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AXIALLY SYMMETRIC WAVE PROPAGATION OF A 

FINITE SOLID CYLINDER 

by 

C. T. Sun and K. C . Va lanis 

Introduction. Based on the gener~l theory developed by K. C. 

Valanis(l), the solution of wave propagation in a viscoelastic material 

can be reduced by the superposition principle to the solution of a 

static problem, plus an eigenvalue problem and an integrodifferential 

equation of the Volterra type involving time only. The static 

problem of a finite hollow cylinder under axially symmetric loading 

has been solved by C. T. Sun and K. C. Valanis( 2). The purp~se of 

t his report is to develop the solution of the eigenvalue problem of 

a finite solid cylinder. From the general theory then the complete 

solution of wave propagation in a finite viscoelastic cylinder will 

be followed irmnediately. 

Analysis. Take the cylindrical coordinate system as shown in 

Ffg. 1. It is required to find the radial displacement u(r, z, t) 

and the axial displacementw (r, z, t) which in the interior of 

the cylinder O ,=::rs a, -h _:s z ~ h satisfy the Lame differential 

equation 
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and which on the surface of the cylinder satisfy t,e homogeneous 

boundary conditions 

( 1) 
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Figure 1 

Trz(a, z, t) 0, T (r, +h, t) 0 
rz - (2) 

a z (r, ±h, t) 0, or(a, z, t) = 0 

Here vis Poisson's ratio,µ is the shearing modulus, pis the density 

of the material and e is the dilatation i.e. 

au + ~ + dW 
e = or r oz 

The initial conditions are 

u(r, z, 0) 0 

w(r, z, 0) = 0 

ou ow= 0 at t 
o t ot 

(3) 

(4) 

0 

The stress tensor components can be expressed in terms of u and w by 

t he following relations: 
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0 

and f (t) s atisfies the Volterra integral equation 
n 

wh e re 

(10) 

(11) 

(12) 

g(t) = H(t) - G(t) where G(t) is the relaxation function in shear of 

the viscoelastic material. 

In view of eqs. (6) and (9) 

u(r,z,t) =L un(r,z)fn(t) 
n 

w(r,z,t) = L. wn(r,z)fn(t) 
n 

To solve eq. (10), we let 

where An and Bn are constants 

k 2 
2 n 

13n 
2 

O' - -- -n 2 
cl 

k 
2 

2 - n 2 
O' --2 - Yn n 

c2 

(13) 

( 14) 

(15) 
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From eqs. (6), (9) and (13), we have 

(1) 
u n = J 1 (anr) (i\ian cos Snz + Bn Yn cos ynz) , 

(16) 

w(l) = J (a r)(A S sin S z - Ba sin y z) n o n n n n n n n 

where J
0

(anr) and J 1 (anr) are the Bessel functions of the first kind. 

Further letting 

¢in = -CmJo (pmr) cos qmz 
(17) 

'fm = -DmJl (smr) sin qmz 

where Cm and Dm are constants 

2 
k 2 

2 m 
Pm = --2 - qm 

cl 

2 
k 2 

2 m 

(18} 

s = --2 - qm m 
c2 

Then, again in view of eqs. (6), (9) and (13), we have a second solu

tion as follows: 

(2) = cos qmz u m 

(2) = sin qmz w m 

~mpmJl (Pmr) 

E mqmJ O (pmr) 

k 

+ D q Jl (S r~ 
mm m J 

- DmsmJo (smr~ 

(19) 

Noting that u(~)(r)fn(t) = E J 1 (--1! r)f (t), w = 0 are also solutions n c .. n 
1 

of eq. (1), the complete solutions of u(r,z,t) and w(r,z,t) are then 

expressed in a series form as: 

co co CX) 

u(r,z,t) =L u(!)f
0

(t) + L u<~/fm(t) + L u(~)fj(t) 
n=l m=l j=l 

ro ro -L (1) L <2) w(r,z,t) - w n fn(t) + w m fm(t) - (20) 
n=l m=l 
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Si nce it is as sumed(
2

) that the problem is symmetric with respect 

to plane z = 0 it follows that u is an even function of z and w is 

an odd function of z as s hown in eqs. (16) and (19). 

With the help of eqs. (5) and (20) the first two boundary condi

tions (2) lead to the following equations 

t E2a0 130 A,, sin P0 h + ( an 
2 2 

- Yn )Bn sin Y0 h] J1(anr) + 

~ t ZqmpmCmJ 1 (pmr) + (s 2 
qm 2)DmJl (smr~ sin q h = 0 -m m 

m=l 
(21) 

sin 0 z + (rv 
2 

- y 
2

)B sin YnJ J 1 (ana) + 1--'n un n n j 

The above two equations will be satisfied if the following relations 

are satisfied for all m and n: 

(23) 

(24) 

(25) 

(26) 

From eqs. (23) and (25), we must have 

(27) 

(28) 

th 
where µn is then root of eq . (25). The expressions of qm and O'n , 
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therefore, are -determined by the following relations 

mn 
qm =h 

µn 
an - a 

From eqs. (24) and (26) we can express Bn in terms of An and Dm in 

terms of Cm as follows: 

where 

Bn TlnAn 

Dm = €mCm 

Tln 

€ 
m 

2an[3n sin [3nh 

(an 2 - Yn2) sin Ynh 

2qmpmJ 1 (pma) 

2 2 
(sm - qm )J1 (sma) 

(29) 

(30) 

(31) 

( 3 2.) 

With the help of eqs. (5), (20), (31) and (32) the last two boundary 

conditions (2) lead to the following two equations: 

~:l [{1 -v)Sn
2 

+ van' cos Snh - (1 - 2v)a0 ynlln cos Yn~ 

AnJo (anr) + ~:l [tl -v)qm2 + vpm2} {, (pmr) - (1 - 2v) 

l , ~ k- k. 
q s e J (s r)] (-l)m- C + v E . .:.1. J (_j_ r) = 0 (33) mm mo m _m j=l J c 1 o c 1 ; 

CX) [€ 1 - v)an 
2 + vsn j cos Snz + (1 - 2v)an Yn Tin cos YnZ] L 

n=l 
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(34) 

In order to equate the Fourier coefficients of the functions of eqs. 

(33) and (34) and thereby to determine the unknown constants An, Cm, 

Ej and the eigenvalues kn it is necessary to expand J0 (pmr), J0 (smr), 

J (~ r) in the terms of J (a r) and cos~ z, cos Y z in terms of 
o c

1 
o n n n 

We have 

J (s r) 
o m 

k . 
J (-1. 

o c
1 

r) 

cos Snz 

where 

;'( 

Jo mn 
' 

=~ 
n=l 

00 

** =~ Jo, mnJo (anr) 

00 
-Jdd( =L Jo , j n Jo ( an r) 

n=l 

F (1) 
00 

on +L. 
m=l 

= F(2) + ~ 
on L

m=l 

(1) 
Fmn cos qmz 

(2) 
Fmn cos qmz 

2p J
1

(p a) 
m m 

- a ) n 

(35) 

(36) 



9 

'Ide 
J o,mn 

2s J
1 

(s a) 
m m 

2 2 
a'b (ana)(sm - an) 

km km 
1*** = 2 ½ J1(½ a) 

o,mn 2 

F(l) 
on 

F(2) = 
on 

k 
( 

m 2 
aJo ana) (--2 - an ) 

sin Sh 
n 

S h n 

sin y h 
n 

y h n 

cl 

(l) 1 [sin (q + 13 )h sin (q - i3 )h] 
F =- m n + m n 

mn h q + S q - S m n m n 

F(2) = l [sin (qm + yn)h + sin ('\a - Yn)h] 
mn h q + y q - y m n m n 

Now substituting the series (37) and (38) into eqs. (35), (36) and 

LJ.is, in turn, into eqs. (33) and (34) and equating the Fourier 

coefficients, we have three equations: 

(38) 

[ ~l - v) Sn 
2 

+ van 
2
} cos i3nh - (1 - 2v) °'n Yn '11n cos Tln~ An 

+L 
m=l 

( - l) m-1 
[{ 

2 2} 2Pm1 1 (pma) 
(1 - v)qm + vpm 2 2 

aJ (a a)(p - a ) 
o n m n 

(1 - 2v)q s € m m C + v' --1 
2s J 1 (s a) ] oo k. 

m m m 2 2 m L_ c 
aJ0 (ana)(sm - O'n) j=l 1 

k. k. 
2 _J_ J (--1 a) 

c
1 

1 c
1 
2 

k. 2 
aJ ( O' a) ( _J_ - O' ) 

o n 2 n 
cl 

E = 0 
j 

(39) 
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1 [{1 - 2 v~n1 sin S h 

Y0 ~ 
v)a 

n + (1 - 2v)a T] 
h + 

Sn 
sin n n n 

k n a)] 
+ ~l - v) 

k k Jl (cl 
Jo(ana)An 

n n 
a) - (1 - 2v) 

C Jo<c a En= 0 
1 i 

(40) · 
and 

m n + (1 - 2v)a y T] m n + 
sin(q - S )h} {sin(q + y )h 

q S n n n q + y m - n m n 

0 (41) 

From eqs. (40) and (41) we can express En and Cm in terms of An 

re spec t iv e 1 y as : 

where 

A n 

C - -
m 

[~1 

~ T .A. 
L_ ml. 1. 

..!. c=l 
h Q 

m 

2 2 ) sin S0 h 
v)a + vs s n n n 

h ~(1 

k k n Jo <c n - v) cl 1 

(42) 

(43) 

+ (1 - 2v) a T] y h] J (a a) sin 
n n n o n 

k a)] J n 
1<~ 

a ) + (1 - 2v) a (44) 
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r 2 2 Jl (pma)} 
Qm = ll - v)pm Jo(Pma) + vqm Jo(pma) - (1 - 2v)pm a J 

~ 
q J

1 
(s a)} 

+ (1 - 2v)e q s J 0 (s a) - m m 
m mm m a 

Tmi = [f1 -2v)Cl'i 2 + vl3. z\ {sin (qm + i:\)h 
1 J qm + S- + 1 

sin (qm - Si)h} · {sin (qm + yi)h 
qm - Si + (1 - 2v)aiYi~i qm + Yi 

+ 
sin (q 

m 
q -m 

~i \)]] J (a. a) 
0 1 

(45) 

(46) 

Now, substituting eqs. (42), (43), (44), (45) and (46) into eq. (39) 

we obtain an infinite system of infinite algebraic equations for the 

unknown constants A
0 

as follows: 

where 

~~ HT 
8nAn - ½ l__ l__ (-l)m-1 mn mi A. 

m=l i=l Qm 1 +t LniAi = 0 

(n = 1, 2, 3 ... ) (47) 

Sn = (1 - v) 13n 
2 + VCl'n 

2
} cos 13nh - (1 - 2v)Cl'n Yn Tin cos Ynh 

t J 
2p J (p a) ( 48) 

2 2 m 1 m 
H = (1 - v)q + vp -------- - (1 - 2v) mn m m 2 2 

aJo (ana) (pm - Q'n ) 

2smJl (sma) (49) 
q s e 2 2 
m m m J (a a) (s ... - a ) 

a o n m n 

k k. 
2 -2:. J (_!. a) 

vk . c 1 
1 

c 1 ( 5 0) 
1 ---=---~--- A. L.=- 2 1 ni c 1 k 

. 2 
aJ (a a) (_!_2 - an ) 

o n 
cl 
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Since eqs. (47) are homogeneous equations for An, in order to have 

non-trivial solutions for An, we must equate the determinent of the 

coefficients of An of eq. (47) to be zero. This leads to the fol-

lowing characteristic equation 

0 (51) 

where 

(X) H T 
G = e ¾~ (-l)m-1 mn mi + L (i=n) 
ni n Qm ni 

(52) 
(X) H T 

G = iL (-l)m-1 mn mi + L (i-l-n) -
ni m=l Qm ni 

Evaluation of the eigenvalues. To evaluate the eigenval~es kn 

from the expansion of the determinent (51), we observe, from eq. (52), 

that Gni is not only a function of kn, but also a function of the 

other eigenvalues ki (i = 1, 2 ... n-1) as well. Thus the eigen-

values themselves appear as parameters in the characteristic equation. 

In other words, we haven unknowns in one equation. This difficulty, 

however, can be overcome by the following consideration. 

Let us denote the expansion of eq. (51) by 

where x stands for the random root. Since k1, kz, ... kn are eigenvalues, 

they must also satisfy eq. (53). Thus, if we put ki for a particular 

i (i = 1, 2, ... n) equal toxin eq. (53), we obtain simultaneous n 

algebraic equations a s follows 
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k k k k ' ... k )I F ( x' 1 ' 2 ' • . . i - 1 ' i + 1 n k i =x 
= 0 (54) 

(i = 1, 2, ... n) 

Equations (54) can be solved simultaneously for n unknowns k1, k2, ... kn. 

In view of the expressions of An, Qm, Tmi' 8n, l\nn, and Lni from eqs. 

(44), (45), (46) ~ (48), (49) and (50) · in which the eigenvalues kn 

involve in the arguments of the trigonometrical functions as well as 

in the Bessel functions, it is impossible to solve the simultaneous 

eqs. (54) analytically. However, we can solve it by some numerical 

means such as iteration procedure or trial and error method. The 

numerical evaluation of the eigenvalues will be published in a separate 

report. 

The solution of the eigenvalue problem has been completed. All 

the boundary conditions are satisfied and therefore 

un(r,z) u(~)(r,z) + u(~)(r,z) + u(~)(r,z) 

(55) 

wn(r,z) 
(1) (2) 

w n (r,z) + w n (r,z) 

represents the solution of the eigenvalue problem. The constants Bn, 

Cn, Dn and En are expressed uniquely in terms of An from eqs. (31), 

(42) and (43). The constants An will be determined from the initial 

conditions. The constants qn and an are given in eqs. (29) and (30), 

Sn, Yn, Pn and Sn are expressed in terms of a n, qn and the eigenvalues 

kn from eqs. (15) and (18). The eigenvalues kn will be evaluated 

from the characteristic eq. (51). 

Note that from eq. (51) there are infinite set of roots kn for 
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each n. Consequently, for each an and qn there is a denumerably 

infinite set of eigenvalues knm, Pnm, snm, Snm and Ynm· It is more 

meaningful, therefore, to express the eigenfunctions u and win the 

form 

u(r,z) =L ¾ (u(l) m nm 
+ (2) 

unm + u(3)) 
nm 

n,m 

w(r,z) L (1) + ( 2)) 
= ¾m<wnm wnm 

(56) 

n,m 

where 

(57) 

where 

B C 
B 

_ nm C nm 
-A =--

nm nm A nm nm 
(59) 

D E 

Dnm 
nm 

E 
nm 

= cnm =--
nm A 

nm 

The ratio in (59) are given in eqs. (31), (42), and (43) respectively. 

Solution of Wave Propagation Problem. Now we are in a position 

to complete the solution of wave propagation in a viscoelastic finite 

solid cylinder. For the sake of simplicity of notation we denote 

U and Was the static solution. unm and wnm as the eigenfunctions 
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and u and was the complete solution. Based on the general theory 

we have 

_ L (1) (2) (3) 
u(r,z,t) - U(r,z) - ~m(unm + unm + unm) fnm(t) 

n,m 

_ L (1) (2) 
w(r,z,t) - W(r,z) - i\im<wnm + wnm) fnm(t) 

n,m 

where f (t) satisfies the integral eq. (11). The constant A 
nm nm 

(60) 

can be uetermined from the initial conditions (4). In view of the 

orthogonality of the eigenfunctions u and w we have . nm nm . 

L 
lu(u(l) + u( 2) + u(3)) + W(w(l) + w( 2)~ L nm nm nm nm nm j dv 

A nm =1 ~ (1) + (2) + (3))2 + ( (1) + (2))27 d unm unm unm wnm wnm v 
V 

The integration of (61) is over the entire volume of the cylinder. 

(61) 

The complete solution for stress components can be readily ob

tained along similar lines from the superposition of the static solution 

and the eigen-value solution. The detailed expression is omitted since 

it is too lengthy. 

Finally, it is interesting to observe that the same problem can 

also be solved from the following consideration. First we assume that 

both ends (z = ±h) of the cylinder are lubricated. The boundary 

conditions are then, Trz = w = 0 at z =±hand Trz = 0 at r = a. 

The conditions of crr at r = a will be satisfied later. Next we con

sider that the curved surface (r ' = a) is lubricated. In this case 

the boundary conditions are Trz = u = 0 at r = a and Trz = 0 at z = +h. 

The condition cr2 at z = ±h will be evaluated later. Evidently the 

solution of the original problem will be obtained by the superposition 
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of the solutions for the two cases. In order to satisfy the boundary 

conditions a = 0 at r = a and a = 0 at z = ,±ti we must equate the 
r z 

surnrnation of a at r = a and cr at z = -+h of the two cases to be zero 
r z 

respectively. This will yield exactly the same characteristic equation 

as (51) for the determination of the eigenvalues k . This approach, 
n 

howev~r, will provide the physical clarity of the original problem. 
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