosphorus, and 
high availability of potassium on this experimen
tal plot. Large r esponses in corn yields were ob
tained by adding nitrogen; in fact, yield was 
more than doubled by applying 40 pounds of N 
(table 9). Further increases in yield were given 
by 80 and 160 pounds of N . However, with 240 
pounds of N, a slight decline resulted. Potassium 
had little effect on yield. Phosphorus also seemed 
to have only a small effect since yield was in
creased by less than 8 bushels in rates ranging 
from O to 120 pounds. However , examination of 
the average response to P20 5 over all levels of N 
and K20 hides part of the actual effect . Actu
ally, as careful examination of the yields in table 
9 indicates, there was a strong interaction be
tween phosphorus and nitrogen . At zero level of 
N, P20 5 had a depressing effect on yield, but at 
160 and 240 pounds of N it increased yield. 

The analysis of variance in table 10 confirms 
the highly significant effect of nitrogen. The ef
fect of P205 was significant at the 0.05 probabil
ity level. Interaction between N and P ~0 5 was 
highly significant. There also was a significant 
difference between the yield levels of the two ran-

7 Percy Byls n1a, fa n ner-cooperator, Sioux Coun ty 1 Io,va . 

T AB L E 9. AVERAGE CORN YIEL DS PER ACRB: I N 1953 
FOR 60 FERTILIZER TREA TM ENT S ON M OOD Y S OIL. • 

Lb~. 'L bs. 
Pou n d ss of ni t r oge n 

P ,Oo K ,O 0 40 80 160 240 

0 0 26.05 56.70 65.25 63. 70 51.3 0 
0 40 32.00 49. 85 65 .50 68.25 61. 20 
0 0 26 .4 5 48.70 7 6.45 62.65 53.95 

40 0 16.65 52. 80 59.30 75.25 76.35 
40 40 3:l.25 4 9.55 61. 55 7 4. 7 5 66.90 
•10 ' O 24 .80 52.90 5 2.85 7 6. 4 0 69 .l 5 

bO () 23 .4 0 46 .50 60.4 0 7:l.65 83. 13 
80 40 23 .25 48.55 6 2.65 S8 .15 78 .45 
so 80 23.25 49.85 76.4 5 71. 95 77.00 

120 0 26.20 50.60 58 .95 78.20 82.00 
120 40 20 .20 50. 7 5 69.80 86.80 81. 90 
1 20 80 22.4 5 56.20 70.25 90.00 81.J a 
*Each e ntry is th e a-Yer age of two obs e rvatio ns. one fro1n each 

r a ndo mized b lock. 
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T.\J3LE 10. ANALYSlS OF VAR IAN CE OF COR .',1 Y [ 8LDS 
O:\' :llOODY SOIL, RA.',/DO '.VI [ZED 

BLOCK DESl GX 

Sou r ce of Degr ees of Sum of ~lean F Ya r iat ion freedom sq ua r e squa r e 

Total 117 53,164 .96 
13locks 1 4 32.82 432.82 4. 57* 

T l'ea tm e n t s 59 47,330.0 8 802.2 0 8.4 6** 
N 4 41 ,000.49 10.250.12 108 .15* * 
IJ 3 1,05 1. 22 350.41 3. 70* 
K 2 1 23.05 61.53 0.6:. 
N X. p 1 2 3,333. 88 277. 82 2.n•• 
N X K 8 455 .83 56.98 0.60 
p X K 6 99.55 16.59 0. 1 8 
N xPxK 24 1,266.06 52 . 75 0.56 

Er ror 57 5,402.06 94. 77 

•p:: 0.05 
**P::0,01 

domized blocks. Potash and the remaining inter
actions accounted for no significant portion of 
yield variance. The lack of potash response was 
expected since the experimental plots tested high 
in K. Since the soil test for P was low, negative 
phosphorus response at low levels of N in table 9 
was unexpected. However, other evidence sug
ges ts that this can happen a s a result of aggra
vating the nitrogen deficiency. 

R EGHESSION ANALYSIS Fon Moon, Sou. 

Several algebraic forms of the yield predict
ing equation were tried before equation (11) was 
selected. Equation (11) had an R 2 of 0.827 and 
was logica lly more acceptable than certain other 
forms ; it gave diminishing returns to fertilizer 
application (predicted gains in yield become 
smaller and smaller as equal increments of a fer
tilizer mix are added). Diminishing returns is a 
generally accepted condition for the ferti lizer
yield function. 

Y = 13.543 + 0.5340N - 0.001743N' - 0.000 3549P' 
+ 0.00106 9N P + 0.000873S (11) 

In equation (11), Y again refers to total yield 
in bush els per acre, N refers to pounds of nitro
gen per acre, P refers to pounds of P 2O5 per acre 
and S r efers to stalks per acre. Values of t for 
the coefficients in the order that they appear in 
equation (11) are 12.56, 14.47, 1.68, 5.44 and 1.50. 
The preceding t values for N, N 2 and NP are sig
nificant at the 0.00001 level of probability. The 
t erms for P 2 and S are significant at 0.10 and 0.14 
probability levels, respectively, and are retained 
for logical reasons. The negative P 2 term is im
portant because it "forces" diminishing returns to 
fertilizer inputs . Some of the functions fitted to 
the data, or the particular function without this 
term, did not have this characteristic. For ex
ample, the full five-term square root or regular 
quadratic functions gave increasing returns for 
part of the production surface; increasing returns 
make it difficult to secure determinate economic 
solutions. The five-term quadratic equation was 
as follows : 
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Y = il U. 277 + U.bil~N - 0.00175N' - 0. 623 P 
+ 0.000066P ' + 0.00 116NP (12) 

Equation (12)• was rejected in favor of equa
tion (11) since (11) gave diminishing returns 
and a determinate predicted maximum yield. The 
stand variable was included in equation (11) to 
increase the precision of fit of the nutrient re
sponse curves; equation (13) has been adjusted 
to an average stand and was used for the subse
quent economic analysis . Equation (13) is the 
same as equation (11) except that average plot 
stand is fixed at 18,000 stalks per acre. With the 
coefficient for S significant at the 0.14 probability 
level, the writers adopted this procedure as being 
more efficient than the conventional procedure of 
adjusting individual plot yields for stand. 

y = 29.248 + 0. 53 40N - 0.001743N"- 0.00 035 49P ' 
+ 0.001069NP (13) 

The analysis of variance of the basic regression, 
equation (11), is given in table 11. The F value 
of 91.20 for the over-all regression is highly sig
nificant. The mean square for deviations from 
regression is smaller than the within-plot esti
mate of experimental error. 

PnooucTION Su11FACE FOIi i\loouY Son, 

Estimated yields in table 12 were predicted 
from equation (11). These yields correspond to 
points on the corn production surface for the 
Moody soil. The predicted yields parallel the orig
inal yield observations in table 9 in th e respect 
that yields tend to decline with inputs of phos
phorus for a zero level of nitrogen. With higher 
levels of N, application of phosphorus results in 
predicted yield increases. 

The interaction of nitrogen and phosphorus can 
best be seen from the surface drawing in fig . 11. 
Yields increase sharply as nitrogen is applied at 
the zero level of phosphorus . However, even 
higher yields are obtained from N as P 10 " is in
creased. Yield at zero level of P 20 r. but for dif
ferent rates of N is represented by the edge of 
the surface directly above the nitrogen axis. A 
second line over the surface parallels the first and 
shows yield response to N at 40 pounds of P 20 ,,. 
Thus, the strong positive interaction or comple-

T ,\BLE 11. ANALYS IS OF \' . .\R l.\:\'CE FOR RE:GRESSION 
OF CORN Y IELD ON :II OOD Y SO IL. 

Sou,.ce of D egr ees of Sum of :I lean F 
va ri at ion freedom ~q ua re sq ua r e 

Tota l 11 7 53,164.96 

B lo~ks; 43 2.82 432.St 4.4 9* 

D ue to regres-
sion, equation 
( 11 ) 5 43,1)91. 5 1 8,7~8.30 91.20** 

Dev ia ti on s f rom 
r egr ession 111 9,17 3.45 8.l .64 

Othe r t r eatm en t 
e ffects 55 3,771.39 68.57 

E rro r 56 5,402.06 96.4 7 

•p:: 0.05 
**P == 0.01 



TABLE 12. PR.KD ICTED PER-ACRIJ; Y I E:LDS OF CO R N FOR 
SPEC IF LED NUTR IENT COllfBlNA.TI ONS .\PPLIED 

ON MOODY SOIL. 

1 i> S. Pounds n i t roge n per acr e 

P-,O. 0 40 80 120 160 200 240 

0 29.2 47.8 60 .8 68 .2 70.1. 66. 3 57. 0 

20 29 .1 4 8.5 62.4 70.7 7 3.3 70.5 62.0 

,10 28. 7 4 9.0 63. 7 72.8 76.3 7 4 .3 66.7 

60 28.0 49. 1 64.7 7 4 .6 79.1 77.9 71.1 

80 27.0 49 .0 65.4 7 6.2 8 1. 5 ' l. 2 7 5.3 

100 25.7 4 8.5 65.8 77.5 83.6 84.2 79.1 

J 20 24. l 4 7 .8 66.0 78.5 5.~ S6 .9 82 .7 

mentarity of N and P can be seen from the high 
center ridge of the surface at large inputs of N 
and P. 

Marginal physical products corresponding to the 
total yields in table 12 are given in table 13; they 
are the counterparts of the slopes of the vertical 
slices through fig. 11. For example, at 40 pounds 
of both N and P in table 13, the marginal product 
for P is 0.01. Thus, the "incline" or slope of the 
surface parallel to the P axis in fig. 11 is nearly 
level at this point. At the 40-pound combination 
of N and P in table 12, yields "leveled out" for 
small additional increases in P 20 ". At the heavier 
rates of N in table 13, marginal products are 
larger at the higher levels of P20 r:; . These figures 
again illustrate that the marginal productivity of 
one nutrient depends on the amount of the other 
with which it is combined. Negative marginal 
products in table 13 indicate a diminishing total 
yield from further inputs of fertilizer. 

Vertical slices through the surface parallel to 
the phosphorus axis in fig. 11 are equivalent to 
the N response of corn at fixed levels of P20 u. 
The corn response to nitrogen with no phosphorus 
application is considerably below the N responses 
at 40 and 120 pounds of P20 u in fig. 12. Further-
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Fig. 11. Per ~pectiv e vi e w of predicted y ield su r face fo r co rn 
on ::IJoocl,· so il. 

TABLE 13 . MARGI NAL PRODUCT OR YIELD (BUSHELS 

PER POUND OF F .E:RTILIZER NUTR[ENT) FOR CO ~'l-

13 lNA TIO:\IS INDI CATED JN ROWS AND COLU~4NS. 
UPPER FjGURES ARE F OR N I TROGEN, 

LOWER FIGURES FOR P2Os, 
MOODY SOIL. 

Poun ds nitrogen p e r acr e 
L bs. 
P2Os 

per acre 
0 40 80 120 160 200 24 0 

0 0.53 0.39 0.26 0.1 2 -0.02 - 0.16 -0.30 
0.00 0.04 0.09 0.13 0.17 0.21 0.26 

20 0.56 0.4 2 0.2 0.14 - 0.00 - 0. 1 4 - 0.2 8 
- 0.01. 0.03 0.07 0.1 1. 0. 1. 6 0.20 0. 24 

40 0.58 0.4 4 0.30 0.16 0.02 -0.12 - 0.26 
- 0.03 0.01 0.06 0.10 0.14 0.19 0.2~ 

60 0.60 0. 4 6 0.32 0.18 0.04 - 0.10 - 0.2 4 
-0.04 0.00 0.04 0.09 0.13 0.17 0.21 

so 0.62 0.4 0.34 0.20 0.06 - 0.0 8 -0.22 
- 0.06 -0.01 0.03 0.07 0.11 0.16 0.20 

100 0.64 0.50 0.36 0.22 0.08 - 0.06 -0.20 
-0.07 - 0.03 0.01 0.06 0.10 0.14 0.19 

120 0.66 0.52 0.38 0. 24 0.10 -0.03 - 0.17 
-0.09 -0.04 0.00 0.04 0.09 0.13 0.17 

more, the maximum yield on the nitrogen re
sponse curve comes at higher levels of N as more 
P is applied because of the positive N X P inter
action term in equation (13) . With a zero phos
phorus application, the highest yield obtainable 
from nitrogen is about 70 bushels with 150 pounds 
of N. With 40 pounds of P20 ,, per acre, over 76 
bushels of corn are predicted from 170 pounds of 
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N. Approximately 87 bushels per acre are esti
mated at 190 pounds of N and 120 pounds of P 2O5• 

The predicted corn response to P2O5 is negative 
in fig. 13 when no nitrogen is applied. With 40 
pounds of N, P2O5 gives litt le response . However, 
at 120 pounds of N, there is an increase of more 
than 10 bushels per acre from 120 pounds of P2O5 • 

Thus, strong N X P interaction can be seen in 
both the N and P2O5 response curves. 

Predicted input-output curves with N and P 2O5 

in fixed proportions in fig. 14 show that yields 
continue to increase at high levels of N when P 2O5 
is equal to N (i . e., a 1 :1 ratio of the two nutri
ents). When P2O5 is applied at only half the N 
rate, yields start to decline with 200 pounds of 
N. However, greater uncertainty is involved in 
predictions of the surface for high inputs of phos
phorus : The basic experimental rates for phos
phorus went only as high as 120 pounds of P 2O5• 

Ninety-five-percent confidence limits of the 
yield response to nitrogen in fig. 15 are fairly nar
row, especially from zero to 160 pounds of N. At 
120 pounds of N the limits are closest, being only 
2 bushels on either side of the mean predicted 
value. The limits then widen to 5.5 bushels at 
240 pounds of N. Within the range of 40 to 150 
pounds, representing economic application, the 
confidence limits are 3 bushels or less from the 
predicted values. However, the limits would be 
somewhat wider for P~O0 applications greater 
than 80 pounds. 

YJELD ISOQUANTS L'"OR MOODY SOIL 

In the yield isoquant equation (14) , derived 
from the basic regression equation (13), P 2O5 is 
expressed as a function of N. The yield isoquants 
in fig. 16 are based on equation (14). 
P = 
l.

5
0GN + y'0 .0007581N -- 0.000 0013 32 N" + 0.041 5 - 0.00142f 

- - 0.000709 8 
(14) 

For yields as low as 50 or 60 bushels in fig. 16, 
isoquants are nearly vertical. These st eep slopes 
for lower yields mean that many pounds of P2O5 
are necessary to replace 1 pound of nitrogen in 
attaining the constant yield (or, practically, that 
added P 2O5 does not substitute for N in attaining 
these yields when N input is low). As yield is 
increased to 70 bushels per acre and more N is 
used, the isoquant becomes more curved as it ap
proaches the N axis . The 70-bushel isoquant in
tersects the N axis; 70 bushels per acre are pre
dicted from the equation with all nitrogen and 
zero of P2Or. . However, the 80-bushel isoquant 
requires P2O" in addition to N; a yield this high 
requires the complementary effect of P2O5 with N. 

Since the slopes of the isoquants in fig. 16 
show t he change in amount of P 2O5 required to 
maintain a given yield when another unit of N 
is added, the curvatures of the isoquants indicate 
the change in the rate of substitution of N for 
P2O5• Substitution or replacement rates pre-

T A 8LE 14. CO:\l l:l l NATlONS Ol!, 1 TRIENT S TO PRODUCJ3J 
SPECI F IED YIE L DS PER ACR E AND CORR ES POND

I NG :MARG I NAL RAT E . OF SUBSTITU TION 
( MRS), M OODY SOIL . 

70 bus h els* 80 b u s h e lst 

L bs. Lbs. of MR S of Lbs. Lbs. of 
of N P ,O• N fo r P, of N P ,Os dP / dN + 

100 54.64 -3.58 130 106. 73 

110 2 .89 - 1.87 1.40 84 .98 

120 14 .3 6 - 1.11 150 73.50 

130 5.74 -0.64 1. 60 67.53 

14 0 1.02 - 0.32 170 65.22 

* inc r eased y ie ld from fe r t ilizer i s 40.75 b u s h e ls. 
tlncreased y ield fr o m fe r tilize r is 50 .7 5 bu s h e ls. 

M . .RS o f 
N fo r P, 
dP / dN :j: 

- 3.01) 

- 1. 53 

- 0.83 

- 0.39 

- 0.08 

+C h a nge in P2O5 r eq uir cl Lo m a inta in y ie ld wh e n unit o C N is 
a dded . Predi c t ed by co mputing th e d e ri vativ es of e qu a tiu 11 
( 14) f o r the nutrie nt co mbina tions shown. 

dieted in table 14 for the 70-bushel yield show 
that at 100 pounds of N, an additional unit of N 
replaces about 3.5 units of P2O5. However, at 
140 lbs. of N, an additional pound of N replaces 
only about one-third of a pound of P 2O~, if an 80-
bushel yield is to be retained . 

Since the slopes of the isoquants in fig. 16 
change along a scale line (fixed nutrient combina
tion) the combination of nutrients or ferti lizer 
ratio which gives lowest cost for one yield level 
is not the same fertilizer ratio which gives low
est cost for another yield level. For example, the 
least cost combination of N and P2O,, will not be 
the same for 70- and 80-bushel yields. 

YIELD ISOCLINES FOR MOODY SOIL 

Each isocline in fig. 17 intersect s every iso
quant at a point of specified slope on the isoquant. 
For example, the isocline labeled P 0 = 3.0PP goes 
through each of the 70-, 80- and 90-bushel iso
quants at points where the slope (i. e., the mar
ginal rate of substitution) is 3 :1. On the iso
cline labeled Pn = 0.33Pp, each isoquant is inter
sected where the slope is 1 :3. On this isocline, 
each pound of P2O5 would r eplace 3 pounds of N. 
Therefore, if the price of N were one-third the 
price of P2O5 per pound, production should be ex
panded along the isocline labeled P 0 = 0.33Pp, if 
the path of fertilizer ratios for least-cost yields 
is to be t raced out. 

Under current prices, the isocline labeled P O = 
1.5Pp is the optimum fertilizer ratio line. This 
isocline starts at about 105 pounds on the N axis; 
it would be most profitable to apply 105 pounds 
of N before any P2O,. is used. Since 105 pounds 
of N results in a predicted yield of about 66 
bushels per acre, any yield less than 66 bushels 
per acre could be obtained at lowest cost by using 
all N and no P2O5 (with P 11 = 1.5PP) . 

Isoclines and all other features of the produc
tion surface were derived from the basic yield 
estimating equation, (11) . The equations of iso
clines in fig. 17 were found by setting the ratio 
of the marginal physical products (partial deriva-
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tives of yield) equal to the phosphorus-nitrogen 
price ratio. Letting a equal the P~05/ N price 
ratio, the isocline equation is (15). 

p = (0.001069 + 0.00348 6ci) N - 0. 5340 ci 
0.001069<:t + 0.000709 8 

(15) 

The dotted isoclines in fig. 17 are those where 
the marginal rates of substitution, dN/ dP at the 
upper end and dP/ dN at the lower end are zero. 
Hence, they are ridgelines defining the technical 
limits of replacing one nutrient with the other to 
attain a given yield. They indicate the points on 
the isoquants where the two nutrient resources 
become technical complements . Isoquants become 
vertical along the upper ridgeline ; along the lower 
ridgeline the isoquants are horizontal. It would 
never be more profitable to apply a ferti lizer ratio 
fall ing outside the r idgelines than one falling 
within them, even if one or both nutrients were 
free . 

All the isoclines (including the ridgelines) in 
fig . 17 are predicted to converge and intersect at 
284.6 pounds of N and 428.4 pounds of P 2Or; - The 
intersection at these indicated inputs represents 
the one level and ratio of nutrients which results 
in a maximum physical yield (105.2 bushels). This 
last prediction must be "held with great uncer
tainty," however, because indicated input of P 2O5 

is far beyond the P 20 5 levels in the experiment. 
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If P iOc; had been applied at 0-, 50-, 100- and 200-
pound intervals, the point of maximum physical 
product (and the level and ratio of nutrients which 
give it) could have been estimated with more cer
tainty. 

E CONOMI C OPTIMA FOR MOODY SOIL 

Isoclines in fig. 17 indicate the optimum com
bination of nutrients for given fertil izer prices. 
But, again, to determine where to stop on the iso
clines (i. e., the rate of fertililization) the corn 
price also must be considered. For example, as
sume corn is $1.00 per bushel and the price of N 
is $0.15 and P 2O5 is $0.10 per pound. Optimum 
inputs are found by setting the partial derivative 
of Y with respect to N in equation (13) equal to 
the nitrogen-corn price ratio and solving it simul
taneously with the partial derivative of Y with 
respect to P in equation (17) set equal to the 
PiOr,-corn price ratio. 

0.15 
0.5340 - 0.003 48 6N + 0.001069P = l.00 

- 0.00070 98P + 0.0 01069N = ~:~ ~ 

(16 ) 

(17) 

Solving equations (16) and (17), optimum in
puts are predicted to include 124.4 pounds of N 
and 46.4 pounds of P 2Or, . For these inputs, a yield 
of 74 bushels is predicted from equation (13). In 
table 15 the value of net gain from using ferti
lizer has been computed. For the preceding price 
situation with corn at $1.00 per bushel, the value 
of the gain in yield ($44.86) less the cost of fer
tilizer ($23.30) leaves a net gain of $21.56 from 
using the optimum quantity of fertilizer. A 
farmer in this case would receive almost a $2 re
turn per $1 expended on fertil izer, even though 
the return on the last $1 invested in ferti lizer 
gives a return of just $1.. If corn were $2.00 per 
bushel, the net gain would be increased to almost 
$82.00 per acre from the use of $54.42 of ferti
lizer per acre, or a return of $2.50 per $1.00 ex
pended for fertilizer. 

T .-\HLJ); 15. OPTl:S.1 Ui\I RAT ES X :-:1 D CO MB I NATIONS OF 
FERTILIZER PER ACRE F O R S P EC fF I ED CR OP 

_\ :-lD NUT R IEN T P RTC E S, M OOD Y SOIL. 

Pr ice pe r u n i t Optimum in puts 
Net ga in 

Co rn N f' ,(h 
L i>~ . Lb,. E, li - pe r acre 

p e r pe r pe r N P ,0.; m ated fr o m f e r -
b u. lb. l b. .,· ie ld tilizer * 

$2.00 $0.15 $0. 1 0 204. 5 237.4 97.4 $81.98 
1.00 0.J 5 0.10 1 24.4 4 6.4 7 4.1 21.56 
0.50 0. 15 0. 1 0 67 .1 0 .0 5 7 .2 3 .93 

2.00 0.20 0.10 191. 2 2] 7.4 95.3 7 2.09 
1.00 0.20 0.J 0 n.7 6.3 65.4 1 6.0 1 
0.50 0. 20 0. 10 3 8.4 0.0 4 7. 2 1.29 

2.00 0. 10 0.10 217.8 257.5 99.3 92.54 
l. 00 0. 10 0.10 1 51.0 8 6. 5 81. 4 28 .4 5 
0.50 0. 10 0.10 95. 8 0.0 64. 4 8.00 

*Co m p u t e d by mu l tipl y i ng increase i n yield from u se of fer 
tilize r t imes price of co rn a nd su b t ra c ting cos t o.f f e rt ilizer. 



It becomes more profitable to apply P 2O5 as N 
becomes cheaper (table 15) because of strong 
complementarity or N X P interaction in the bas
ic experiment. How economically important is 
the complementary effect of the P 2O5 ? If corn is 
$1.00 per bushel, N is $0.15 per pound and P 2O5 

is $0.10 per pound, the optimum solution where 
no P2O:; is used is given by equation (18). This 
equation is the partial derivative of Y with re
spect to N where P has been set equal to zero. 

0.5340 - 0.003486N = O.l
5 

1.00 

N = 110.2 lb s . 

(18) 

Introducing N = 110.2 pounds back into equa
tion (13), a yield of 66.93 bushels is predicted. 
Net gain from use of fertilizer is then $21.15 per 
acre, or only $0.40 less per acre than obtainable 
where both P2O5 and N were used. However, if 
N and P2O5 are both assumed to be $0.10 per 
pound, with corn at $1.00 per bushel in table 15, 
then optimum inputs of 151.0 pounds of N and 
86.5 pounds of P 2O5 result in a net gain of $28.45 
per acre from use of fertilizer. If P 2O5 is not 
used, the optimum N input of 124.5 pounds re
sults in a net gain of $27.02, or $1.43 less per 
acre than when P 2O5 is used with N. 

If corn is $2.00 per bushel when N and P 2O;; 
are $0.10 per pound, optimum inputs of 217.8 
pounds of N and 257.5 pounds of P2O,, result in a 
predicted net gain from fertilizer of $92.54 per 
acre. If no P2O5 is used, 138.9 pounds of N is the 
optimum input. The resulting margin over fer
tilizer cost with no P 2O;; is about $25 per acre less 
than that obtainable through use of P 2O5 with N. 
However, it should be remembered that 257.5 
pounds of P2O;; is far beyond the 120-pound P 2O5 

limit of the experiment; large inputs of P 2O5 

would probably not be as profitable as indicated. 
It is concluded that P 2O5 could be ignored for low 
or medium yields, but it appears profitable to in
clude P 2O5 if (1) product prices should be unusu
ally high, (2) nitrogen prices should be low and 
(3) large amounts of N are applied and high 
yields are sought. 

The relative advantage in equating substitu
tion ratios to price ratios, in specifying the least
cost fertilizer ratio for a particular yield level, is 
greater for the Moody experiment than for the 
Carrington experiment. With a price of N 1.5 
times the price of P 2O;; ($0.15 per pound for N 
and $0.10 for P 2O;; ), the least-cost ratio for an 
80-bushel yield is roughly 88 pounds of P 2Or; and 
135 pounds of N (isocline Pn = 1.5P11 in fig. 17) 
with a per-acre cost of $29.05. If a "fixed" nu
trient ratio of lN: lP were used, the 80-bushel 
yield could be attained with approximately 125 
pounds of N and 125 pounds of P2O:;, with a per
acre cost of $31.25-an increase of $2.35 per acre 
over the optimum. If a "fixed" nutrient ratio of 
2N :lP were used, approximately 148 pounds of 
N and 74 pounds of P 2O5 would be required; the 
per-acre cost of $29.60 would be only $0.55 greater 

than for the optimum nutrient combination de
noted along the isocline, P 11 = 1.5P P in fig. 17. 
However, the difference in cost between use of a 
fixed ratio and" an "isocline optimum" would be 
greater with lower yield levels. This is true be
cause the distance between the points where (1) 
a straight line through the origin (denoting a 
"fixed" nutrient ratio) and (2) the relevant iso
cline intersect a given isoquant, increases for suc
cessively lower yield levels. For a 70-bushel 
yield level , the "isocline optimum," for the prices 
above (Pu = $0.15, P " = 0.10) includes 115 
pounds of N and 25 pounds P 2O5 for a total cost 
of $19.75. 

A lN: lP fertilizer ratio would require about 
95 pounds each of N and P 2O5, with a per-acre 
cost of $23.75, or a difference of $4.00 from the 
"isocline optimum." Hence, it is again obvious 
that the relative gain in using an "isocline opti
mum" nutrient ratio, rather than a "fixed" ratio 
for all yield levels, depends on the slope of the 
isoclines and isoquants , the "fixed" ratios under 
consideration, the prices of the nutrients and the 
yield to be attained. The difference can be small 
for one of these situations, but large for another. 

MoonY SorL PRESENTATION FOH PnACTICAL UsE 

Individual nutrient response curves again are 
used to determine optimum inputs of nutrients 
for this experiment. The optimum N input de
pends upon the level of P 2O,, application and vice 
ver a. It is possible to locate these simulta
neously determined optimum inputs from charts 
such as fig . 18. As an example, assume corn to 
be $1.00 per bushel, N to be $0.15 per pound and 
P 2O~, to be $0.10 per pound. Since the price of 
N is 1.5 times the price of P2O5, the straight line 
(isocline), leading from the bottom axis to the 
upper right, labeled P 11 = l.5P" is chosen. This 
line gives the optimum N :P 20 11 combination for 
all levels of production when N is 1.5 times as 
expensive as P2O;; . To find how far to go ori this 
line (isocline) it is necessary to determine the 
nitrogen-corn price ratio. In the above case, 
P n/P ,. = 0.15. Therefore, the line labeled Pa = 
1.5P" is followed until the dashed line labeled 
0.15 is reached. Then by dropping straight down 
from this point, a reading of about 124 pounds of 
N is obtained. Likewise, by reading straight to 
the left from the same point on the fertilizer ra
tio line, about 46 pounds of P 2O:; are indicated . 
The approximate predicted corn yield for the op
timum inputs of N and P 2O" can be estimated 
from the isoquants. For 124 pounds of N and 
46 pounds of P 2O:; , a yield of about 74 bushels is 
indicated. 

Nitrogen-corn price ratios in fig. 18 implicitly in
clude P 2On-corn price relationships. The points 
of intersection of the dashed lines with the iso
clines were found from the simultaneous optimum 
solutions such as given by equations (16) and 
(17). 

It can be seen from fig. 18 that for nitrogen-
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corn price ratios greater than 0.25, it would sel
dom pay to use P 20 5 • For example, if N is $0.15 
and P 20 5 is $0.10 per pound and corn drops to 
$0.75 per bushel, the most profitable input is in
dicated by the intersection of the dashed line la
beled 0.20 with the N axis at about 95 pounds of 
N and no P 20 5 • For indicated optimum inputs 
greater than 120 pounds of P 20 5 in fig. 18, caution 
must be exercised since inputs of P 20 5 did not ex
ceed 120 pounds in the basic experiment. 

HAYNIE EXPERIMENTAL DATA8 

Yields of corn on a Haynie silt loam soil test
ing very low in N and P, and medium in K, are 
given in table 16 for three levels of N, P 20 5 and 
K20 application. Rates of application included 
0, 40 and 80 pounds of each nutrient. Improved 
estimates of the N and P 20 r, response would have 
resulted if N and P 20 " levels had extended higher. 
Average yields of the nitrogen responses in table 
16 are 8 bushels fo r the last 40 pounds of N ap
plied. Similarly, 80 pounds of P 20 G gave almost 
5 bushels more corn per acre than did 40 pounds. 
To estimate the N X P interaction, nitrogen and 
phosphorus inputs should go far enough to cause 
a decline, or at least a leveling out, of total yield. 
Additional increases in yield might have been ob
tained at heavier N and P 20 r. combinations. 

The analysis of variance in table 17 empha-

• Gen e Hinze, farmer-cooperator, Fremont County, Iowa. 

822 

T.\BLE 16. AVERAGE CORN Y lELD S PEH .\ CR !~ I N 1953 
FOR 27 FERTTLIZER TREA T MENT co:vIBlN.\

TIONS ON HAYN I E SOI L.* 

Lbs. ·1~bs. 
Pounds of nitrogen 

P,O, K,O 0 40 80 

0 0 4 3.30 55.25 G4 .60 
0 40 4 4. 95 57.70 71.4 5 
0 80 48. 10 75.80 78 .50 

40 II 57.90 7 3.85 83. 10 
40 40 4 9.50 80 .55 82.8:J 
40 80 4 7 .0 0 65. 85 76.4 5 

80 u 4 7.60 7 5. 4 0 7 8.25 
so 40 58. 50 83. 50 ~9.3 5 
80 80 60.30 71. 25 86 .65 

,:,Each e n lry js the average of t vvo oiJse rvalio n:-;, one fron1 each 
rnndomized block. 

sizes the level of N response; simple N effects 
accounted for over 60 percent of the total treat
ment sum of squares. Direct P 20 5 response also 
was highly significant. Direct potash effects fell 
slightly short of the 0.05 probability level, al
though potash was later included in the yield es
timating equation. One justification for r etain
ing potash was the highly significant P X K in
teraction detected by analysis of variance in table 
17. Significant N X P interaction might also have 
occurred if N and P inputs had gone higher ; to 
detect positive interaction such as between N and 
P it seems necessary to extend inputs higher than 
in the case of negative interaction as between P 
and K. 

Analysis of covariance indicated a highly sig
nificant effect of stand on yield. Similarly, when 
stand was included as a variable in t he yield esti
mating equation, its l value was highly significant. 
The positive effect of stand might have been ex
pected since stalk numbers averaged only 9,000 
per acre. The low stand probably limited yields 
in table 16, especially at the heavier fertilizer 
rates. 

REGRESSION ANALYS IS FOR HAYNIE SOIL 

Of several possible algebraic forms of the yield 
estimating regression tried. equation (19) was 
selected for predictions. Equation (19) fit t h e 
data best, with an R2 of 0.778. It was selected 

TABLE 17 . .AN.\LYSTS OF V .-\RT.\:\'CE OF CORN YIELDS 
ON HAY:\' IE SO I L. RA:\'DOM TZED ll l ,OCK DESIGN. 

Source of Degrees of Sum of Mean F variation freedom squar e square 

Tola! 53 13,876.57 
Blocks 1 125.74 125.,4 l. S~ 

r_r realn1en ls 26 12.094.09 4 65. 1 6 6.79** 
N 7.61 9.0 I 3.809.:;0 5f;.57** 
p ~ 1,BSl . 71 ~90.86 14.45* * 
K 4116.3 I ~o :J.17 2.96* 
N X l' 16 2. ~ 9 4 0.7 5 0.59 
N X K 4 202.02 50.50 .7 4 
p X K -1 1,218.14 304.54 4.44** 
N X p X K 8 503.88 62.98 0.92 

Error 26 1,782.48 68.5569 

**P ~ 0.01 

• 0.10 < P < 0.05 



over the square root function partly because it 
gave a determinate surface maximum. If inputs 
of N and P2O5 had been extended to higher levels, 
the square root function might have given better 
results. Higher levels of N and P 2O5 might have 
also revealed a significant N X P interaction. 

Y - 0.9751 + 0.7126N - 0.004352N' + 0.5255P 
- 0.003103P ' + 0. 254 6K - 0.001624K2 

- 0.00 2255PK + 0.00 3863S (19) 

The term, S, again refers to stalks per acre 
while N, P and K refer to pounds of N, P 2O5 and 
K2O per acre. The values of l for the r egression 
coefficients are given in table 18. They show tha t 
the coefficients for the N variables are significant 
in explaining yield variance, as does the analysis 
of variance in table 17. The value of l for K 2 

is only _1.06. A value this large could occur by 
chance m about one-third of the time where K2 

had no real effect. Nevertheless, the K2 term is 
retained for logical reasons. Without the nega
tive K2 term, an unlimited linear response to K 
would be implied. 

The analysis of variance of regression in table 
19 shows the over-all regression to be highly sig
nificant. The deviations from regression mean 
square are about the same as the estimate of ex
perimental error from within plots. 

In equation (20), stand is fixed at 9,220, the 
average stalk count for all experimental plots. 
If stand were included as a controlled variable in 
the original experiment, the optimum level of 
stand could be determined by economic analysis. 
However, none of the experiments analyzed in this 
study was so designed, and stand is used only to 
improve the precision of estimate of the fertilizer 
response. 

i" = 35.05 7 + 0.7126N - 0.004 352 2 + 0.5255P 
- 0.003103P' + 0. 254 6K - 0.0016 24K" 
- 0.00 2255 PK (20) 

T .-\H l,J;; 18. V ALUES O1~ t FOR INDI V I DUA L REGRESSION 
COEFFI CI ENT S OF EQUAT!ON (19). 

Variable N N• p P 2 K K 2 PK S 

I val u 
P I vel 

5.67 2.89 3.72 1.96 1.90 J. 06 2.10 2.99 
0.00001 0.005 0.0004 0.05 0.07 0.30 0.04 0.004 

'l'A IH,ls 19. , \ NA LY S LS O P V ,\LU ANCrn fi'O R Rfc C:R l.;SsTON 
OF COR N YlEl~D ON H AYNIE SO I I,. 

Source of D egr ees o f 
varia ti on freed om 

T ota l 53 
D ue t o -ten n 

regression 
eq uation (19) 8 

Deviatio n s from 
regr ess ion 45 

Othe r treatm ent 
e ffects 20 

E rro r 25 

.. p~ 0.0 1 

Sum of 
sq ua 1·e 

13,876.57 

J 0.794 .66 

~,08 1. ~ l 

1,299 .4 3 
1 ,782.4 8 

Mea n 
sq ua r e 

J ,34 9.33 

68 .-19 

64.97 
71.30 

F 

18.92** 

PRODUCTIO SURFACE FOR HAYNIE SOIL 

Equation (20) is not easily illustrated as a 
three-dimensio:rfal geometric surface as for the 
preceding two experiments, because f~ur variables 
are included. However, since the effects of N 
were independent of P and K, the phosphorus-po
tassium surface retains the same shape at differ
ent levels of N. In fig. 19 the K-P surface shows 
a greater rise in yield from inputs of P 2O5 than 
from K2O. Also, the surface is relatively flat 
over the top, indicating that yields do not change 
greatly for many combinations of P2O5 and K,O. 
For a line stretched diagonally over the surface 
from the zero corner to the opposite corner, a 
sharp increase in yield is followed by a decrease. 
The "dropping off" at the opposite corner for high 
levels of both P2Oa and K2O is due to the negative 
P X K interaction. The decline at high levels 
of P?O5 and K2O is in contrast to the high ridge 
at high levels of N and P 2O., in fig. 11, caused by 
positive N X P interaction. 

Predicted yields under the zero N column in 
table 20 correspond to points on the production 
surface in fig. 19. Yields are predicted to in
crea~e by about 21 bushels as nitrogen inputs 
are mcreased to 40 pounds. For 80 pounds of N 
predicted yields are increased 29 bushels over cor~ 
responding P-K treatments receiving no nitrogen . 
These relationships between nitrogen and P-K 
responses for a particular angle of the P-K yield 
surface are shown in figs. 20A 20B and 20C. 
(The _view is more to the front bf the P2O5 axis 
than m fig. 19.) In fig. 20A, the P-K yield sur
face is shown with a zero level of N. Figure 20B 
gives P-K yields with 40 pounds of N while fig. 
20C shows P-K yields with 80 pounds of N. The 
surface of fig. 20B is 21 bushels higher than for 
fig. 20A because of the response of the 80-pound 
application of N. The shapes of the three sur
faces are exactly the same, but one may see more 
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TABLE 20. PRED [CTELJ YIELDS OF CORN PER _\ CRE FOR 
SPI£C IF IEJ) NUTR IENT COMHJ NA TIONS APP LIED 

Lhs. 
P ,Oo 

Lh~. 
K,O 

ON HAYNIE S I. LT L OAM. 

J-'ounds of nitrogen 

20 4 0 GO 

0 0 35.1 -17.G GG.G G2. 2 
0 20 ~!J. 5 5 2. 0 61.0 (i6.6 
0 40 42.6 55. 2 64. 2 69.7 
0 60 44.5 57.0 66.0 71.6 
0 80 45.0 57.5 66.6 72.1 

2U O 44.3 56. 8 65. 9 71.4 
20 20 47.9 G0.4 6n.4 7G.0 
20 40 50.1 62 .6 71.6 77.2 
20 60 51.0 63.6 72.6 78.l 
20 80 50.7 63.2 72. 2 77.8 

40 0 51. 1 63.6 72.6 78.2 
40 20 53. 8 66.3 75.3 80. 8 
40 40 55.1 67.6 76.6 82.2 
40 60 55. 1 67.6 76.7 8 2.2 
40 80 53.9 66.4 75.4 8J.0 

- - - ----------------
60 0 55. 4 67.9 77.0 8 2.5 
60 20 57.2 69.7 78.7 84.2 
60 40 5 7.6 70 . l. 79.1 84.7 
60 60 56.7 69.2 78.3 8 3.8 
60 80 54.6 67 .1 76 .1 81. 7 

80 0 57.2 69.7 7 8.8 8 4.3 
8 0 20 58 .l. 70.6 79.6 85.2 
80 40 57.6 70.1 79.1 84.7 
so 60 55. 8 68.4 77.4 8 2.9 
80 80 52 .8 65.3 74.3 79.9 

8 0 

G4. 2 
68.7 
71. S 
73.G 
74.2 

73.5 
77.0 
79 .3 
80.2 
79. 8 

80.3 
8 2.9 
84 .2 
8 4 .3 
83.0 

8 4 .6 
8 6.3 
8 6. S 
8 5.9 
8 3.7 

8 6.4 
87 . 2 
86 .S 
8 5.0 
81.9 

of the under side of the declining surface in t he 
higher structures . If the P-K yield surface for 
120 pounds of N were shown it would be of the 
same height as fig. 20B, since predicted yields 
start to decline around 82 pounds of N. 

Marginal physical products of yields from P 
and K are presented in table 21. The equation of 
the marginal product for phosphorus is derived 
from the production function equation (20) by 
taking the partial derivative of Y with respect 
to P. Similarly, the marginal products for K and 
N are found by taking the partial derivatives of 

a:: 
w 
n. 

If) 
_J 
w 
ai 

80 80 

a:: 
w n. 

40 
<J) _, 
w 
I 
<J) 
:::, 

T ,\BLE 2l. MARG I NA i, ]'RODUCT OR YJJ<,LD ( 1-H JS Hl-.:L 
P ER ADDEO POUND Ol1' FEHT I.Ll ZER NUTRl.];;NT) 
FOR COMBI NATTONS .1.NDTC-,TED IN RO\\·s --\:--.ID 

COL UMNS. UPPER FIGURES ARE FOR K ,O, 
LOWER l" l"'URES FOR P,O,, H .\ YN IE SO f L. 

Pounds of P205 pe r a cre 
Lbs. 
K,O 0 per acre 20 40 60 s o 

0 0. 25 0. 21 0 .16 0.12 0.07 
0. 53 0.4 0 0.2 8 u. 15 U.03 

20 0. 1 9 O.H 0.10 0.0 5 0.01 
U. 4~ 0.36 0.23 0.11 - 0 .0 2 

40 0.1 2 0.0 8 0.03 - 0.01 - 0.06 
0.4 ·I fJ .3 l o.rn O.O(i - 0.06 

60 0.06 0.01 - 0. 0 3 - 0.0 8 - 0 .12 
0.39 0. 27 0.14 0.0 2 - 0.1 1 

80 - 0.0 1 - 0.05 - 0.10 - 0.1 4 - 0. 19 
0.35 0.22 0.10 - 0.03 - 0.15 

Y with respect to K and N. Marginal product 
equations for P, K, and N are given by equations 
(21) , (22) and (23), respectively. 

: ! = 0.53 : 5 - 0.006206P - 0.002255K. 

: : = 0.2 546 - 0.003248K - 0.002255P. 

: i = 0.7 126 - 0.008704N. 

(21) 

(22) 

(23) 

Lack of interaction between N and the other 
nutrients in equation (20) is reflected in the mar
ginal physical product of N in equation (23) ; the 
marginal yield per pound of N depends only on 
the level of N. The predicted increase in yield 
or marginal product of N at 0, 20, 40, 60, 80 a nd 
100 pounds of N is 0.71, 0.54, 0.36, 0.19, 0.02 and 
- 0.16 bushel, respectively. As greater inputs of 
N are applied, marginal products grow smaller 
and finally become negative at about 82 pounds. 

I 
I 
I 

Equation (21), representing the marginal yield 
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of P, contains a negative K term. This negative 
K term indicates that marginal yields from P 2O5 
will be lower for higher levels of K2O. Accord
ingly, marginal yields of P 2O5 in table 21 a re 
lower at high levels of K2O than at low levels; the 
decrease in marginal productivity of P 2O0 is about 
0.18 bushel as KoO is increased from 0 to 80 
pounds. Similarly: marginal yields from K2O de
cline about 0.18 bushel when K 2O is held con
stant and P~Or; is increased from 0 to 80 pounds. 
The strong effect of K2O on the productivit y of 
P20 ,,, and vice ver sa, indicates that the optimum 
economic level of P20 r. or K20 cannot be deter
mined independently of each other. 

The predicted increase in yield from a particu
lar input of nitrogen again is independent of the 
levels of P20 0 and K 20 in fig. 21 ; while the re
sponse curve is higher with greater levels of P 
and K, it has the same slope in each case. The 
independence of the N response with P 2O,, and 
KcO in this experiment may have been because 
(1) P20r; and K 20 levels in the soil were high 
enough before application so that they did not 
limit nitrogen response, and/ or (2) P 2O5 and N 
levels did not go high enough to allow interaction 
to be detected. Single-line response curves for 
P20r; and K 20, with various levels of the other, 
are shown in figs. 22 and 23. 

Corn yields for fixed proportions of K2O and 
P20 r; in fig. 24 show that the greatest yields are 
obtained when K 2O is equal in amount to half of 
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the P 20 :; input. However, higher yields occur for 
initial inputs when K20 is a larger proportion of 
the fertilizer. Similarly, larger inputs of K20 in 
relation to N application give higher yields for 
initial inputs in fig. 25 but soon cause yields to 
decline. The fertilizer ratio with equal parts of 
N and K 20 results in the greatest yield in fig. 25. 
The greatest corn yields in fig. 26 also occur when 
N and P 20 5 are combined in equal parts. The rea
son for highest yields being obtained with equal 
parts of N and P 20 5 in equation (20) is that N 
and P 20 a responses are independent in the basic 
regression equation, and both nutrients have a 
maximum yield at about 80 pounds. Similarly, 
the K 20 response curve reaches a maximum at 
about 80 pounds (when P 20 5 is at zero). 

Scale line responses with N, P 20 5 and K20 all 
increased in fixed proportions are given in fig. 27. 
The greatest yield of over 86 bushels is obtained 
when K 20 is restricted to half the N and P 20 5 
inputs. Highest yields are obtained with less K20 
because of the negative interaction between K20 
and P 20 0 • The additional yield obtainable from 
further K 20 inputs is more than offset by the re
duction in yield from the negative interaction. 

YIELD ISOQUANTS FOR HAY IE SOIL 

Various combinations of N and P 20 5 can be used 
to produce given yields as shown in fig. 29. Yields 
of 50 bushels can be obtained by applying 24.7 
pounds of N and no P 20 5 or by using about 27 
pounds of P 20" and no nitrogen. For the 60-
bushel yield, 50 pounds of N and no P 20 5 can be 
applied. However, P 20 5 alone cannot be used to 
p1•oduce the 60-bushel yield; some nitrogen also 

must be applied. At 70 bushels, nitrogen alone 
becomes insufficient; some P 20 G must be added. 
At higher yields the isoquants are spaced further 
apart, indicating; diminishing returns to fert ilizer 
applications. 

Isoquants in fig. 29 were computed from equa
tion (24) [which in turn was derived from the 
yield regression, equation (20) J, where K20 was 
set equal to zero. 
N = 81.87 

± \ 0.50 78 + 0.0 1741 (0 .5255 P - 0.003103P 2 --j- 35 .06~~-) 
- 0.008704 

(24) 

Isoquants in fig. 30 were plotted from equation 
(25) which was also derived from the basic re
gression equation (20). 
N = 81.87 

± \f0.5078 --j- 0.01741 (0.2546K - 0.001624K2 --j- 35.06 - ~) 
- 0.008704 

(25) 

The isoquants in fig. 30 again show that yield is 
more responsive to nitrogen than to potassium 
since the slopes are nearly horizontal for lower 
yields. For example, 45 bushels of corn per acre 
could be produced by applying 16 pounds of N or 
by using nearly 80 pounds of K20 . In other words, 
1 pound of nitrogen will produce as much as sev
eral pounds of K20 at the lower yields. However, 
if yield is to be increased to 65 or 70 bushels, 
some potassium must be applied ; the isoquants 
do not intersect the N axis, indicating that N and 
K20 do not serve as alternatives in attaining these 
yield levels. The sharp curvature and greater 
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slope of the upper end of the 65- and 70-bushel 
isoquants indicate that a large amount of nitro
gen replaces only a small amount of K~O, in at
taining a given yield, at these yield levels . 

The gentle slopes of the isoquants in fig. 31 in
dicate that P10 " also increased yield more per 
pound than did K2O. Yield isoquants in fig. 31 
are calibrated at zero level of N. However, the 
level of N will not change the shape of the iso
quants in fig. 31; only the level of yield rises as 
N is added. Nitrogen does not affect the rate at 
which P2O0 and K2O substitute for each other be
cause there is no interaction between N and P or 
K in the basic production function, (20). 

Isoquants in fig. 31 were computed from equa-

T. , HLE 22. ISOQUANT CO:.\1 HI NATIO:\!S OF NUTR IENTS 
F OR l·'RODUCING SPECI F I 8D Y TELDS PER ACRE 

.\:\JD CORRESPO::\!DlNG M A RG l::\! .\ L RATES 
OF SUBSTITUTION, H .\Y :\! I E SOIL. 

45 b u s h el s* 55 hush e h.;t 

-:\l arginal 

L bs. of Lhs . of ra te of Lh><. of r,bs. of ~ubstitu -P2O• K,O t io n . P,O, K ,O 
d l ' / d [(t 

2 1. 70 0 - 0.526 57.42 0 
16.76 10 - 0.462 50.89 1 0 
l 2.4 5 20 - 0.401 4 5.84 20 

S.7 4 30 - 0.341 4 2. 05 30 
:;, 64 40 - o.no 39.52 40 
3. 16 50 - 0.2 1 6 38.39 50 
1.33 60 - 0.148 39.10 60 

• Ln creased ;· ie ld from f e rtili zer is 9.94 busheb. 
tT nc r easecl y ie ld from ferti l ize r is 19.94 bushe ls. 

) larg inal 
rate of 

s ubst i tu -
tion, 

dP / dK t 

- 0.7 40 
- 0.57 4 
- 0.440 
- 0.317 
- 0.187 
- 0.260 
- 0.193 

tCh a nge in units of P:iOn requ i red to maintain a gi ,·en yield 
whe n anoth e r unit of K,O is acld cl. 
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tion (26) which also was obtained from the basic 
r egression equation, (20). 

P = - 0.3633K + 84.66 

± / 0.0U07906K - 0.00001508K' + 0.7113 - 0.01241 Y 
- 0.006206 

(2 6) 

Marginal rates of substitution for several points 
on two isoquants from fig. 31 are given in table 
22. For the 45-bushel yield and at 21.70 pounds 
of P2O~, the addition of 1 pound of K2O will re
place about J/2 pound of P 2O5 • It would, there
fore, be profitable to use all phosphorus and no 
potash to obtain a yield of 45 bushels, unless K2O 
costs only half as much as P2O5 • At the 55-bushel 
yield, 1 pound of K2O will replace 0.74 pound of 
P20 :; . However, it still is not profitable to use 
K2O unless the price of K~O is less than 7 4 per
cent of the P2O0 price. 

YLELD JS OCLl NES FOR HAYNIE SOIL 

Equations of the isoclines were derived from 
the basic regression or production function, (20). 
The general form of the N-P~O,, isoclines is given 
by equation (27) where a represents the N/ P~O., 
price ratio and is graphed in fig. 32. 

N = 81.87 + a (0 .7131P - 60.37) (27) 

Yield isoclines in fig. 33 for N and K2O reflect 
the greater productivity of N. With prices where 
N is about 50 percent more expensive per pound 
than K2O, nearly 40 pounds of N should be applied 
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before any K20 is used. In fig. 32, with a nitro
gen price 50 percent greater than the P~OG price, 

90 

80 

z 70 
w 
C) 

0 
a: 60 
r 
z 

10 

0 10 20 30 40 50 
POUNDS OF K2O 

65 

60 

55 

50 

60 70 80 

Fig. 33 . Y i eld isoquants a n d i socl ines w i th d ash ed ridgelines 
a t zer o l eve l of P,O,, H ayn i e so il. 

about 10 pounds of P~O,. would be used before any 
nitrogen were applied. 

Equations of the isoclines in fig. 34 were de
rived from equation (20) by dividing the partial 
derivative of Y with respect to P by the partial 
derivative of Y with respect to K and setting this 
ratio equal to the P 20 0/ K20 price ratio. For any 
P~O,JK ~O price ratio, a , K can be expressed in 
t erms of P as in equation (28). 

K = 0.2546 a - 0.5 255 + (0.006206P - 0.002255 ~ (2S) 
0.003248 a - 0.00 2255 

All isoclines (including ridgelines) in fig. 34 in
t ersect at 75 pounds of P10:; and 26 pounds of 
K20 . The intersection point indicates the inputs 
of phosphorus and potassium which give a maxi
mum total product of about 58 bushels (at N = 
0). If the yield-maximizing input of 82 pounds 
of N is applied, a total yield of 87 bushels is pre
dicted from equation (20). 

Ridgelines (i. e., the dotted lines where substi
tution rates are zero) in figs. 32 and 33 meet at 
right angles which is a characteristic feature 
when two nutrients are economic "independents," 
that is, when the level of one nutrient does not 
affect the profitable amount of the other. Where 
negative interaction between nutrients exists, as 
for P~O:; and K10 in fig. 34, ridgelines meet at an 
angle greater than 90 degrees : Negative P X K 
interaction gives the production surface a com
paratively flat top; economic limits of nutrient 
combination are wide . For close complementar
ity and positive interaction (i. e., between N and 

a.°' 
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P2O5 for corn in fig. 17), the ridgelines are close 
together and meet at an angle of less than 90 de
grees. With positive N X P interaction, as in fi~. 
17 where ridgelines are close together, a non-opti
mum nutrient combination could be very costly. 
However to deviate slightly from the optimum 
ferti lizer' ratio line (isocline) in fig. 34, if the 
price ratio differs only slightly from the substi
tution ratio indicated by the isocline, may depress 
profits only slightly since rates of substitution 
change slowly along the isoquants. 

Under prices where the price of K2O is 80 per
cent of the P~O5 price, over 60 pounds of P 2Or. 
should be applied before any K.1O is used (fig. 34). 
However, with K 20 at one-third the price of P2Ou 
it would pay to apply over 30 pounds of K"O be
fore any P 2O,, is used. 

EcoNoM1c OPTIMA FOH HAYNIE So11. 

Since N is independent of P and K in equation 
(20) the optimum level of N can be found inde
pend~ntly of P2O" and K2O. With corn at $1.00 
per bushel and elemental N at $0.15 per pound. 
the optimum input of N is found by set~ing the 
partial derivative of Y with respect to N m equa
t ion (20) equal to the nitrogen/ corn price ratio. 

o Y 0.15 
0 

N = 0.7126 - 0.008704 r = 1.00 (29) 

Solving equation (29) , an optimum _input _of 
about 65 pounds of N is indicated. Optimum m
puts of P 2O5 and K2O are found in the same_ way 
except that P 2O;; and K2O must be solved simul
taneously since they interact with each other. If 
corn is $1.00 per bushel, P2O" is $0.10 per pound 
and K2O is $0.08 per pound, the solu_tio~s ~re 
found from equations (30) and (31), mdicatmg 
an optimum of 8.24 pounds of K2O and 65.56 
pounds of P 2O5 • Several f~rtilizer and cor:n price 
situations are presented m table 23, with the 
maximum profit level of fertilization indicated. 

o Y 0.10 
~ = 0.5255 - 0.006206P - 0.002255K = 1.00 (30) 

T ABLE 23. OPT IMUM RATES AND COMBINA TIO S OF 
l<'ERTILTZER FOR SPECIFIED CROP AND NUTRT

ENT PRI CES, HAYNIE SOTL. 

Pr ice per unit Optim u m inputs 
per acre 

Net gain 
Corn N K ,O P,Os L bs. Lbs. Lbs. Esti- per acre 

m a ted from fer• per pe r per pe r N K,O PeO• y ie ld til i ze r • bu. lb . lb. 11), 

2.00 $0.20 $0 .15 $0.15 70 .4 6.6 70.2 85 .8 $76.80 
1. 00 0.20 0.15 0.15 58.9 0.0 60.6 82.4 26.44 
O.:iO 0.20 0.15 0.15 36.0 0.0 36.3 70.1 4.86 

2.00 0.15 0.0 8 0.10 73.2 17.2 70.3 86.7 83 .81 
1. 00 O. lfi 0.08 O.l 0 64.6 . 2 65.5 84.8 32.79 
0.50 0.1:; 0.08 0. 10 4 7.4 0.0 52.4 78. 1 9.15 

?..on n. 1 o 0.1 0 0.10 76 .l JU. 71. 8 86.8 87.~0 
1, 00 0. I 0 O.l 0 O.l 0 70.4 0.0 68 .5 85 .1 36.11 
0.50 0. 1 0 0.10 0.10 58.9 0.0 52.4 80.9 11.77 

•compu ted I)~· multipl y ing increase in y i el d from u se of fer-
liliz~r tin1 es p1·i ce or co rn a nd subt r ac ting cost of f rtilizer. 
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o Y . 0.08 
0 

K = 0.2546 - 0.003248K - 0.002255P = 1.00 
(31) 

Under the least fa•vorable price situations for fer
tilizer application in table 22, some application . of 
N and P 2O5 still is indicated . For example, with 
corn at $0.50 per bushel, N at $0.20 per pound 
and P2O5 at $0.15 per pound, inputs of 36 pounds 
per acre of both N and P2O3 would max~mize profit 
from fertilizer. However, the net gam per acre 
from applying fertilizer is less than $5.00. Since 
cost of fertilizer in this instance is about $12.65 
per acre, because of risk and u1'.c:rtainty many 
farmers might not apply any fertilizer under this 
price situation. 

PHESENTATJON FOH PHA CTICAL USE ON HAYNIE SOIL 

Since the yield response to nitrogen was inde
pendent of potassium and phosphorus in the basic 
regression equation, (20), optimum inputs of N 
are calculated independently of P1Or. and K 20 and 
are presented in fig. 35. The increase in yield 
from nitrogen application is given by the re
sponse curve. Dashed vertical lines again repre
sent optimum points of input under various nitro
gen-corn price relationships (see earlier discus
sion). 

Simultaneous optimum solutions for P :!Or, and 
ICO can be located in fig. 36: To find optimum 
inputs when K:!O is $0.08 per pound, P~O:. is $q.10 
per pound and corn is $1.00 per bushel, the iso
cline labeled Pk= 0.8P11 is selected . The "place 
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to stop" on the isocline is denoted by the dashed 
line labeled 0.10, which is the P 20 5/ corn price 
ratio. The dashed lines also take the K20 price 
into account since they intersect the isoclines on 
which P 20 5 and K20 are in a fixed price ratio. For 
the indicated optimum inputs of 66 pounds of 
P 20 5 and 8 pounds of K 20, a yield of about 57 
bushels can be estimated from isoquants in fig. 
36. Since yield with no fertilizer is 35 bushels, 
a gain in yield of about 22 bushels per acre is 
predicted. 

As another example, suppose a tenant farmer 
bears all the cost of fertilizer but receives only 
half of the crop. For the same price situation 
with corn at $1.00 per bushel and N at $0.15, 
P 20 :. at $0.10 and K20 at $0.08 per pound, the 
optimum inputs for the tenant can also be found 
in figs. 35 and 36. The effective corn price for 
the tenant is $1.00/ 2, since he receives only half 
of the increase from fertilizer. The tenant's ni-

trogen/ corn price ratio would be ~-.;~ = 0.30 in 

fig. 35 and would indicate an input of around 47 
pounds of N. Similarly, the P 20 5/ corn price ratio 
would be 0.20 in fig. 36 and would indicate an op
timum input of about 52 pounds of P 20 5 and no 
K20 . From applying 52 pounds of P20 5 and 47 
pounds of N, a total yield of about 78 bushels per 
acre is predicted from figs. 35 and 36. Since yield 
with no fertilizer would be 35 bushels, a gain of 
about 43 bushels per acre is predicted from use of 

fe rtilizer. The financial result to the tenant is 
estimated to be the following: 

Increased 'oalue of cr o p 
(tenan t's shar e) 

Cos t of 52 lbs. of P ,O, 
Cost of 47 lbs. of N 

Tenant's m ar gin ove r cos t of 
fertilizer 

$21.50 
5.20 
7.50 

$9.25 

Net gain from use of fertilizer by the tenant 
is only $9.25 per acre as compared to the gain of 
$32.66 for a non-renter under the same price situ
ation. The tenant would realize a 176-percent re
turn. However, an owner-operator would realize 
a 294-percent return on his expenditure. 

UsE OF PnoDllf.'J'lON F UNCTIONS UNDER LIMITED 

CAPITAL 

In the preceding sections, the optimum levels 
of fertilization were specified for given prices 
where capital is unlimited. The most profitable 
level of fertilization is defined by equation of the 
marginal product and the nutrient/ crop price ra
tio. However, under limited capital, the optimum 
level of fertili::ation is determined by the return 
from this investment versus other investments in 
the farm business. As an example, suppose that 
a farmer is operating under limited capital and/ or 
uncertainty to the extent that the last dollar in
vested in fertilizer , livestock or machinery must 
return twice the cost before he will risk the ex
penditure. If he has Haynie silt loam soil similar 
to that outlined above, the "restricted optimum" 
i.nput of fertilizer can still be found from figs. 35 
and 36. If corn is $1.00 per bushel and N is $0.15, 
P 20 J is $0.10 and K20 is $0.08 per pound, a 200-
percent return on the last unit of fertilizer is ob
tained if he applies 47.4 pounds of N, 52.4 pounds 
of P 20 ;; and no K20. The "restricted optimum" 
input of N is located in fig. 35 by doubling the 
N/ corn price ratio (2 X 0.15/ 1.00 = 0.30). Simi
larly, in fig. 36 the appropriate P20 5/ corn price 
ratio is doubled (2 X 0.10/ 1.00 = 0.20). The re
stricted inputs result in an estimated gain over 
fertilizer cost of $30.65 per acre which is about 
$2.00 less than estimated gain for unrestricted 
"optimum" application. However, investment in 
fertilizer is reduced from $16.91 to $12.35 by re
stricting the inputs. Also, returns per $100 of 
fertilizer are increased from $294 to $348 per 
acre. 

Information from production functions for crops 
or livestock can also be integrated into the over
all farm plan with fertilizer so as to allow selec
tion of the most profitable combination of invest
ments and enterprises. By so doing, the amount 
of land and labor and the farmer's capital posi
tion can be taken into account, along with mar
ginal returns from fertilizer, feed or other expen
ditures. These Flteps are not included in this 
study, however, because of space limitations. 
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SUMMARY 

This study includes predictions of production 
functions, isoquants, isoclines and economic op
tima for fertilization of corn on three soil types. 
The data are for the 1953 production year, with 
one experiment each on Carrington, Moody and 
Haynie soil types. Estimates include only 1953 
responses and do not consider residual effects of 
fertilizer. 

The production function, isoquant and isocline 
equations used for Carrington silt loam are pro
vided, respectively, in equations (a), (b) and (c) 
below. Nitrogen (N) and K20 (K) are the vari
able nutrients, and average stand is denoted by 
(S) . The price ratio, Pk/ Pn, is denoted by a. 

Y = 99.223 + 0.3162K- 0.001813K' + 0.9 190 y N -
0.04453N 

K = 87.23 ± 
1/0.00666 y N - 0.000323N + 0.8194 - 0.00725Y 

- 0.003626 

126.72 
K = 87.23 + 12.28a - --=-- a 

yN 

(a) 

(b) 

(c) 

The production surface for this function is rela
tively flat, with both positive and negative mar
ginal yields for K20 . The isoquants are nearly 
vertical over most of their range, indicating r igid 
limits of nitrogen response when the level of K20 
is low. Yield isoclines trace a path along the ver
tical, or K20, axis then curve sharply in nitrogen 
distance of the nutrient plane. 

The production function, isoquant and isocline 
equations used in predictions for Moody soil are 
(d), (e) and (f), respectively, where refers to 
nitrogen and P r efers to P 20 ;; . The price ratio, 
P ,,/P 0 , is represented by a . 

Y = 29.248 + 0.534N - 0.001743W- 0.0003549P2 + 
0.00 1069NP (d) 

P = 1.506N ± 
y 0.0007581N - 0.000001322N" + 0.0415 - 0.00142Y 

- 0.0007098 (e) 

p = (0.001069 + 0.003486a) N - 0.5340a (f) 
0.00 1069a + 0.0007098 

The production surface for this function has defi
nite ridges in both the nitrogen and P20 5 spaces 
of the nutrient plane. Complementarity or posi
tive interaction also is denoted by high yield re
sponses when both nutrients are increased to-
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gether. The isoclines are linear with origin on 
the nitrogen axi::. Ridgelines, denoting limits of 
nutrient replacements, are quite close together. 
The isoclines also indicate that at most price re
lationships nitrogen applications would be carried 

· to quite high levels before any P20 5 would be used. 
Production function, P 20 5-K20 isoquant, nitro

gen-P20 5 isocline and P20 5-K20 isocline equations 
for H:::ynie soil are given in (g), (h), (i) and (j), 
respectively, where the terms 

Y = 35.0587 + 0.7126 T - 0.004352N' + 0.5255P-
0.003103P2 + 0.2546K - 0.001624K2 - 0.002255PK (g) 

P = 84.66 - 0.3633K ± 
y 0.00079K - 0.00001511<:2 + 0.7113 - 0.0124Y 

- 0.006206 

N = 81.87 + a(0.7131P - 60.37) 

K = 0.2546a - 0.5255 + (0.006206P - 0.002255a) 
0.003248a - 0.002255 

(h) 

(i) 

(j) 

have the meaning indicated above. Because N 
does not interact with P205 and K20 , the surface 
for the latter two nutrients is independent of the 
first. Surfaces for P20 5 and K20 have been pre
dicted with various levels of nitrogen. They reach 
peaks in the center with lower yield levels at all 
four "corners." Isoquants for nitrogen and K20 
have a relatively small slope for low yield levels, 
indicating a greater return from nitrogen . At 
higher yield levels, the curvature of the isoquants 
indicates complementarity of nutrients. Isoclines 
for nitrogen and P20 :; or K20 are linear with con
vergence at the point of maximum yield. Ridge
lines meet at an angle of 90 degrees because of 
the lack of interaction between nitrogen and the 
other elements. Ridgelines for P20 5 and K20 con
verge at an angle of more than 90 degrees be
cause of negative interaction. The equations listed 
above, and others, are used in predicting optimum 
nutrient ratios and levels for various price ratios 
of (1) nutr ients in relation to each other and (2) 
nutrients in relation to corn. 

Simple graphs have been devised to illustrate 
possible use of the basic data by farmers and edu
cators. These have been arranged to allow use 
of various prices and to specify optimum nutrient 
ratios and fertilization levels. Modifications for 
rented farms and limited capital situations also 
are explained. 


