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EFFECT OF ROTATION ON THE GROWTH OF ALFVEN WAVE

by

G. A. Nariboli

1. Summary: The presence of rotation leads to a nonvanishing
rate of growth of the discontinuity across an Alfven wave front. The
two integrals obtained and the transversality completely determine the
discontinuity.

2, Introduction and Basic Equations: 1In M.H.D., the discontinuity

across an Alfven wave front does not grow; specifically its time rate
of growth vanishes. We discuss here the effect of rotation on this
discontinuity.

The linearised problem is studied by the use of the Fourier trans-

ey (2)

form technique and the

3

We use the theory of Singular surfaces
Ray Theory We study without linearising and taking the state ahead
of the front arbitrary, but steady.

Cartesian tensor notation is used, with (Xi) denoting coordinates.
The wave front Z(t) moves with a speed (G) normal to itself. The unit
normal to the surface is denoted by (ni). A Guassian system (ga) (o =
1,2) is used to describe Z(t) and (xi,a) denote partial derivatives of
(Xi) with respect to (ua). The first and the second fundamental forms
of the surface are denoted by (gaB) and (baB)' If f(xi,t) = 0 is the

equation of the wave front, we denote the gradient vector by (pi =f ., =

,i
pn;). We can then show that(3’4’5)

Gp -1=0 (1.1)



Assuming (G) depends on (xi) and (ni), we can write the Ray

equations as(3’4’5)
dx, 3
V. = __1 _ _1922
i dt d p.
i
=Gn, + (§,,
: ij
i e
dt P ox,
i

From (1.2), we have

oG

= X, - .
i,0 on,
i

- nyn, %%T , (1.2)
]

(1.3)

(1.4)

Let (d/dt) denote the derivative along the rays and (8/6t), that

following the normal trajectories.

We finally note the basic M.H.D. equations, taken as

v,

ot

VaN. .
J 1,]

2 eiijjv

"
= H.H,
P31,

1
k toP

]

;6

Here (Vi)’ (Hi) and (Qi) are

netic field and angular velocity;

(p) is the density; lastly (p) is

static and Magnetic pressures).

We then have(4’5)

(1.5)
(1)
+ Qj(ﬂixj - iji) =
=0, (1.6)
0 , (1.7)
. (1.8,9)

the vectors of fluid velocity, mag-
(4) is the magnetic permeability and

the total pressure (the sum of hydro-



Iy The Equation of Growth: We assume that (p), (Vi) and (Hi) are

continuous across Z(t) and the discontinuities are only in the gradients
of the two vectors. Using a square bracket to denote the jumps, we

write the discontinuities as

Y ,J] L [Hi,J] o g [Vl,jk] e B Ei’
[Hi’jk] nmy =T (2.1)
The first order compatibility conditions give
HHn
(Vn - G) Ei = —E— ni’ (Vn - G) ﬂi = Hngi . (2.2)

The suffix (n) denotes the normal component. The field variables
in (2.2) and now-onwards only refer to values ahead.

The above relations lead to

- = _—
G—vn+/;Hn, §i--f;ﬂi : (2.3)

The equations for rays and those governing the variation of the

normal (ni) along the rays can be obtained as

dn
] -
+Jf;-Hi’ it = (n, nk J,k i njvj,i) : (2.4)

Now differentiate (1.6) and (1.7) with respect to (Xi) and multiply
by (ni). The second order compatibility conditions give

65 o
-G§ + — 6t + V (5. nJ + g

B g
g p(ﬂ

£,0%3,8) ~
of M
Yo o) Sy TG T e s

+ Hi,jnj) + 2eiijj§k =0, (2.5)



éﬂ _ :
6Ty + g + vy (Tyny + 6% - B G, + g™

i,0%5,8) 1,05,

+ vj,knjnkT]i + Hi,jgj = Hj,knjnkgi - Vi,jnj =0 . (2.6)

Using (1.4), (1.5), (2.3) and (2.4), these can be written as

“‘ = c—
’ (g’ + ' 7. i) + 2e, Jknjg‘k + vi’jgj
+ Vj,knjnkgi 5 (2.7)
dT).
- " i i
H (S, + ‘5 TTi) " VJ. ,knjnkﬂi £ vi’j'nj . (2.8)

Eliminating the barred vectors, we obtain, by use of (2.3),

dg
i = d log G ”
v eijkﬂjsk + Ei o 0 . (2.9)
Let G §i = Yi; then this equation can be written as
at,
-— Q . 2
-t e 1Jk ka 0 (2.10)

This is the final growth equation. Clearly, in absence of rotation,
the rate vanishes. Rotation leads to a nonvanishing growth-rate of
the discontinuity.

We always have one integral
Y Y, = constant. (2.11)
didt

So the absolute magnitude of the discontinuity is constant; the
discontinuity, though varying, never grows indefinitely.
We further note that the discontinuity is tangential. This property

of transversality, obtained from (1.7,8), can be written as

Yon, =0 . (2.12)



When (Qi) is constant, we obtain one more integral

Q.Y, = constant. (2.13)
iti

So for constant rotation, the three relations (2.11) (2.12) and
(2.13) constitute the complete integral.

We now obtain another integral valid for arbitrary angular velocity
(Qi) and arbitrary steady state ahead. Differentiate (2.12) along the

rays and substitute from (2.4) and (2.10); we then get

b4 Y =
eijkanj K + nj ij,k 0 (2.14)

Solving (2.11), (2.12) and (2.14) for (Yi), we obtain

Yy = _% P (2.15)

where Yo is the initial magnitude of (Yi) and

2

P, =, - Qn.,n, P, =P (2.15,a)
1 1

i jji - eijknjnpvp,k’ Pi

This gives the complete description of the discontinuity vector
(Yi) in terms of its initial magnitude and of the state ahead.

Any further discussion requires the knowledge of steady-state solu-
tions of the state ahead. We note one simple solution for which the
nature of the discontinuity can be more clearly explained. Let (Qi)
(Hi) be constant vectors with only third component as non-vanishing.

Thus we take the steady-state solutions as

v, = (sz - Qxl 0), Hi(O, 0, H), Qi(0,0,Q) (2.16)

bl b

Let the initial wave-form be a plane normal to the 3-axis. It can



then be shown that the front remains a plane normal to 3-axis. Then

the solution of (2.10) is given as

sin Qt, ¥, = - ¥ sin (it

Y. =Y cos (Ot + Y 2 o1

1 01 02

+ YOZ cos (t, Y3 =0 (2.17)

Thus the discontinuity vector rotates in the plane of the wave-

front with the velocity of the fluid.
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