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Rate of deformation tensor 
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Body force potential function 

General vector 

Distance increment 

Node number in the x-direction 

Identity matrix 

Node number in they-direction 

Jacobian 

Entrance length parameter (see Equation 56) 
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r Relaxation factor or radial coordinate 

R Reynolds number 

s Distance 

S Surface area 

t Time 

T Difference matrix 

T. . Stress tensor 
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u Dimensionless velocity in x-direction 

u Characteristic velocity 

u. Velocity vector 
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v Dimensionless velocity in y-direction 

V Volume 

v. Velocity vector 
J. 

x Dimensionless coordinate 

x. Spatial coordinate 
:L 

x. Material coordinate 
J. 

y Dimensionless coordinate 

o.. Kronecker delta tensor 
:LJ 

~x 

~y 

a 

6 I 

6 II 

Central difference operator 

Central difference operator 

Second difference operator 

Second difference operator 

Spherical coordinate or ADI 

ADI parameter 

ADI parameter 

parameter 
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INTRODUCTION 

The difficulties associated with the mathematical solu

tion of the hydrodynamic equations for a viscous fluid are 

such that in the two hundred fifty years since these equations 

were first derived, only a very small number of particular 

cases have been solved exactly. This is true despite the fact 

that many great mathematicians have studied the problem. 

Two forms of the viscous hydrodynamic equations have been 

derived. The most common is that form derived considering 

spatial, or what are commonly called Eulerian, coordinates. 

This form·utilizes the velocity field as a function of posi

tion in space and time, ui(xj,t), as the object of 

investigation. The Navier-Stokes equations are a set of 

equations of this form derived using particular assumptions as 

to the forces within the fluid. In principle, the Navier

Stokes equations along with the continuity equation and a 

knowledge of fluid properties allow the velocity field to be 

determined for any time t > t 0 where an initial velocity field 

is known, u. (x.,t 0). 
1 J 

The second form of the hydrodynamic equations is that 

derived by considering material, or Lagrangian, coordinates. 

The object of investigation of the Lagrangian method is the 

position of a particle of fluid at a given time, xi(Xj,t), 

where Xj is a label associated with the particle. Xj is often 

the spatial coordinate of the particle at a particular time, t 0 • 
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The Eulerian and Lagrangian forms of the hydrodynamic 

equations are related by 

ax. (X. ,t) 
1 J 
at = u. (x., t) 

1 J 

Each of these forms of the hydrodynamic equations is a 

set of nonlinear partial differential equations. For the 

Eulerian or Navier-Stokes equations, the ratio of the charac

teristic magnitude of the nonlinear terms to the linear terms 

is equal to the ratio of the inertial forces to the viscous 

forces, that is, the Reynolds number. For the Lagrangian 

equations, the ratio of the nonlinear terms to the linear 

terms is the reciprocal of the Reynolds number. Thus the 

linear terms are dominant for small Reynolds numbers in the 

Navier-Stokes equations while the linear terms are dominant 

for large Reynolds numbers in the Lagrangian equations. 

In problems where the Reynolds number is large, it is 

often most convenient to use the Lagrangian equations, even 

though they are more cumbersome. An example of this is pre

sented in the paper by Monin {30) on turbulent motion of an 

incompressible viscous fluid. For low Reynolds numbers the 

Navier-Stokes equations are the most convenient. 

As was previously noted, many years elapsed with only 

moderate success in the solution of the equations for flow of 

viscous fluids. The most notable advancements of a practical 

nature have been the boundary layer theory of Prandtl, 
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presented thoroughly by Schlichting (39), and various numeri

cal techniques, the first of which was given by Thom (45) in 

1933. The development of fast digital computers in the middle 

1950's made the numerical methods much more feasible and a 

number of studies have been reported. This dissertation 

reviews several of these investigations and describes a new 

study of the time dependent Navier-Stokes equations by 

numerical techniques. The particular example considered is 

the unsteady laminar flow of a viscous fluid in the inlet 

section between two semi-infinite parallel plates. Results 

are compared with other available data. 



4 

NAVIER-STOKES EQUATIONS 

Cartesian coordinate systems are used throughout this 

dissertation so that Cartesian tensor analysis is employed. 

A few of the basic notations are presented in the Appendix. 

A Cartesian coordinate system is set up in a region such 

that the spatial coordinates of each point in the region are 

given by X. • 
1 

At a given time, t = t 0 , each particle of fluid 

in the region is identified or labeled with its spatial 

coordinate at that time. This material coordinate is desig

nated by x .• Since the fluid is to be treated as a continuum, 
1 

the term particle of fluid is used here in the.same sense as 

a point in a region, not in the sense of a molecule of fluid. 

The position of a particle of fluid at time t > t 0 is then 

given by 

x. = x. (X. ,t) 
1 1 J 

The inverse relation, 

X. = X.(x.,t) 
J J 1 

is assumed to exist. This assumption is physically justifi

able since the fluid particles are distinct and maintain their 

identity. A given particle cannot be in two positions, nor 

can there be two particles at the same position. Mathemati

cally, this implies that the Jacobian, 
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J = 

and its inverse exist. 

A tensor variable, A.. , may be a function of either J.J ••• 

the spatial coordinates, 

A .. 
J. J ••• = A. . (xk, t) 

J.J ••• 

or the material coordinates, 

A .. J.J ••• = A.. (Xk,t) J.J ••• 

Which argument is meant will be clear from the context. 

Define 

a .A 
J 

and 

= 

aA 
at 

dA 
cit 

aA 
ax. 

J 

= 

= 

aA(xi,t) 
= ax. 

J 

aA(x.,t) 
J. 

at 

aA(X.,t) 
J. 

at 

In the physical sense, :! is the change of the variable A with 

time at a given position, while~! is the change of A with 

time for a given particle of fluid. ~ is often called the 
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material derivative with respect to time, as opposed to the 

spatial derivative with respect to time. 

The velocity of a particle of fluid is the rate of change 

of position of that particle, 

v. = 
J. 

dx. 
J. 

dt = 
ax. ex. ,t) 

J. J 
at 

and the acceleration of a particle is similarly given by 

a. = 
J. 

dv. 
J. 

dt 

For any tensor A, 

dA 
at 

In particular, 

= 

= 

= 

aA(x. ,t) 
J. 

at 

a. = 
J. 

a2x. (X., t) 
J. J = 

~ + 
dt 

dv. 
1. 

dt 

atz 

= 
av. 

1. --,-.,-t- + V. c) ,V. 
C1 J J J. 
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The material derivative of the Jacobian, J, can also be 

written in·terms of spatial derivatives. Since 

then, 

J = 
a(x 1 ,x 2 ,x 3 ) 

a(X1,X2,X3) 

r ax. J 
= detL ax; J 

= 

+ E •• k( ax ) ddt ( 
ax 1 [-

J.J . 
J. 

ax 1 
+ E • • k ( ~-)( 1J ax. 

1 

ax 2 

ax. 
J 

ax 2 

ax. 
J 

{ddt ( 
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ax 1 
+ e. 'k(--)( 1.J ax. 

1 

ax1 
+ e "k(--)( 1.J ax. 

l. 

av. 
= ( l. )J ax. 

l. 

using Equation 58. Therefore 



Since 

or 

dJ 
at: = 

9 

Ja .v. 
l. l. 

dV = JdVo , 

1) 

where dV is an incremental volume in spatial coordinates and 

dV 0 is an incremental volume referred to the initial coordi

nate system at time t 0 , J is a measure of the expansion or 

contraction of the fluid and is called the dilatation. From 

Equation 1, it is seen that the divergence of the velocity is 

the relative rate of expansion of the volume following a 

particle. For a constant density fluid there is no expansion 

of the fluid so that J is a constant. Therefore dJ/dt = 0, or 

from Equation 1 

a .v. = o 
l. l. 

for a constant density fluid. 

The preceding paragraph developed a continuity equation 

for a constant density fluid, but in the more general case the 

following development is used. Let V* be an arbitrary 

material volume, that is, a volume whose boundaries move with 

the fluid particles. Since there is no mass crossing the 
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boundaries, the mass of fluid within the volume is a constant, 

so that 

0 = at f pdV 
V* 

= d I -cft" pJdV o 

v~ 

= 

= 

Since the volume v* and thus vt is arbitrary, this results in 

the equation of continuity 

= 0 2a) 

or 

-2.L+ " + " "t V,o,p po,V, 
0 J.1 J.1 

= 0 

which gives 

~~ + a.(pv.) = o 
~ . 1 J. 

2b) 
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These, of course, reduce to the previous result when pis a 

constant, 

a .v. = o l. l. 

Let the stress tensor acting on a particle of fluid be 

T .. and let the specific body force be F.. Then the law of l.J l. 

2c) 

conservation of momentum applied to a material volume v* with 

surfaces* and external normal ni results in 

I T .. n.dS + I pF.dV Jl. J l. 
s* v* 

Upon applying Equation 59, 

= I (a.T .. + pF
1
.JJdv0 J Jl. 

v~ 

From Equations 1 and 2a, 

J~ + dJ = 
dt P<ft 

= I [cl .T .. + pF. ]JdVo J Jl. J. 

vt 

= 0 



Therefore 

f [ dvi 
P dt 

v* 
0 

12 

- a . T . . - p F
1
.] J dV o = 

J ]1 
0 

Since V~ is an arbitrary volume, this results in the general 

equation of motion for a fluid, 

dv. 
1 = pF. + a .T .. 3a} p dt 1 J ]1 

, 

or 

p [ 

av. 
1 + v.a .v.] = pF. + a .T .. 3b} at J J 1 1 J ]1 

Consider, now, a point P separated from a point Oby the 

vector dx .• The velocity of the fluid at Pis then 
1 

v. 
1 = v? + 

1 

av. 
--,---

1 --1dx . + O ( dx
1
~) ax. J 

J 

= v? + a.v.dx. + O(dx~) 
1 J 1 J J. 

The tensor a.v. may be split into its symmetric and anti
J 1 

symmetric parts by defining the tensors n .. and Q .. by 
Jl. ]1 

a.v. = !.2(a.v. + a.v.) +!.2(a.v. - a.v.) = n .. + Q .. 
J 1 J 1 J. J J 1 1 J ]1 ]1 



Thus, to terms of order dx., 
l. 
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0 v. = v. + Q .. dx. + D .. dx. 
J. J. Jl. J Jl. J 

An antisymmetric tensor of second order such as n .. has 
JJ. 

only three independent terms. These terms can be associated 

4) 

with the three components of a first order tensor by defining 

W, 
l. 

= 

= e:ijk(½) Ejvk - elk V j] 

= ½[e:ijkajvk - e:ijkakvj] 

= ½[e:ijkajvk + e:ikjakvj] , 

or 

w • = e: . . ,_ a . vk 
J. l.JK J 

In vector notation this is written 

-+ -+ -+ 
w = v xv = curl v 

Upon inverting this relationship using Equation 57, 



or 

Therefore 

in vector notation. 

= 

= 

Q = 
mn 

Q .. dx. 
]1 J 

14 

!cg - n 1 2 mn nm 

= 

= 

= (1 -+) -+ 
2 w x dx , 

Therefore the second term of Equation 4 can be inter

preted as a local rotation of the fluid about the point O with 

an angular velocity of ½wi. Because of this, the vector w, is 
1 

called the vorticity vector or simply the vorticity, and Q,. 
l.J 

is called the vorticity tensor. 

The distance between the points O and P, ds, is given by 

ds = /ax.ax. 
1 l. 
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The material derivative of this distance with respect to time 

will then be the rate of change of the distance between two 

particles of fluid. 

d 1 
[ 2dxi d~ (dxi) .1 cit(ds) = 2ds 

1 = ~x.dv. s l. l. 

1 = ~x.a.(v.)dx. s l. J l. J 

1 [l + } a .v.dx.dx.J = -d- 2 a.v.dx.dx. s J l. l. J J l. l. J 

= +[}(a.v.dx.dx. + a.v.dx.dx.)] s l. J J l. J l. l. J 

1 = f-0· .dx.dx. s l.J l. J 

A locally rigid body movement of the fluid at O results if the 

distance between particles is constant, that is, if 

d cft(ds) = 0 

Thus a sufficient condition that the instantaneous motion of 

the fluid at a point is one which a rigid body could undergo 

is that D .. = O. This is also necessary since the point P and l.J 
thus dx. is arbitrary. D .. is therefore called the rate of l. l.J 
deformation tensor as it determines the amount of local 

deformation of the fluid. 
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The local instantaneous motion of the fluid at a point is 

made up of the three parts shown in Equation 4. The first 

term is a translation, the second is a rotation, and the third 

is a deformation of the fluid. The first two are motions 

which a rigid body could undergo, but the third is not. 

Stokes (42, p. 80) assumes the following principle as to 

the behavior of a fluid: 

"The difference between the pressure on a plane 
in a given direction passing through any point P of 
a fluid in motion and the pressure which would exist 
in all directions about P if the fluid in its 
neighborhood were in a state of relative equilibrium 
depends only on the relative motion of the fluid 
immediately about P; and that the relative motion due 
to any motion of rotation may be eliminated without 
affecting the differences of the pressures above 
mentioned." 

Serrin (41) reduces this principle to four statements 

regarding 

( 1) 

(2) 

( 3) 

( 4) 

T,. and D ..• 
l.J l.J 

T .. is a continuous function of D .. and independent 
l.J l.J 

of all other kinematic quantities. 

T .. does not depend explicitly on x
1 
.• 

l.J 

There is no preferred direction in space. 

When D .. = O, T .. reduces to -po ..• 
l.J l.J l.J 

These statements express the intuitive idea that if a 

portion of fluid is moving as a rigid body, the surface 

stresses within the fluid should not differ from the case of 

the fluid in equilibrium. 

To the four statements of Serrin, a fifth is added to 

linearize the resulting equations and arrive at the 
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Navier-Stokes equations. 

(5) The continuous function of statement (1) is linear 

in the terms of D ..• - J.J 
This is often called the Newtonian hypothesis. 

Statement (5), along with statements (1) and (2), imply 

that T .. may be written J.J 

T,. 
J.J = , 

where A .. and B .. kl are tensors whose terms depend only upon J.J J.J 
the thermodynamic state of the fluid. Statement (4) implies 

that 

A .. = -po .. 
J.J l.J 

, 

while statement (3) implies that Bijkl is an isotropic tensor. 

Jeffreys and Swirles (21, p. 87) show that the most general 

isotropic tensor of the fourth order is of the form 

where A, µ and y depend only on the state of the fluid. Since 

Dkl is symmetric and the last term above is antisymmetric with 

respect to k and 1, the double contraction of these tensors 

will be zero from Equation 58. Therefore T .. can be written J.J 

T .. = J.J 

= - po .. + ADkko .. + 2µD .. J.J 1] J.J 6) 
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By using the constitutive Equation 6, Equation 3 becomes 

dv. 
J. 

P dt = pF. + a.[-po .. + XDkko .. + 2µD .. ] 
J. J J.) J.J J.J 

This results in the Navier-Stokes equations 

= I 

whereµ is the viscosity-and :l is the bulk viscosity of the 

fluid. 

For the case of constant density, p, 

= 0 I 

7) 

from Equation 2c. Also assuming a constant viscosity, µ, and 

that the specific ~ody forces can be written as the negative 

gradient of a potential, g, Equation 7 can be written 

dv. 
- i) • ( g + __E_) + J. µ = 2-a.D .. dt J. p p J J.J 

= - a.(g + _£_) + va.[a.v. + a .v .] . 
J. p J J J. J. J 

The last term is zero from the continuity Equation 2c so that 

dv. 
J. 

dt = - a.(g + _£_) + va.a.v. 
J. p J J J. 

8a) 
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or 

+ v.a.v. 
J J J. 

= - a.(g + _e_) + va.a.v. 
J. p J J J. 

where vis the kinematic viscosity defined by 

\) = _µ_ 
p 

Equation 8 is the same equation_ given by Stokes (42, 

8b) 

p. 93). Rouse and Ince (37, pp. 193 ff.) state that essen

tially the same equation was derived by Navier in 1822 and 

Poisson in 1829. Both men derived the equation by considering 

the forces between molecules. Saint-Venant in 1843 and Stokes 

in 1845 derived Equation 8 on the basis of continuum mechanics. 

The method used here is primarily from Serrin (41) and Aris 

(3), but is much like that of Stokes in his paper "On the 

theories of the internal friction of fluids in motion, and the 

equilibrium and motion of elastic solids" (42, pp. 75 ff.), 

updated by tensor notation. Stokes also discusses the 

theories of his predecessors in this paper. 

The validity of the Navier-Stokes equations has been 

studied both experimentally and theoretically. From a theo

retical study, Coleman and Noll (6) report that the Navier

Stokes equations are a complete first-order correction to the 

theory of perfect fluids in the limit of slow motions. On the 

question of speed, Truesdell (48) states that for water at one 

atmosphere pressure, the rate of deformation of the fluid must 
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be on the order of 7xl0 5 sec- 1 before the nonlinear terms need 

be retained. For gases at low speeds and most common liquids, 

the validity of the assumption of constant density and vis

cosity has been experimentally verified where there are no 

large thermal gradients. This is discussed in Dryden, 

Murnaghan and Bateman (12, pp. 89 ff.). For viscous liquids, 

in particular, the viscosity is dependent upon the temperature 

and large variations in temperature must be avoided. McAdams 

(28, p. 229) and Kays (25, pp. 102 ff.) both discuss noniso

thermal flow. 

Milne-Thomson (29) notes that in the flow of a continuous 

medium practically all experimental evidence points to the 

fact that on solid boundaries, the fluid adheres to the 

boundary. The boundary conditions used with the Navier-Stokes 

equations are, therefore, that the fluid velocity is the 

velocity of the boundary at all solid boundaries. 

It is often convenient to write the Navier-Stokes equa

tions in terms of the vorticity, wi. By operating on Equation 

8b with e:. 'ka. ( ) k' J.J J 

a(e: .. ka.vk) 
--

1....c~,_t_....J __ + v a (e: .. ka .vk) + e: •• ka .v a vk 
o mm J.J J J.J J mm 

= - e: .. ka .ak(g + _g__) + ve: .. ka .a a vk J.J J p J.J J m m 
9) 

Using the continuity Equation 2c and the relation 
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e: .. ka .v akv J.J J m m = 0 

derived from Equation 58, the third term of Equation 9 can be 

written 

Since 

= 

= 

= 

= 

= 

e: . . k [a . V a vk - a . V a kV J J.J J mm J m m 

e: .. k(o ok-oko )a.vav J.J pm q p qm J mp q 

e: .. ke: e:mka.vav J.J npq n J mp q 

e: (o. o. - o. o. )a.v av npq in Jm im Jn J mp q 

e:. a.v.a v - e:. a.v.a v ipq J J p q Jpq J J. p q 

= - e. a .v. a v Jpq J J. p q 

using Equations 58, 2c, and 10, Equation 9 becomes 

aw. 
J. 

--=--... .,...t- + v.a .w. 
r, J J J. 

= w.a.v. + va.a.w. 
J J J. J J J. 

10) 

5) 

11) 
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FLOW PAST SPHERES AND CYLINDERS 

It is instructive to look at one of the classical 

problems of fluid mechanics, the flow of a viscous fluid past 

a sphere or infinite circular cylinder. This is one of the 

earliest and most studied problems in viscous hydrodynamics, 

and illustrates the transition from the exact solutions 

formerly used to the numerical solutions which are becoming 

more popular. 

The first solution was given by Stokes in his paper of 

1850, "On the effect of the internal friction of fluids on the 

motion of pendulums" (43, pp. 1 ff.). He made the assumption 

that the velocities are so small that it is justifiable to 

neglect the terms in the Navier-Stokes equations involving the 

square of the velocity. This is equivalent to assuming that 

the viscous forces completely dominate the inertial forces at 

all positions of the region studied. For the case of steady 

motion, this assumption reduces Equation 8 to 

0 = - a.(g + _P_) + va.a.v. 
i p J J i 

This linearization of the Navier-Stokes equations is often 

called the equation for creeping flow. 

12) 

Stokes solved Equation 12, together with the continuity 

Equation 2c, for flow around a sphere with the boundary condi

tions of zero velocity on the surface of the sphere and a 

constant velocity, u, in the x-direction at an infinite 
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distance from the sphere. 

In spherical coordinates, Stokes obtained 

for the stream function. This results in velocities in the 

r-direction and in the a-direction given by 

= ' 

V9 = 

where a is the radius of the sphere and U is the free stream 

velocity. 

By replacing e by rr-e in the equation for the stream 

function, it can be seen that the stream function upstream of 

the sphere has the same form as the stream function downstream 

of the sphere, that is, Stokes' solution does not predict a 

wake downstream of the sphere. 

By integrating the pressure over the surface, Stokes 

obtained the equation for the drag on a sphere known as Stokes' 

Law, 

D = 6ITµaU 13) 

Schlichting (39, p. 16) plots this equation along with experi

mental results, and Dryden, et al. (12, p. 9) reports that 
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it holds up to Reynolds numbers of 0.5. 

When Stokes applied Equation 12 to flow perpendicular to 

an infinite circular cylinder, he found that the resulting 

solution could not satisfy all the necessary boundary condi

tions. Langlois (27, p. 142) notes that the best solution 

possible is one with a logarithmic singularity at infinity. 

Stokes reasoned that the difficulty was due to physical, 

rather than mathematical, phenomena. He argued that as a 

cylinder is moved in a fluid, the quantity of fluid carried 

with the cylinder continually increases so that a steady state 

is never reached, while for a sphere the quantity of fluid 

does eventually reach a maximum. The viscous forces tending 

to carry more fluid with the sphere are eventually cancelled 

out by the frictional forces of the fluid at a distance trying 

to strip the fluid from the sphere. This is known as Stokes' 

Paradox.· 

Oseen in 1910, as reported by Lamb (26, p. 609) and 

Langlois (27, p. 139), resolved Stokes' Paradox by criticizing 

the assumption that viscous forces dominate inertia forces at 

all points in the region. He pointed out that at regions far 

from the sphere, the reverse is actually the case. Oseen 

suggested writing the velocity as 

v. = u. + u. 
1. 1. 1 

where 
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and then neglecting terms of second order in ui rather than vi 

as was done by Stokes. For steady motion, Equation 8 then 

reduces to 

u.a .u. = - a.(g + -2...._) + va.a.u. 
J J 1 1 p J J 1 

14) 

which is again linear. Oseen rationalized that Equation 14 

is a much better approximation to Equation 8 at regions far 

from the sphere, and at regions near the sphere the viscous 

terms become dominant so that the left hand side of Equation 

14 is negligible. Langlois (27, p. 144) shows that Oseen's 

solution for the stream function is the same as Stokes' for 

regions close to the sphere, differing only in terms of the 

.order of Rr/a, where R is the Reynolds number, 

R = Ua --v 

The drag on the sphere to one higher order of approximation 

than Equation 13 is given by Goldstein (16) as 

The experimental results given by Schlichting fall between 

this equation and Equation 13. 

Lamb (26, p. 614) has solved Equation 14 for the case of 
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a circular cylinder. As was previously noted, this solution 

for the creeping flow equation of Stokes is not possible, but 

when the inertia effects are partially taken into account, a 

solution is possible. 

No significant mathematical solutions were found for 

these two problems until 1957 when Proudman and Pearson (35) 

combined the equations of Stokes, Equation 12 and of Oseen, 

Equation 14. They reasoned that Stokes' equation was valid 

near the sphere and Oseen's equation was valid far from the 

sphere, so that a combination of the two equations would 

result in a more accurate solution. Thus, Proudman and 

Pearson use two expansions; an expansion near the sphere which 

satisfies Equation 12 and no-slip boundary conditions on the 

sphere, and a second expansion far from the sphere which 

satisfies Equation 14 and the boundary condition of a constant 

velocity at an infinite distance from the sphere. These two 

expansions are determined in such a way that their terms match 

at an intermediate distance from the sphere. Proudman and 

Pearson give the drag on the sphere as 

D = 6TIµau[1 + iR + 4~R2 lnR + O(R2 )] , 

which is seen to match Goldstein's solution through the first 

two terms. 

They also utilize this technique for the flow past a 

circular cylinder. 

This brief history of a classical problem shows that even 
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for a hydrodynamic problem involving a rather simple geometry 

the mathematical solution is not simple. Rather stringent 

assumptions were made and the resulting equations were still 

difficult to solve. The approximations used limited the range 

of Reynolds number for which the solutions were valid. Of the 

solutions presented here, none are applicable for Reynolds 

numbers greater than five. 

Prandtl's boundary layer theory has also been used to 

determine the flow field around cylinders and spheres as 

reported by Schlichting (39). The results are accurate for 

large Reynolds numbers up to the point of separation of the 

fluid from the body. 

In general, no analytical, as opposed to numeric, solu

tion exists for the flow around spheres and cylinders at 

intermediate Reynolds numbers. In 1933 Thom (45) developed a 

numerical technique which he used to solve for the steady 

state velocity field around a circular cylinder at Reynolds 

numbers of 10 and 20. In the solution at a Reynolds number of 

20, two weak symmetrical vorticies resulted downstream of the 

cylinder. These have been determined experimentally as 

reported in Dryden, et al. (12, p. 11). At Reynolds numbers 

of 35 to 45 according to Birkhoff (4, p. 80), and Happel and 

Brenner (17, p. 40) the two vortices attached to cylinders 

become unsteady and are alternately shed from the cylinder 

into the wake. 

Due to this phenomenon, a number of numerical studies 
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have been attempted for a circular cylinder with a Reynolds 

number of approximately 40. The most successful of these 

appears to be Kawaguti (24) for R = 40, and Apelt {2) for 

R = 40 and 44. The data of these solutions compare favorably 

with each other and with experimental results. 

Jenson (22) has solved the problem for flow past a sphere 

at Reynolds numbers varying from 5 to 40, and notes that 

separation, or vorticity formation, occurs at R = 17. 

In all of these results no indication of shedding of 

vorticies is noted. 

Allen and Southwell (1) attempted the numerical study of 

the flow past circular cylinders at Reynolds numbers of 10, 

100, and 1000. Their data do not correlate with experimental 

data nor with other numerical studies as was noted by Kawaguti 

(23) and Apelt (2). 

Payne (31) has numerically solved the problem of a 

suddenly accelerated circular cylinder at Reynolds numbers of 

40 and 100. He noticed no shedding of the vorticies at either 

Reynolds number. 

Fromm and Harlow in a number of papers {14, 15, 18, 19) 

have discussed a method of solving the unsteady flow around 

a rectangular cylinder. The results compare, at least quali

tatively, with experimental vortex street measurements for 

cylinders. The boundary conditions used for their earlier 

results are rather artificial and would be difficult to 

duplicate experimentally. The 1964 paper {19) utilizes 
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different boundary conditions at the inlet and exit of the 

channel and probably gives a closer approximation to experi

mental results. 

The papers of Fromm and Harlow clearly show the develop

ment of the vortices and their shedding from the downstream 

edge of the cylinder. Asymmetric boundary conditions were 

introduced upstream of the cylinder to aid in the development 

of the vortex shedding. The 1964 paper also determines the 

heat transfer from the cylinder. 

The NASA publication of Trulio, Carr, Niles, and Rentfrow 

(49} reports the study of the compressible flow around circu

lar cylinders at a variety of Reynolds numbers. The authors 

also study the formation and shedding of vortices as did Fromm 

and Harlow. 
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FLOW IN A CHANNEL INLET 

This study is primarily concerned with the time dependent, 

laminar flow of a viscous fluid in the inlet section between 

two suddenly accelerated parallel plates. 

The first solution of this problem, for the case of 

steady motion, was that of Schlichting (40) in 1934. He made 

the usual boundary layer assumptions of negligible second 

partial derivatives in the direction of flow and of a negli-
' 

. gible first derivative of the pressure perpendicular to the 

flow. For boundary conditions, Schlichting assumed a constant 

velocity at the inlet of the channel and a parabolic distribu

tion an infinite distance downstream, along with zero velocity 

at the walls. Two series solutions were used; the upstream 

solution being a perturbation of the constant inlet velocity, 

and the downstream solution being a perturbation of the para

bolic downstream velocity distribution. By matching the two 

series at an intermediate point, Schlichting determined the 

velocity field in the inlet region. 

Collins and Schowalter (7) have determined more accurate 

numerical data for the Schlichting solution by extending the 

series to a greater number of terms. 

Numerical solutions of the boundary layer equations have 

been done by a number of people. Two, in particular, have 

published results for inlet regions. Hornbeck (20) solved the 

boundary layer equations for the entrance region of a circular 
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pipe. Bodoia and Osterle (5) solved the boundary layer equa

tions for the inlet region of a channel and compared their 

results to those of Schlichting. The comparison was not as 

good as was expected, due to the matching technique used by 

Schlichting, according to Bodoia and Osterle. Their data 

compare much better with the data of Collins and Schowalter, 

as might be expected. 

Dix (8) solved the Navier-Stokes equations for the steady 

state flow of a conducting fluid between non-conducting 

parallel plates in the presence of a transverse magnetic 

field. 

Wang and Longwell (51) published a steady state solution 

of the Navier-Stokes equations for the inlet region of a 

channel. They reported the results of two cases. The first 

is the classic case of a constant velocity at the inlet of the 

channel, while the second is an attempt to make the inlet 

boundary conditions more closely approximate experimental 

results. They assumed a constant velocity profile some dis

tance upstream of the inlet and then calculated what the 

velocity profile at the inlet should be. 

With the use of digital computers, it appears that there 

is a tendency of replacement of analytical methods of solving 

complex differential equations by numerical methods. 

Analytical methods have required restrictive conditions on the 

equations of hydrodynamics to allow them to be solved. 

Numerical methods allow the solution of the complete set of 
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Navier-Stokes equations, at least in two dimensions. Some 

methods are available for even the solution of the unsteady 

Navier-Stokes equations. 

It was proposed, therefore, to attempt the solution of 

the unsteady Navier-Stokes equations for the case of a 

suddenly accelerated channel by numerical methods. Thom (44), 

Thom and Apelt (46, 47), and Russell (38) discuss techniques 

of solving the two dimensional steady state Navier-Stokes 

equations by numerical means. _The method used in this 

dissertation is an amalgamation of these steady state methods 

and Fromm's unsteady state method, together with newer 

techniques of solving the resulting difference equations. 

The numerical technique used to solve the difference equations 

was a combination of a successive block overrelaxation method 

for solving elliptic equations and an alternating direction 

implicit method for solving parabolic equations. This tech

nique results in fewer calculations and in more stable 

equations, so that less computer time is needed to achieve 

steady state convergence. 



33 

NUMERICAL METHOD 

The equations to be solved by numerical techniques are 

Equations 2c, 5, and 11. For two semi-infinite parallel 

plates, the flow is two dimensional. Therefore, Equation 11 

can be simplified by noting that, 

V3 = 0 

and 

These relations with Equation 5 establish that 

= 

Let 

Equation 11 reduces to 

= 

= 0 

va.a.w 
J J 

I 

Let the stream function, ~, be defined by 

Operating on this equation with ai( ), 

j = 1,2. 15) 

. _16) 
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a.v. = e .. a.a.tj, 
1 1 31] 1 J 

= 0 I i,j = 1,2 

from Equation 58. Thus the introduction of the stream 

function, tj,, defined by Equation 16 means that the continuity 

equation 2c is identically satisfied as long as the second 

derivatives of the stream function are continuous. 

Also 

w = W3 

= c: 3 • ·. d ,V, 
1] 1 J 

= e3ijai(e3jkaktj,) 

= ( 03k0i3 

w = - a.a.I/I 
1 1 I 

- 033°ik)aiaktj, 

i = 1,2 

Equation 16 used in Equation 15 results in 

= va.a.~ 
J J 

j,k = 1,2 

17) 

18) 

Equations 17 and 18 are two partial differential equations to 

be solved for the vorticity field, ~, and the stream function 

field, tj,. In vector notation they become 

= I 19) 



and 

where 

v2 
1 

35 

The velocities as given by Equation 16 are 

V1 = a 1/J 
ax2 

V2 = a 1/J 

ax 1 
. 

20) 

21a) 

21b) 

If u is a characteristic velocity of a set of solutions 

of Equations 17 and 18 with given boundary conditions, dis a 

characteristic length, and vis the kinematic viscosity, let 

V1 
u = -u- , 

V2 
V = -u- , 

X1 
X = -d- , 

and 

y = 
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Then using Equations 21 

u = 

= 1 a~ 
u'd a (xj) 

= a <I> 

ay , 22a) 

where 

</> = 

Similarly 

V = 22b) 

Transforming Equation 19 and 20 to this nondimensional form 

results in 

~ + R a(w,<f>) = v2w 23) 
cl T a (x, y) , 

and 

v2<1> = - w , 24) 

where 

V 2 a2 
+ 

a2 
- , 

ax2 ay2 
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w = ' 

1" = "t 
a2 

and 

R = Ud --
" 

R is, of course, the Reynolds number. In the pages to follow, 

$, the nondimensional stream function, will be called simply 

the stream function. Similarly w will be called the vorticity, 

and -r, the time. 

Initial and Boundary Conditions 

Two different sets of initial and boundary conditions 

were used to solve Equations 23 and 24. 

The first set, case I, was the classical problem of a 

constant velocity across the inlet of the channel after the 

plates were accelerated at time -r = O. 

If dis the distance between the parallel plates, the 

flow will be symmetric about the line. 

y = 1 
2 

Using this condition, the initial conditions for a suddenly 

accelerated channel are 



u = 1 

V = 0 

38 

0 < X < L 

O<y<} 

T = 0 

where Lis a large distance downstream of the inlet. The 

boundary conditions are 

u = 1 X = 0 

, 

V = 0 

au 
0 L ax = X = 

0 < y < 1 , - - 2 

V = 0 T > 0 , 

u = 0 0 < X < L -
, y = 0 

V = 0 T > 0 , 

and 

au = 0 0 < X < L ay 

y = 1 , 2 

V = 0 T > 0 

From Equation 5, using the nondimensional variables, 

25) 

26a) 

26b) 

26c) 

26d) 
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w = &[e 3ijaivj] 

= av au 27) 7x-~ 

At the inlet, from Equations 26a and 27, 

w ( 0, y) = 

It is assumed that w is continuous at the inlet and that the 

velocity of the fluid before it enters the channel has a 

constant velocity of U in the x-direction with no velocity 

component in they-direction. Therefore, 

I 

or 

w(O,y) = 0 

With this comment, the initial and boundary conditions 

can be easily written in terms of the stream function and the 

vorticity. If c is an arbitrary constant, 

cf> = y + C 

I 

Ill = 0 

0 < X < L 

0 < y < ½ 
T = 0 

28) 
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<I> = y + C X = 0 

0 < y < l 29a) , 2 

w = 0 '[ > 0 ' 

a4> = 0 X = L ax 
, 0 < y < 

1 29b) 2 
aw = 0 0 ax '[ > , 

<I> = C 0 < X < L 

, y = 0 29c) 

a4> = 0 '[ > 0 ay , 

<I> = l + C 0 < X < L 
2 

y = 1 29d} , 2 

w = 0 '[ > 0 

The second set of initial and boundary conditions to be 

used, case II, is the same as that used by Wang and Longwell 

(51) for the steady state. The channel studied is imagined as 

two interior plates in a cascade of similar plates. The 

velocity at a large distance upstream of the plates, L', is a 

constant value u parallel to the plates after the cascade is 

accelerated at time -r = O. With a coordinate system attached 

to the leading edge of a plate, the initial and boundary 

conditions are 
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u = 1 -L' < X < L -
0 < y < 1 

I - - 2 

V = 0 T = 0 

u = 1 X = -L' 

0 < y < 1 
I - 2 

V = 0 't > 0 

au = 0 X = L ax 
0 < y < 1 

I - 2 

V = 0 't > 0 

au 
0 -L' < X < 0 ay = -

I y = 0 

V = 0 't > 0 I 

u = 0 0 < X < L 

y = 0 

V = 0 T > 0 I 

and 

au 
0 -L' < X < L ay = -

y = 1 
I 2 

V = 0 't > 0 

In terms of the vorticity and the stream function, the 
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boundary conditions for case II are 

<j> = y + C 

I 

w = 0 

<j> = y + C 

I 

w = 0 

a <I> = 0 ax 
I 

aw = 0 ax 

cj, = C 

w = 0 

<I> = C 

I 

cl cj, = 0 ay 

<I> = !. + C 2 

w = 0 

-L' < x < L 

0 ~ y 1 
< 2 

T = Q 

X = -L' 

T > 0 

X = L 

0 < y < 1 
2 

T > 0 I 

-L' < x < 0 

y = 0 

T > 0 

0 < X < L 

y = 0 

T > 0 

-L' < X < L 

y = 1 
2 

T > 0 

30) 

31a) 

31b) 

31c) 

31d) 

31e) 
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Difference Equations 

If a function f(z) is expanded about the point zo in a 

Taylor series 

f (zo + h) = f(z 0 ) + hf' (z 0 ) + h;f" (z 0 ) + h6
3
f'" (z 0 ) + O(h 4 ) 

Similarly, 

2 3 
f(z 0 - g) = f(z 0 ) - gf' (z 0 ) + g2 f" (z 0 ) - g

6 
f"' (z 0 ) + O(h 4 ) 

Adding these two equations and setting g equal to h results in 

f 11 (z 0 ) = 
f(z 0 + h) - 2f(z 0 ) + f(z 0 - h) 

h2 

Also, upon subtracting the equations and rearranging, 

f' (zo) = 
f ( z o + h) - f ( z o -g) 

h + g 
+ 

If g is equal to h in this equation, 

f'(z 0 ) = 
f(zo + h) - f(z 0 - h) 

2h 

With these results Equation 23 can be written 
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;T[w(x,y,T+llt) - w(x,y,t)J-+ O(l'lt) 

- 4~2 ii,(x,y+h,T) - w(x,y-h,,)][+<x+h,y,,) - +(x-h,y,,)] 

[w(x+h,y,T) - w(x-h,y,,)] [•<x,y+h,T) - +(x,y-h,,)J} + 0(h2) 

= h\[wcx+h,y,T) + w(x-h,y,t) + w(x,y+h,T) 

32) 

and Equation 24 can be written 

+ ~ (x, y-h, T) - 4 ~ (x, y, T)] + O {h 2) 

= - w(x,y,T) 33) 

Let 

= 

x. 
1 = illx = ih , 

and 

y. = j!ly = jh 
J 
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Also use the notation 

n 
w(xi,yj,-rn) (I). • = ]. 'J 

and 

n 
~(xi,yj,Tn) ~. . = J.,J 

Then Equations 23 and 24 are approximated by neglecting the 

higher order terms in Equations 32 and 33. This results in a 

numerical method of order (h 2 + ~t). Douglas (9) has reported 

a method utilizing an equation very similar to Equation 32 

which is of order (h 2 + ~-r 2 ). This method was tried but the 

difference equations with the boundary conditions used were 

not stable for large ~t. Thus the extra accuracy gained by 

the method was not utilized due to the small ~T necessary for 

stability. Equation 32 was modified somewhat to allow for 

derivation of the alternating direction method used in this 

study. 

Equation 33 is approximated by 

n n n n n 
~i+1,j + ~i-1,j + ~i,j+1 + ~i,j-1 - 4~i,j = 34) 

and Equation 32 is approximated by 

"·•····••-<• .. -
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n+e n w. . - I.I). • 1,J 1,J 
8.ll.t 

= n+e"' 
I.I), • 

i, J-1 n+e "'] 2w •. 1,J 

35a) 

Define the operators 

= n n 
f ·+1 . - f. 1 . 1 , J 1- , J 

= n n 
f. ·+ - f. . l 1,J 1 J.,J-

= n n n 
f ·+1 . - 2f .. + f. . 1 ,J 1,J 1-1,J 

and 

n n n = f I I - 2f I I + f I I 1,J+l 1,J 1,J-1 

Then Equation 35a can be written 
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n+e n 
W, , - W, , 

J.,J 1,J 

0£\ T 

35b) 

Successive Block Overrelaxation 

Let it be assumed that Equation 34 is to be solved in the 

rectangular region, 

0 < i < M + 1 

0 < j < N + 1 ' 
n n with w .. given throughout the region and~- . given on the 1,J 1,J 

boundary. Further, let the {Nxl) vectors ~i' ~f, and Qi' and 

the (NxN) matrix T be defined by 

n 
~- 2 1, 

n 
~. N 1, 
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n 
¢i,o 

0 

~? = , 
1 

0 

n 
¢i,N+l 

n 
w. 1 1, 

n 
00 i,2 

n. 
1 

= h2 . , 

n 
w. N 1, 

and 

4 -1 0 . . . 0 

-1 4 -1 

0 -1 4 
T = 

0 . . . 4 

where 1 < i < M. Then Equation 34 can be written 

0 
= n. + ~-

1 1 
1 < i < M 36) 
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Equation 36 can be solved in a number of ways, the best of 

them outlined in Varga (50) and in Forsythe and Wasow (13). 

The method used was the successive block or line overrelaxa

tion (SBOR) iterative method described in both Varga (p. 194) 

and Forsythe and Wasow (p. 266). This method was chosen as 

it has a better asymptotic rate of convergence than the more 

common successive point overrelaxation. Also, due to the 

simple form of T, it does not require much additional computa

tion. SBOR can be written as 

= 37a) 

= , 37b) 

l < i < M 

where the superscript [ml is the iteration parameter, and r 

is the relaxation factor. 

The tridiagonal matrix T of Equation 37a is easily 

inverted to solve for i~m+l] by Gaussian elimination as des
i 

cribed in the following algorithm. Let Equation 37a be 

written in the form 

AX = K 38a) 

where X and Kare (Nxl) vectors and A is an (NxN) matrix 



50 

a -1 0 0 .. 
-1 a -1 

0 -1 a 
A = . 

0 . a 

Define the components of the vector f by 

f1 
1 = -a 

1 
f. = 2 < j < N 38b) 

J a - f. 1 I -J-

Then X may be determined from the following algorithm, 

gl = f1K1 , 

g. = f. [K. + g. l] I 2 < j < N I 38c) 
J J J J- - -

and 

~ = gN I 

x. = g. + fjXj+l 1 < j < N-1 38d) 
J J - -

With a= 4, this algorithm can be used to solve Equation 37a. 

The value of r was chosen such that the asymptotic rate 

of convergence was a maximum. Varga (50) and Forsythe and 

Wasow (13) show that this value of r is given by 



r = 

51 

2 
39) 

where cr is the spectral radius of the block Jacobi matrix or 

the matrix of the method of simultaneous displacement by 

lines. This value of r minimizes the spectral radius of the 

SBOR matrix associated with Equation 37. 

The block Jacobi matrix is the matrix of the method 

described by 

TcI> ~m+l] cI> [m] + cI> ~m] + 0 1 i M = i+l (Q. + cp.) , < < , 
l. l.-1 1 1 - -

or 

T 0 0 0 
[m+1] 

0 I 0 0 cI> [m] . . . <I> 1 . . . 
1 

0 T 0 
qi [m+l] 

I 0 I 

0 0 
2 

0 I 0 T 
= 

. . . . 
0 . . . T cp [m+l] 

0 . . . 0 cI> [m] 
M M 

G1 cp 0 
1 cI>o 

G2 cp 0 
2 0 

+ + + ' 

0 

QM 
cp 0 
M cpM+l 
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where I is the (NxN) identity matrix. The block Jacobi matrix, 

B, is then 

B = 

= 

= 

T 

0 

0 

0 

-T-1 

0 

0 

0 

0 

0 

T 

0 

0 

T-1 

0 

0 

0 

T 

0 

0 

T-1 

. . 

T-1 0 

0 T-1 0 

0 

. . . 

. 

. 

-1 
0 

T 

0 

. 

T-1 

0 

0 

0 

I 

0 

0 

0 

I 

0 

. 

0 

I 

0 

I 

I 

0 

I 

0 

I 

0 

0 

I 

0 

. . 

0 

0 

. . . 0 

. 0 

Let x. be an (Nxl) vector with components X ..• Then 
1• 1,J 
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the eigenvalues of Bare given by the solutions, Am,n' of the 

equation 

B = A m,n 

When Bis replaced by its equivalent and the equation put in 

difference notation, it becomes 

1 < i < M 

= = 0 

Premultiplying by T results in 

X. 1 + X.+l = A TX. 
i- • i • m,n i• 

or 

X . 1 . + X . + . = A [4x . . - X . . - X . . ] 4 0 a) 
i- ,J i 1,J m,n i,J i,J+l i,J-1 

Therefore the solution of the eigenvalue problem for Bis 

equivalent to the solution of the difference Equation 40a with 
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the boundary conditions 

X . = X. = XM · O,J 1,0 +1,J = 0 

1 < i < M 

1 < j < N 40b) 

Since the boundary conditions imply that the solution 

must reduce to zero at all boundaries, try a solution of the 

form 

x .. = sin pi sin qj 
1,J 

When this is placed in Equation 40a, 

sin p(i+l) sin qj + sin p(i-1) sin qj 

+ A[sin pi sin q(j+l) + sin pi sin q(j-1) - 4sin pi sin qj] 

= 0 

On applying the identity, 

sin(a + b) = sin a cos b + cos a sin b , 

this becomes 

2sin pi sin qj cos p + 2A sin pi sin qj cos q m,n 

-4A sin pi sin qj = O m,n 
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Solving for A gives m,n 

;\ = m,n 
cos p 

2 - cos q 

The first two boundary conditions of 40b are already satisfied 

due to the form chosen for x ..• To satisfy the third and 
l.' J 

fourth boundary conditions it is necessary that 

This implies 

p = 

q = 

Therefore 

;\ = m,n 

sin p(M + 1) = 0 

sin q(N + l) = 0 

m!I 
M + 1 

nrr 
N + l 

mrr 
COSM+l 

nrr 
2 - cosN+l 

1 < m < M 

1 < n < N 

, 

' 

This determines the MN eigenvalues of the matrix, B. Since 

the spectral radius, a, is the maximum of the absolute values 

of the eigenvalues, 



(J = 

= 

= 

or 

maxlA I m,n m,n 

JI 
cosM+l 

JI 
2 - COSN+l 

(J 
::: 
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I 

41) 

Since both Mand N will be greater than 10, the approximation 

is within about 1 percent. 
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Alternating Direction Implicit M:!thod 

The solution of the numerical approximation of the para

bolic partial differential Equation 23 can also be accomplished 

in a number of ways. Douglas (10) has described a number of 

ways to solve parabolic equations. 

The method used was an alternating direction implicit 

(ADI) method described by Douglas (9). This is a further 

modification of the method first used by Peaceman and Rachford 

(32) and modified by Douglas and Rachford (11). 

The ADI method results upon applying Equation 35 twice 

per time step with two sets of values for e, e', 0 11
, and e '". 

The first half-step is taken with 

and 

That is, 

n+1/2 n 
00 i,j i,j 

fJ.T/2 

= 

0 = 

0 I = 

= 

1 
2 

0 

1 
2 

0 111 = o 

42) 
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The second half-step is taken with 

e = 

0 I = 

0 II = 

0 II I = 

1 
2 

0 

1 
2 

1 
2 

and with n replaced by n+½. 

n+l n+1/2 
w - w 

= 

Subtracting Equation 43 from 42 results in 

= n+l n 6T A2( n+l n) 
wi,j + wi,j - 2hzoy w - w 

When this equation is used in either Equation 42 or 43, the 

resulting equation is that for the total time step, 

n+l n 
W, , - W, , 

J.,J J.,J 

b.T 

= 

43) 

44) 
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Douglas (9} notes that the final term is of order (6T} 2 • 

When Equations 42 and 43 are written in matrix notation 

rather than finite difference notation, they both require the 

inversion of a tridiagonal matrix. This is easily accomplished 

by the algorithm defined by Equations 38. 

However the method described by Douglas results in 

simpler equations to solve and gives the same final Equation 

44. Let w~ . be defined by 
1,J 

* n W, , - W, , 
1,J 1,J 

6 T 

= 

and let w~+~ be defined by 
1,J 

n+l n 
Cl.I, , - W, • 
1,J 1,J 

6 T 

= 

Subtracting Equation 46 from 45 gives 

* n+l w = w 

45} 

46} 

47} 

Replacing this equation for w* in either Equation 45 or 46 

results in Equation 44, so that the two methods are equivalent 
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for the total time step. 

Let 

cc = 

Then Equations 45 and 47 can be put in the form 

48a) 

2 ) n+l 
- cc (Jj = 48b) 

These equations are both tridiagonal in form and can be solved 

with Equations 38 for the values of the vorticity at time 

(n+l) given the vorticity and the stream function at time n, 

and the boundary values of the vorticity at time (n+l). 

Difference Initial and Boundary Conditions 

The initial and boundary conditions to be used with 

Equations 37 and 48 are derived from the initial and boundary 

conditions for the partial differential equations which the 

difference equations approximate. 

Expanding the stream function, 

= n a$ n h2 a2$)n 
~i·,J·-1 + h-) + - ~ ay . . 2 ay . . J.,J-1 J.,J-1 
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From Equation 24, 

-w = + ' 

so that 

n 
cji • • 

J.' J 
= 

Along the wall of the channel, j = 0, 

clc!> n -) ay . o 
1. 1 

= = 0 
0 < X < L 
n > 0 , 

from Equation 29c or 31d. Therefore 

n 
cji. 1 J., 

= n h 2 n 3 · 
cj,

1
.

10 
- -w. + O(h) 

2 J.,O 

Solving for the vorticity and neglecting higher order terms, 

n 
W, 

J.,O 
= 

2(.i.l!- ,i,n ) 
"'i,o - "'i,1 

{
o < i 
n > O 

< M 

With this relation, the initial and boundary conditions 

for the finite difference approximations can be determined 

from Equations 28, 29, 30, and 31. 



62 

For case I, with c = O, M+l = L/h, and N+l = l/2h, 

0 jh 0 i M + 1 $. . = < < 
l., J - -

I 49) 
0 

0 0 j N 1 (IJ •• = < < + 
l., J - -

n jh 0 j < N + 1 $0 . = < ,J 
, 50a) 

n 0 0 (IJ O • = n > I ,J 

n n 
0 j < N + 1 $M+1, j = $M. < ,J 

I 50b) 
n n 

0 wM+l, j = WM . n > I ,J 

n 
0 0 i < M + 1 $. 0 = < 

1., 

2$1.1 I soc) 
n l., 1 0 (IJ, 0 = h2 n > I J., 

n (N+l) h 0 i < M + 1 $i,N+1 = < 

I 50d) 
n 

0 0 wi,N+1 = n > 

For case II with M' = L'/h, and M+l = (L+L')/h, 

0 jh 0 i M + 1 $. . = < < J.,J - -
I 51) 

0 
0 0 j N + 1 (IJ. • = < < , 

J.,J - -
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n jh 0 j < N + 1 4> 0 . = < ,J 

n = 0 n > 0 OJ O • , 
,J 

n n 0 j < N + 1 <l>M+ 1, j = cj>M . < ,J 
, 

n n 
OJM+l, j = WM • ,J n > 0 , 

n 0 0 i M' cj>. 0 = < < 
1, 

, 
n = 0 n > 0 W • 0 , 
1, 

n 
0 M' i < M + 1 cj> . 0 = < 

1, 
n 

2 cj>. 1 n 1, n > 0 (ll, 0 = h2 1, 

n 
<l>i,N+l = (N+l) h 0 < i < M + 1 

, 
n = 0 00 i,N+l n > 0 

Numerical Algorithm 

The method of solution of Equations 37 and 48 with 

boundary conditions 49 and 50 or 51 and 52 is as follows. 

Assume values are known for cj>~ . and w~ ., O<i<M+l, 
1, J 1, J - -

52a) 

52b) 

52c) 

52d} 

52e) 

O~j~N+l, for a given value of n. Equation 48 could be solved 

n+1 for w . . if the boundary values of the vorticity were known, 
1,J 

but Equations 49c and 51d show that these boundary values are 
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f · f n+i h' h . . f . f a unction o ~- . w ic is in turn a unction o i,J' 
n+l 

w I I e i,J Hence 

an iterative technique must be used. 

As a first approximation, the boundary values of the 

vorticity at time n are used for the boundary values at time 

(n+l). Therefore Equation 48 can be solved for an approxima

tion of the vorticity field at time (n+l). The. solution is 

only approximate due to the approximate boundary values used. 

Equation 37" is then iteratively solved for the stream function 

field corresponding to the approximate vorticity field. At 

each iteration, the downstream boundary values of the stream 

function are changed to correspond with Equation 50b or 52b. 

This new stream function is then used in either Equation 50c 

or 52d to obtain a better approximation to the boundary values 

of the vorticity on the channel wall, and the downstream 

boundary values are changed as indicated by Equation 50b or 

52b. Equation 48 is then solved with these better boundary 

values and the process repeated until it converges. 

This scheme is modified somewhat in practice so that 

convergence of the iterative method is achieved. Thom and 

Apelt (46, 47) have reported, and it has been verified by 

others, that changing the boundary values of the vorticity at 

a solid boundary by the total amount indicated by the new 

stream function can result in nonconvergence. Therefore, it 

is common practice to change the boundary values by only a 

certain fraction of the indicated change. That is, for the 

(k+l)th iterate, 



n+1, [k+1] 
w. 0 1, 

= n+1,[k] [ w. + s -
1, 0 

or 
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_ n+l,[k]] 
wi,o 

0 < i < M + 1 

M' < i < M + l 53} 

In this study a value of S of 0.5 was used following Thorn's 

example. Other values may result in faster convergence, but 

this type of optimization was not attempted. 

The process is more easily visualized by means of a flow 

chart. Let i, j, and n indicate the same variables as 

previously. Let (k) be the counter for the number of itera

tions of the vorticity, or the outer iteration loop, and let 

(m) be the counter for the iterations of the stream function, 

· · . 1 n d n . h h or the inner iteration oop. w .. an ~- . wit out t e super-
1,J 1,J 

script iteration indicators are the values of the vorticity 

and stream function when convergence has been achieved. Upon 

n n entering the flow chart, the values of w .. and~- . are known 1,J 1,J 

for 0~i~M+l and 0~j~N+l. The boundary values which remain 

constant will not be referred to in the flow chart. The chart 

is presented in Figure 1. 

Once the stream function field at a given time plane has 

been determined, the velocity components are easily found from 

finite difference approximations to Equation 22, 

n u . . = 
1,J 



n v .. = 1,J 
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1 < i < M 

1 < j < N 

n > O 54) 

On the boundaries, the velocities are given by the boundary 

conditions except for 

= 1 [ n n J 71 <l>i,N+l - <l>i,N 

= 

and for case II 

n u. = 
1,0 

i < M + 1 
0 

j < N 
0 , 

{
l ~ i ~ M' 
n > 0 • 

55a) 

55b) 

55c) 

The tests for convergence of the iterative procedures are that 

and 

max 
i,j 

<1>1:' ~kl, [m+1] 
1,J 

max n, [k+1 J 
i,j € boundary W• • 1,J 

n, [kJ 
- w •• 1,J 
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Since the maximum value of the stream function was known a 

priori, it was not thought necessary to place a limit on the 

relative change of the stream function, but only on the 

absolute change. Only the changing boundary values of the 

vorticity were examined for convergence criteria since these 

were the critical values which varied from one iteration to 

the next. 

The SBOR and the ADI methods were chosen to solve the 

difference equations since they are two of the more powerful 

methods. Theoretically the ADI method is stable for all 

values of 8t, but it was found necessary to limit 8t in this 

case, probably due to the boundary conditions used. However, 

a large enough 8t could be used to achieve steady state in 

less than 200 time planes with less than 20 minutes of 

calculation time on an IBM 360/50. Although not directly 

comparable, Fromm and Harlow and Trulio, et al., required 

thousands of time planes and hours of IBM 7094 time. 



Figure 1. Flow chart 



I KAIN INITIALIZE BOUNDAR.Y CONDITIONS I 
I I 
I [k] • 1 I 

\ llli,on+l,[k] • wi,on / 

\ n+l ,[k] n I 
\ wm+l,j • °kf-1,j / 

\ cpn+l ,[k].[ 1) • cp n / 
'- m+l ,j m+l ,j // ~-------~--------~ -- - - - - - - - - - - - - - - -- - - - - - --, ,. - - - - - - - - - - - - ---" , . _____ ..______ \ I 

: ------, APPROXIMATB .wn+l by \ I APPROXIMA'.l'B cpn+l by 

\ [k] • [k+l] 1---------,1..i solving Bq. 48) for w~:}• [k] ~ I solving B9.. 37) for cpn+l,[k].[m] 

' I ---- --- -- --- [m]. [1] / I r------- --- ----' '-------------'- , I 
I COUICT BOONDARY CONDITIONS ', ' VORT / I 
I oncpand• 11 / 

I n+l [k+l] I I NO I I YES 
by aolving Bq. 53) for w1 0

' I .._ ...... I;___..:... ___ -< 
I • I \ 

I 
n+l ,[k+l] • n+l ,[k] I \ 

1
1 

wa+l j w-4u j 
• • I \ / 

I cpn+l ,[k+l] ,[ 1]. cpn+l ,[k] I , / 
f a+l,j m,j '- !!S __ .,,_"' 
I I 
\., BCV ) -----·--------..., FINAL VALUES OF cp AND w 

NO 

CORRECT BOUNDAR.Y CONDITIONS 
on cp 

cpn+l • cpn+l,[k],[m) 
i,j i,j 

w"'+l • wn+l,[k] 
i,j i ,j 

cpn+l ,Lk] ,[m+l] • cpn+l ,[k] ,[m] 
m+l,j m,j 

[m] • [m+l] 

'- SP 
--- . - - - - - - - - -- - - - _,,,,, 

°' I.O 



70 

DISCUSSION AND RESULTS 

Equations 39 and 41 were used to determine the relaxation 

factor for the method of successive block overrelaxation. 

These equations are correct if the boundary conditions on the 

stream function remain constant between iterations. However, 

boundary condition 50b or 52b was used in a manner such that 

the stream function vector, ~J!!, varied between iterations. 

Therefore, rather than the block Jacobi matrix previously 

defined, B, the ~lock Jacobi matrix for this method becomes 

-1 
T 0 0 . . . 0 0 0 I 0 . . . 0 0 0 

0 T 0 I 0 I 

0 0 T 0 I 0 
A 

B = 

0 0 I 0 

0 T 0 0 . . . I 0 0 

0 . . . 0 I 0 0 I 0 

0 

B 

= 

0 

0 • • • 0 I 0 
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The spectral radius of B, cr(B), can be found by solving the 

difference Equation 40a with the boundary conditions 

X . O,J = X. o 
l., 

X . 
M+l, J 

= X. 
J.,N+l 

= XM . ,J 

= 0 

Using the same technique as was used to develop Equation 41, 

x .. = sin pi sin qj I J.,J 

.). = cos p 
m,n 2 - cos q 

::: l - ½[p2 + q2] 

As previously 

q = nn 
N + 1 1 < n < N 

However, the fourth boundary condition results in a different 

value of p. This boundary condition gives 

XM+1, j = sin p (M+l) sin qj 

= XM,j 

= sin p M sin qj 

or 

sin p(M+l) = sin p(M) 
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A.glance at a graph of the sine function shown in Figure 2 

demonstrates that this relation can -be satisfied around the 

points {2m-l)IT/2, l_::m.::M, if 

p(M + ½> = ½(2m - l)IT 

(2m - 1) rr 
2M + 1 p = 

Sin x 

pM p(M+I) 

Figure 2. Sine function 

,. 
Since the matrix B has been augmented by N rows and columns, 

instead of the MN eigenvalues found for B, B has (M+l)N 

eigenvalues. The extra N eigenvalues are all zero and do not 

increase the spectral radius of the matrix. Therefore the 
,. 

spectral radius of Bis given by 

a(B) ::: 

For the problem reported in this dissertation N+l was 10, and 

M+l was greater than or equal to 60. With these values, the 
,. 

difference between the spectral radius of Band of Bis about 

one part in a thousand. Thus the use of Equation 44 is 

justified. 
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The directed graph of Bis not strongly connected so that 
A 

B itself is not irreducible although B was. Therefore, 

Equation 39 cannot be rigorously applied as the irreducibility 

of B was used to derive it in Varga (50) and Forsythe and 

Wasow (13). However, both Varga and Forsythe and Wasow con

jecture that this equation is a good estimate of r even though 

it cannot be theoretically justified at the present time. 

A Reynolds number of 50 was assumed in all the results 

presented. This value is the result of a compromise. Experi

mental results usually appear with larger values of the 

Reynolds number. However, as the Reynolds number increases, 

the fluid requires a longer length of channel to achieve one 

dimensional flow. This results in a larger number of mesh 

points to calculate and more calculation to achieve conver

gence. The numerical equations also appear to become less 

stable at larger Reynolds numbers so that more care must 

be taken in the manner in which boundary conditions are 

incorporated into the solution and in the size of the time and 

distance increments. 

The parameters for the convergence criteria and the time 

and distance increments were chosen in a trial and error 

fashion. Reasonable values were first picked and then these 

values were decreased until the solution did not change 

significantly with the decrease. The meaning of a nonsignifi

cant change was, generally, that the digit in the second 

decimal place of the velocity, u or v, did not change. The 
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final values used to calculate the results presented were 

= 0.0001 

= 0.001 

h = 0.05 

= 0.001 

The value of« was found to affect the stability of the 

solution. With«= 1.25, the solution was almost, but not 

quite, stable. The low order digits of the velocity field for 

• > 0.10 were found to vary in a random fashion. As« was 

increased, however, the variation damped out. For a value of 

« = 0.5 the solution diverged. 

Since the velocity fields asymptotically approach the 

steady state solution, it was thought that a small value of 6T 

could be used initially and then increased as the change of 

the velocity field between time planes became small. It was 

found, however, that any value of«< 1.25 was unstable so 

that larger time increments could not be used, even when 

steady state was nearly reached. 

From considerations of the change of the solution with a 

change in the values of the convergence parameters and the 

time and distance increments, it was estimated that the 

velocities presented are within ±0.01 of the true value except 
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very near the channel entrance where the error may be as much 

as ±0.03 for case I at the early time planes. 

This indicates that the use of two values of h might have 

been beneficial, a smaller h near the entrance with a larger 

h downstream. A second possibility along this line which was 

considered was the use of a transformation so that the value 

of h would vary continuously from the entrance to the exit of 

the channel. Wang and Longwell (51) used the transformation 

n = 1 - 1 
1 + ex 

This idea was not used since the simplicity of the difference 

matrix T depends on a constant value of h. It was decided 

that an increase in accuracy could be achieved more cheaply by 

decreasing hall over the net than by using a transformation 

which increased the complexity. 

Case II does not result in as sudden a change in the 

derivative of the velocity as the fluid enters the channel as 

does case I, and so the accuracy is not greatly affected by 

the channel entrance. 

Figures 3 and 4 present the steady state dimensionless 

velocity in the x-direction for cases I and II. The arrows at 

the right side indicate the parabolic profile to which the 

solution should converge. It can be seen that solution near 

the middle of the channel has not quite achieved this para

bolic profile, but is converging towards it. If the value of 

M were increased the solution would, of course, more closely 
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approximate the parabolic profile. However, it was found that 

an increase in M did not alter significantly the velocities 

calculated with M = 60 for case I and M = 75 with M' = 20 for 

case II. 

Figure 3 compares very well with a similar figure given 

in Bodoia and Osterle (5). To the accuracy of the curve 

presented in Bodoia and Osterle, the comparison is exact. 

The steady-state velocity distributions calculated com

pare very favorably with other results available for 

comparison. For example, Figure 5 presents the velocity in 

the x-direction for case I. Values of the velocity according 

to Schlichting (40) are also given. It can be seen that after 

the fluid has traveled about half a channel width downstream, 

the comparison between Schlichting's results and those pre

sented here is very good. The variance near the entrance of 

the channel is probably due to two causes. In the first 

place, Schlichting's results are based upon a boundary layer 

solution which neglects the second derivative of the velocities 

in the x-direction. Although this is a valid assumption down

stream of the entrance, it becomes less valid near the 

entrance. Secondly, Schlichting's results are not accurate. 

Collins and Schowalter (7), as was previously noted, found 

that the number of terms of the series solution used by 

Schlichting was not sufficient to accurately compute the 

velocities. 

Unfortunately Collins and Schowalter present very little 
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data. They do mention, however, that their results very 

closely match the numerical results of Bodoia and Osterle (5). 

In their paper, Bodoia and Osterle present a curve comparing 

the center-line velocity from their results with the center

line velocity of Schlichting. This curve indicates the 

Schlichting's dimensionless velocities are as much as 0.04 

higher than the velocities of Bodoia and Osterle, and hence 

of Collins and Schowalter. This is approximately what is 

shown in Figure 5. 

Figure 6 presents a similar graph for case II. 

Wang and Longwell (51) present the results of the steady 

state solution of the Navier-Stokes equations for both case I 

and case II. Their results are presented for a Reynolds 

number of 300 so a direct comparison of the results is not 

possible, but a general comparison gives very good correlation. 

Wang and Longwell compare their data with Schlichting and 

find that Schlichting's velocities are as much as 0.03 higher 

than theirs for case I as was noted by Bodoia and Osterle, and 

also noted in Figure 5. 

A point of inflection in the profiles of u versus y was 

noted by Wang and Longwell which was not found in Schlichting's 

results, nor in the results of Bodoia and Osterle. This 

phenomenon is also found in the results presented here for 

case I, but as can be seen from Figure 5 it is not as evident 

as in Wang and Longwell. Wang and Longwell also report a 

point of inflection for case II which the results presented 
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here do not show. When tests were being run to determine the 

value of hand Ar to be used in this investigation, it was 

found that large values of h or Ar resulted in very distinct 

points of inflection for case I. As the values were decreased, 

the peaks at the edge of the channel became less distinct 

until the height of the peaks for the results presented here 

is less than the predicted error. It is, therefore, thought 

that the points of inflection reported by Wang and Longwell, 

and shown in Figure 5 to a lesser extent, are due to the 

effect of the sudden change of the derivative of the velocity 

at the entrance of the channel on the numerical method. 

Figures 7 and 8 present the velocity profiles for cases 

I and II at timer= 0.02. As would be expected, the profiles 

are flatter than for the fully developed case as the effect 

of the walls has not been completely carried throughout the 

channel. 

The transverse or y-velocity, v, is shown in Figures 9 

and 10. The value of vis larger for case I due to the sudden 

effect of the channel wall, rather than a more gradual effect 

experienced in case II. 

The entrance or development length compares very favor

ably with values reported by Schlichting, Bodoia and Osterle, 

and Wang and Longwell. Arbitrarily defining entrance length 

as the distance from the inlet at which the center-line 

velocity reaches 98 percent of its asymptotic value, the 

results can be expressed in the form 
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= lR 56) 

where x is the entrance length divided by the channel width 
e 

and R is the Reynolds number based on the channel width. The 

following values for 1 have been reported. 

Table 1. Entrance length 

Reference 1 

Schlichting ( 40) 0.034 

Bodoia and Osterle (5) 0.034 

Wang and Longwell (51) 
Case I 0.0335 
Case II 0.034 

Pearson 
Case I 0.034 
Case II 0.036 

All of these comparisons with existing data are for the 

steady state case. There was no data available to directly 

compare the time dependent solution. A one dimensional, time 

dependent solution of the constant pressure gradient problem 

is given in Rouse (36, pp. 221 ff.). The boundary conditions 

for this problem and the problems presented here are different; 

Rouse using a constant pressure gradient, and the solutions 

presented here having a constant flow rate. However, a quali

tative comparison shows similar time constants and similar 
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shaped curves as shown in Figure 11. 

Figures 11 and 12 show the downstream velocities as a 

function of time for both cases I and II. As would be 

expected, the effect of the entrance boundary conditions is 

damped out so that there is no significant difference between 

the two cases for x greater than 1.7 or 1.8. Figure 12 shows 

that steady state has been achieved for any time,~ 0.14. 

The numerical data from which these graphs were drawn is 

presented in the Appendix. 

The method of solution used here is applicable to a wider 

variety of problems than those presented. Using this tech

nique, the laminar velocity field for many two-dimensional 

rectangular regions can be determined if only the velocities 

on the boundaries of the regions are known. If, as is the 

case in the problem presented here, the velocities on some 

portion of the boundary are not known, but the derivatives are, 

the problem can probably still be solved, but the determina

tion of the relaxation parameter becomes more difficult. 

It is also felt that the solution of the Navier-Stokes 

equations for regions other than rectangular could be accom

plished with some thought as to possible transformations of 

the region and as to the meaning of the vorticity at sharp 

projections into the region. Thom and Apelt (46) have dis

cussed these problems for the steady state case. As was 

previously noted, the use of transformations results in a more 

complex set of equations to be solved. Whether the extra com

plexity is worth while will depend upon the problem to be 

solved. 



Figure 3. u as a function of x and y for case I, steady state 



u 

IA 

1.2 

0.8 

0.6 

0.4 

0.2 CASE I T = 0.18 R = 50 

~ y=0.50 
..;- 0.40 

+- 0.30 

<:- 0.25 

<- 0.20 

..s- 0.15 

<!- 0.10 

-r:-- 0.05 

Q0L----L..---L..---L..---L----_.__ __ _.__ __ .._ _ __, 
0.0 0.4 0.8 1.2 1.6- X 2.0 2.4 2.8 3.2 

00 
N 



Figure 4. u as a function of x and y for case II, steady state 
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Figure 5. u as a function of y and x for case I, steady state 

o - Schlichting's data (40) 
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Figure 6. u as a function of y and x for case II, steady state 



>< p 
II 

01 
I 0 

y p 
N 
0 

p 

"' 01 

I 
p p p p p p - 0 0 0 (>I 
0 01 0 01 01 0 

u 
VELOCITY PROFILE T = 0.18 
Case Ir Reynolds Number = 50. 

co 
ex:> 



Figure 7. u as a function of y and x for case I, T = 0.02 
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Figure 8. u as a function of y and x for case II, • = 0.02 
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Figure 9. v as a function of y and x for case I, steady state 
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Figure 10. v as a function of y and x for case II, steady 
state 
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Figure 11. u as a function of y and T for x = 2.75 
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Figure 12. u as a function of Tandy for x = 2.75 
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APPENDIX 

Tensor Notation 

Since the geometry of the inlet of parallel plates is 

most naturally described by a Cartesian coordinate system, 

Cartesian tensor analysis was used. 

The equations of hydrodynamics were derived in three 

dimensions so that all tensor subscripts ranged over the 

values of 1, 2 and 3 unless specifically noted otherwise. 

A convenient notational convention usually employed with 

tensor analysis is the summation convention. If a particular 

subscript appears twice in any term of an expression, that 

term actually stands for the sum of three terms obtained by 

giving the subscript the values 1, 2 and 3. For example 

A.. = A + A + A 
1.1.••· 11••· 22••· 33•·· 

or 

A.. B.k 1J. • • J ••• = A. Bk + A. 1.l••• 1 ••• 1.2••• 

+ A. Bk 1.3 • • • 3 • • • 
i,k = 1,2,3. 

When two subscripts of a tensor are made the same so that the 

summation convention is brought into use, the operation is 

called contraction with respect to the two subscripts. 

Two useful tensors are the Kronecker delta, o .. , and the 
l.J 

epsilon tensor, eijk" The Kronecker delta tensor is defined by 
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= {lo 0 •• 
1] 

and the epsilon tensor is defined by 

i = j 

i ~ j 

+l if ijk form an even , permutation of 123, 

Eijk = 0 
if any two of ijk , are alike, 

-1 if ijk form an odd , permutation of 123. 

It is easy, but tedious, to show that 

= 

by taking all possible values of j, k, m, and n. This 

relation is proved in Jeffreys and Swirles (21, p. 73). 

A tensor is called symmetric with respect to two sub

scripts if 

, 

and antisymmetric if 

57) 

A useful result of tensor analysis is that the double con

traction of any symmetric tensor with an antisymmetric tensor 

results in a null tensor. That is, if 

A.. = A .. 
1]••· ]1••· 

, 
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and 

B .. = -B .. J.J ••• JJ.••· 

then 

A .. B .. 1 ( B .. = - A .. J.J ••• J.J ••• 2 J.J ••• J.J ••• 

1 ( B .. = - A .. 
2 J.J ••• J.J ••• 

1 ( B .. = A .. 2 J.J ••• J.J ••• 

1 ( B .. = - A .. 
2 J.J ••• J.J ••• 

= 0 

In particular 

e:. 'kA'k = 0 J.J J ••• 

The operator a. ( ) is defined by 
1 

+ 

+ 

-

-

A .. J. J ••• 

A .. 
JJ.••· 

A .. 
JJ.~•· 

A .. J.J ••• 

a .A.k = 
aA.k J ••• 

1 J ••• 

B .. J.J ••• ) 

B .. ) J.J ••• 

B .. 
JJ.••· ) 

B .. ) J.J ••• 

This operator is the same as the del operator in vector 

notation. 

58) 

Occasion will also be found for use of Gauss' theorem, or 

the divergence theorem. This theorem is proved in many texts 

such as Prager (33, p. 28) and Jeffreys and Swirles (21, 

p. 193). In tensor notation as given by Prager it takes the 

form 
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I a .A.k dV = l. J ••• 
V I n.A.k dS l. J ••• 

s 
59) 

where Vis a volume, bounded by the surface S consisting of a 

finite number of parts with the continuously turning, external 

normal, ni. This equation can be put in a variety of forms by 

selective contraction or by choosing various forms for the 

tensor A.k • J ••• 

Cartesian tensor notation is related to vector notation 

by results such as 

f.g. f + 
= . g , 

l. l. 

£ijkfjgk f X 
+ = g 

a. a = va = grad a , 
l. 

a. f. 
l. l. 

= V . f = div f I 

and 

= V X f = curl f 
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Program Listings 

The flow chart presented in Figure 1 gives the essential 

details of the method of solution so that a flow chart of the 

main program and each subprogram will not be presented. How

ever, a complete listing of each routine for case I is given 

in Figures 13 to 20. 

Two changes from the notation given in body of the 

dissertation should be noted. The x and y directions are 

reversed so that xis the direction perpendicular to the flow 

and y is the direction parallel to the flow. The second 

change is that the program is not written using the nondimen

sional variables. The time, as used in the program, is 

actually vt as given in the previous description. 

MAIN routine 

MAIN functions as the executive routine for the program, 

besides initializing the boundary conditions of the vorticity 

each time VORT is entered as shown in Figure 1. The two 

matrices, VORTA and VORTB, as defined in MAIN are alternately 

the new and old vorticity matrices. STRFN is the stream 

function matrix at the present time plane. The other vari

ables are housekeeping variables to control such things as 

output, change of time increment and completion of the program. 

MAIN is composed of two separate sections which are 

identical in logical structure. The first section consists of 

the lines from statement 1 through statement 6+1. This 
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section is used to calculate the new vorticity, VORTB, from 

the old vorticity, VORTA. The second section, statement 7 

through statement 12+2, is used to calculate the new vorticity, 

VORTA, from the old vorticity, VORTB. 

Statements 1 through 3 and statements 7 through 9 

initialize the boundary conditions of the vorticity as shown 

in Figure 1. Other statements update parameters and call 

routines as required. 

Subprogram INIT 

INIT is the initialization routine. It is used to input 

parameters, output a heading, initialize parameters, and to 

input the initial conditions for the vorticity and the stream 

function. 

The important variables are described as follows: 

VORT (I ,J) 

STRFN(I,J) 

M 

N 

H 

DELT 

VIS 

VEL 

RELAX 

Initial vorticity matrix 

Stream function matrix 

Number of nodes in the x-direction 

Number of nodes in they-direction 

Distance increment 

Time increment 

Kinematic viscosity 

Inlet velocity 

Relaxation parameter 

Statements 1-1 through 2 are used to calculate the 



113 

vectors f of Equation 38b for the SBOR and ADI methods. 

Statements 2+5 through 3 set the initial conditions for the 

vorticity and the stream function. 

Subroutine PRNT 

PRNT is the routine used to output data. Each time PRNT 

is called the matrices STRFN and VORT are output onto a peri

pheral tape. Also at specified intervals the values of u and 

v, the velocity fields, are calculated from Equations 54 and 

55 and output on the printer. The subroutine as listed is for 

case I. For case II some of the boundary values of the 

velocities must be changed. 

Subroutine VORT. 

VORT is the subroutine which calculates the new value of 

the vorticity, VORTB, from the old, VORTA. This is done by 

the ADI method of Equation 48. Figure 1 presents a simplified 

flow chart of VORT. As can be seen from the flow chart, VORT 

calls subroutine SF to calculate the stream function matrix 

associated with VORTB and calls the subroutine BCV to calcu

late the corrected boundary values of the vorticity from this 

stream function matrix. 

The temporary storage matrix AMAT is used for two pur

poses. The interior locations are used to store the right 

hand side of Equation 48a. This is calculated by statement 1. 

Also the first column and the first row of AMAT are used to 

store the vector g of Equation 38c for the solution of 
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Equations 48a and 48b. Equation 48a is solved by statements 

2 through 4 using the algorithm of Equation 38. The value of 

w* is temporarily stored in the matrix VORTB. Then Equation 

48b is solved by statements 4+1 through 6. These statements 

h 1 f n+l . h . 0 T putt e va ues o w into t e matrix V RB. 

Subroutine SF 
-

Subroutine SF is called by VORT to calculate the new 

stream function matrix, STRFN, associated with the vorticity 

matrix, VORT. It does this by means of the SBOR technique 

described by Equations 37. A simplified flow chart is shown 

in Figure 1. 

TMAT in STRFN is used in the same manner as was AMAT in 

subroutine VORT. Statements 1 through 2 place the right hand 

side of Equation 37a into the interior locations of TMAT. 

Then the first column of T~..AT is used to store the vector g 

of Equation 38c. Vector g is calculated by statements 3+3 

through 4. Statements 4+1 through 5+2 calculate 

(ifm+l] - ~fml) and store this vector in the first column of 

TMAT. The maximum value is then determined. Statement 6 

calculates ~fm+l] from Equation 37b, and the downstream 

boundary conditions are changed according to Equation 50b or 

52b by statement 7. Statement 7+1 then checks the maximum 

change of the stream function between iterations to determine 

whether or not another iteration is required. 
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Subroutine BCV 

Subroutine BCV calculates the corrected boundary values 

of the vorticity from the stream function. It also checks the 

difference between the old and new boundary values to deter

mine whether the vorticity field has converged. The listing 

of BCV is for case I. For case II, the boundary values are 

calculated only along the actual wall of the channel. 

Subroutine DTCHAN 

Subroutine DTCHAN is the routine used to change the value 

of the time increment, DELT, or to change the number of time 

planes calculated before the data is output. DT(I) is a 

vector of eight time increments which may be used, NT{I) is 

the number of times the .time increment DT(I} is to be used, 

and MTAP(I) is the number of time planes to be calculated 

before the data is output onto tape. When DT(I) is zero, this 

routine completes the program. 



Figure 13. MAIN routine 
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Figure 14. Subroutine INIT 
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Figure 14. Subroutine INIT (continued) 
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1 ~. x, • r: C-JU1-\ TI c·~1:s Fo R A P.'E:CT A r~Gu LA K! :REG ION•/ 5'X:, , •·J rr ;-l' , f!3:, 
2 ' dY', I~, 1 /C!f\1S'/// 1 : DIST/H\:CEj jrNCR[t-\ENTi'i,·T.15,H.?.:5/·--· 
3 •: Vl$UiSITY':,T.3:3,El2.:'5'.'' INLFT ;v:FLOCI_T_Y_' ,1r;1_5_,[l~-~I'.: 
't I [-;~.r<nR "Cl-i[CKS'/f>X, 1 V[]1-trICl TY' ,iT:,'5,El2.5/:6:X, ! : 

':i 1 .STFf./l'vl FLJ~!-CTTtl~'• ,T35,i:12.5/ 1 R·F:LAXATION 1P:AR~METER';,: 
(-, T:35,El2.5/' ·;:,,n 1\T f-ACT.nR 1 ,T35,r'8:)· ··• . -····-•·-· . ----

107 1-(;i{'."1ATl/ 1 TU1 f I1\Ck[ME-l\/TS 1 /3X,HFi7:.2// I 

1 ,· :NUMBER CF fI,"lES I,\CREt•1GiT USEjC; 1 /3i.,idfi/:-··- -··-----··-· 
' [ I I 

?. •: ;T,\i-iEC FVf:RY NTH fit-lE;'/3X,Rl7):: -----+: 
t ~1:0: i ; ... --· I·-t-··---·- :-·-----·-·-·--



Figure 15. Subroutine PRNT 



123 

V =· 0. : : 
\•JR'(rr=D,l·)l) !J, (V, I '-, 
u n :j _i = 2. , Nt: ; : 



Figure 16. Subroutine VORT 
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su;n:.H1uTit\F v:i~in(VCRTA,v:n~TBI I! I j I: 
CLJM/:OiJ C: OW\, C:fJNe, C()i\C, O,i-- LT, F. KS, F?:V, ER s;-.1AX ,:E:R V '~AX, H, H:S:Q, 

L · r ;\l;O t3 c V , M , i\1 i:,: ,v 2 , iV 3 , MI\ xf rs , M" x It v! ~ :,1.1 I\ x PKN , M Aix:r AP, N , N 1 , ;N> , 
2 j\/, N l Vi, :H 1;v:, NPKN, NT t\P!, NTC I-AN, ~:!T!I ~E -' R_~ LA x!,!RH, Rh St;), Ti(~ f:! _ 

· 3 V:(:L , v I s , r, T 1 ;a;i , MT AP 1 8 l: ,tJT I s l , s r R:F:N < 1 5, 1 o o l 1, ;v Er, s F ! 1 5 > 1 ,: 
4 VE:;C V ( 1 tJn l ! : ' : : I : I : 

. l , . . .. , t •. • . , , , - ••• -· ····-·· ., • ___ " .. ·----------•···;·I · -· --- · .. -- ... 1 .. 1 

LlI;flfi\!SIC'N VO!{;TA(15,10Cl:,V0kTB( 15,:100) ,Af'J.AT(:15, 100) : 
~d 1 r:v = ~, ":< 1 riv: · ' i i 
nu: :l J = l.,rh:" ii ;·-----------·-- r····· -- -. 
f>()! : l I = 2 , r,f J'. ! : : : . , 

l M11A;T ( I I J) = iv:rJR l A (I+ l ,!Ji) ~ . C GNB>~·\i:n·~t"r\ n·~-j") ·:+ .. VOK TA ( Ir:t°, J"f 
l +! ;?.-:'(Vnl-<T.'\1 (;1,J+ll + :VflRTA(I,J-1:)) - ((STR;FN(I,J+l)': 
2 -; :Sf;{fN(f ,J;-iUl*IVCllH;A'( I+l,Jl·-.:.. :VORt"A-(1::::1

1

,:Jll-·.:.:---- r-----
3 CS:TRFN(ltl,!J'.> - SHFl\(:I-1,J))*(V:o:nA(I,J+l:) - : 
4 v:c;RT

1
i{I ,J-li):l )/VIS ' .. -·-· ·: -------·--···--- ·1·---········----·-r-·--·--

2 n n.-,: :t... J = 2 l\,'.1: 1 ; : : : 
.. - ' ! -, f I\_ , ' I t I 

------ -- 111\}f\:T, 2; 1 i- -~ 11:AM•\ l' ( 2, J >: :+ vo~r·s cc~:S>"T*V1:cv c 2;1-··- -------- - ··r·-- ----
r) r': : -:i, I = '> , ... 1'.1 : : : : : : 

• 1 •· ' • I l 

-3 '.I. rv:'J\:T C I , l l = i l;Ar•:I\ TI I, J li ;+ AM A t"(t~·1:~Tff*V°E°CV (:I l ---· ·: ··----
) n! :, .. - I ~-: ")'. i I : : : 

I -'1 1 t l - . f I I(., 1 I I 

- K l=: ... ~ - r ; : \ . · ----------·····-·-- ·:-----·---· .. ------ ··: - · - ··r· --------·-
4 vc:1~.:ff](K,Jl =: :M--:AT(K,1) :+ VECV(K),*:VORTB(Krl,:J) : 

• 1 • 1 • .. 1 : _ -··•··· ....... ---·-··-l ··r·--·--·-··--···--------·-- ..... 1 .•. ---··· -,----------, 

D 0, :6 I = ? , M l; i : I : : : 
.\rvfo:T(l,?.) = jC:-VCfHf.\(I,!3;) + ?.~'VGR;TA(T,2) ;vo1~TJ\(I,l): 

1 __ +j trJf,!l\'~v;rn r\G'.I I ,2 l + v\o;rnf3t (,Ti l 4vECVfiT ____ i_ \ -----·---· - . ··;------

u1-::1 : 5 .j = 3 , i\' i: i : : : : 
5 At(,,.:r ( i I J) = :v:1:c V ( ,J) * ( -:v;oi<T"rr' J+ 11r--··+·-·vo,-rr~c:(~-j"f*-2-~-- - -r··---· 

l _ V_.fJ.:!:.r.•,( 1,J-t_l; _+ C0~A*Vi?;P.,_T~L!_!_~_!_+i AMAT( 1,J,jl) l _ _:__ ___ _ 
00 .,) J = l , /\; 2, 1 ; : : : 

K=f\-1 !: ·: : : : 
\. ! I I I I 

6-V(r~.:n-1( [,Kl =; !1\MJ\T(l,K)i :+ VEtV(K)4:VORTB(I,f~:'l).. ____ ! __ ,:: _____ _ 
CALL Sf(VO~TIT) ii ---- --- c~iL~ ,1',C v 1vu1<,

1

:r/q - --------l 
1
--------1·-+------l·-

1 

It (,LNuP-.C'I) :CJ1,817 : : . i 

1 N ( r;v = ~d r v H 1 - --- - -- -· ; -- ---- -------- --1 -r------------- · ---r--·-----
r F i 'N I 1 v l 9 , c; ,:2 : : l ! 

P, k f·tURN. i :-·- --·-- --- - ·i 1 

: ••••• -·;----

g l.AL'L RUN I l O )
1 

j ! ____________ : : -·--i-.--------1--/---·--·--· -· -1---··--·-· 
1d<J:Tf(l5,l00l: : : : : 
s r n:r 1 ; : : \ 

1 
_____ , ___ j ____ _ 

·100·-H/1-i,~AT(' RE/'1:dvc·Mrn StlViE T/!PE fi5Z,7 1 ) : : 

EN,~ j j : : . _ _ _____ __! ______________ _!_____ ___ _ _;_ 



Figure 17. Subroutine SF 



127 



Figure 18. Subroutine BCV 
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S lL~ ~' r.u T J ~, F 3 CV ( V r RT ) 
C C //: C :\J C Uo, , C !~J ~ f3 , C :. :~ C , D :.: L T , fi";: S • F- "r< If , U, S /1 ,\ ;< , i: ~"' V v f, X , H , ! ! S :) , 

l I [\ [F. CV t :'•; , >1 l , •'-: 2 , ~ 3 , '•'. !\ X i T S, · .. , /\ XI TV , ·,1 AX?:~ f-.; , •·: !1 x'T 1\ .., , f\! , i\ 1 , ri?. , 
2 1\;:J' ,'J I T s' i'~ i TV ' Ny I'. f ~ '1'i T /W, N r C t~ ,\ i\ , ;\: u !'✓ E ' :-: r.· L !, X ,"P 7 ' P. H s (~'. ' T: 1>~ [' 

. ·3 . I/ E :L ' V I s I ;) T ( ti i ' f'i T I\ 1) ( .q ) . ' ;\ T ( 0 ) ' s T Rf ~; ( l 5 ' l O C ) ' V F. C: s F ( l 4) ) i'; . 
4 VICVl100) 

1 

nr~ENSTGN VJ~T(l5,100) 
. ~ ... - .. 

1 : 

.... ; .. : 

Ji} l?. I = 2 , ;'-~ 1.: . ; i I 
b<-V == 1\i•: ,\:< 1 {E'.,~ v, A RS Iv c·r{T , r ; rd_: 1Jo 1j:t·{ L.ii'i.:.; 1 > l'l: ···· --·· 

2 ViJ.:'T ( I ,~l) = vn:n ( I 1 N- l )' '___ ~ ; 
----- - IF.(FkVi'-'.AX-ERV) J, 1t,4 . ' ... -··-· .... , ··--··-:·:-········---· ! : 

3 rrw'~cv .. 1 : 
4 f<fTUHf\ 

t-: '.i°f"''. I ,'..J: 

. -·- ............... ,-···········-·--········:··:···· 

I ; 
I '. 

I , 
i I 
I I 

. ' 
; I 

---;·;-
! ! 

I ' 

l l 



Figure 19. Subroutine DTCHAN 
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: ; 
: ' ' j j 

C c;·.w [ N c: (lf',J ;1 , C df'J f.: , Cl l i•K , :H: LT , ~ F; S , F RV , t r"<S r/, ,'\ X, ::~'. V ·1 /1. X, H, ,-(Si,) , 
1 1 ;j): 1 c v : 1-~, M 1 ,',,12 , r1 3, ;1i ;~ x 1 Ts , :,i 1\ x r T v , ::,1 Ax PR "i, '.J. "x :r ,.p , ;\: t N 1 , N? , 
2 1\ 3', ;\i I Ts ' 1\)r r \(, I\;; F.;,:' :-J T t,1) ' ~-TO ;°\ ~: , l'; Tr 1V E 'iH· U.\. X ':P. :-i' ~i-1 s ()' r:r :-1 E' 
-~ V r. i.. ' 1./ rs f i) T ( 2:) 7 VT t\ p ( A ) ' 11! r ( El ) 's Tr-< F::\J ( 1 5' l On)',\! f.C SF ( l 5 ) J,: . 
(i- V fC V ( 1.U O) . . : ; : 

1\! TC H ;\ :\J =. ~-! T Cf-t',I\ t·.; ·t- L • , 
i : 

~-iTi1'-;F = ~-;T(:·~T(J-,;:i-il 
I((:-,TIFF) 1-1,1:,1 

1 o c LT = in ( I\ r'c'11 Ai,: i 
"·il,Xlt\P = :JTf\i'(1\.TCH/\i';) 

er::";:. = 1, • ,:, t I s :; ; t) F L T 
er~ .. ;-1, = (,. - ·c;c :\.A 
cr):C = ?. • + ccr•u, 

·-vrcv12i ; 1.;tJ~f 
pn' ?. J = 3, i\l 

2·vr..c\'(J)-_; J../(CO'.C -
1-.f. T·u2r,i · ' 

3 C 1\ L L k L ~-. ( l O ) : 
·:it~ i T i: ( 1 5 , l U C } I 
STnr 

4 C/1 L L 1:: u r' ( 1 o J 

l~P ITH Pi, 1C0 l 
S Tu):.1 5 

1 co F C!-)"11H ( I R. t?GVE 

l '. 

. ' 

. ' 

. ' 
I • 

; ; 
' ' ' . 
I : 
• I 

' ••••'" f' ":-•••••-••hnoe••• ••••••- • 

' ' 
' ' 

' I 
I ' 
' I 
. ' 

' vE'cv, J-i°l , .... 
: I 

j I 

i ' 

' . 
i ' 

! ' 

•M••••• MM:-~--•••••-• 0 .. 1- -· --··· . .. ; : 

- --·. ,-.. -··· -- . ···---·-·--·- ··1- .. 

' ' ' ! I I 
. ' .. 

TAPE ... t!5'.2:1·I) ... ______ .,_ ., 
I 

i I 

. l I-·· 

i 
' MM-•••-•••• -~ -• M 

' ! ' 
I . ' ..... ---.----•···· -···-···-

: ; 
I I 

··--·· ·-•····· -~ ·-·-·-·· 

I ' 
• I 

i ' 
' ' .. -, --·-- --··· 
' ' ' ' 
! ; 

.L.~--- - .. 
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Computer Output 

The following set of figures presents sample velocity 

fields for both case I and case II as they were output from 

the computer. Each figure lists the velocity in either the 

x-direction or they-direction, u or v, as a function of the 

x- and y-coordinates at a given time plane. The velocity 

fields are for a Reynolds number of 50. All variables are in 

the nondimensional form 

u = V1/U I 

V = V2/U I 

X = X1/d , 

y = X2/d ' 

and 

T = vt/d2 

As can be seen from the figures, the solution has con

verged to a steady state solution at a time of,= 0.14. 



Figure 20. Computer output 



Vt:LOCITY ,IN X-DlREClIUN 

y 

X: 
j I 

' 
0. oo' 
0.05 
o. l. 0, 
o. 15 
J. 2 l} 
,1. 2 5 
0.30 
o. :15 
0.,,0 
0.4? 
u. ':>0 , 
o. 60 ' 
0.10 
o. 8 o' 
0. YO 
1.00 
l. 10 
1.20 
1.30 
1.40: 
1-5~ 
l. 7 5 

-2.:00 
2.25 

- ·2~ 50 
2. J~ -2.-.·9, 

-· ' 

I 

0.00 

0.000 
o.ouo 
0.000 
0.000 
o.uoo 
0.000 
0.000 
O.CiOO 
0. ,)00 
0.000 
0.000 
O.OOJ 
o.uoo 
0.000 
0.000 
0.000 
0.000 
0.000 
o.uoo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
o.uoo 
Ll. 000 

o.u5 

l.UJO 
o. ts 2 1 
O.t:79 
0.5B5 
O.~JO 
0.:,01 
(). 1t .j ll 
0.483 
0. 1182 
0.482 
0 • It l\ 2 
0. "t :1 3 
0. 1td4 
0. 1,d4 
o~ 48 1, 

0 • 1t 8 1t 

0. 1t d 1t 

:ci. 48 1t 

Q • It cl 5 
·d. 4ll5 
'ci. 1, a s 
:o. 1+8 5 
0.4d~ 
'J.,.f8~ 
0. 4 8 ~) 
0. 4 t\ ~) 

0. t, d 5 
! I 

o.t'o 
' ' 

1. co 0 
I • 02 0 
o. 991 
o. 943 
0. 90 0 
0. B69 
O. ~bl 
O.tv.l 
o. !:l3 6 
U.833 
0. fH l 
0. 33 l 
0.830 
0. Ei3 l 
0.831 
0. 83 l 
0.831 
u. 83. l 
0. 83. l 
O. 83 l 
O. 83 l 
O. B3 l 
o. 8:U 
0. 83 l 
0. 83 l 
l).b3l 
0.811 

TIME 

0.15 

1.000 
l. 060 
1.092 
1.096 
l.08~) 
1.070 
1.056 
1 • Olt t, 

1.039 
1.03't 
l. 032 
1.029 
1.02B 
1.02n 
1.027 
1.027 
1. 02 l 
1.021 
1-027 
1.orr 
1. 02 7 
1. 02 7 
l. OZ 7 
1.027 
l. 028 
1.02H 
l.Ui8 

= 0.01 

C. 20 

1.000 
1.060 
l.lOtl 
1.136 
,1. 148 
1. ltt8 
l.1Lt3 
1. L~u 
l • 131 
1. 126 
1. 12 J 
·1.120 
1.11') 
1. 118 
l. l lb 
l. 1 u-; 
,1. 118 
:1.11B 
l.lU\ 

! 1.118 
, :1.118 
. '1. 11 f.\ 
:l.lUi 
;1.ll<l 
l. l lf 
1. 11 B 

,1.1 rn 

i 
I 

! o·. 2!;; 

' ' 
i ; 

i : 
1. 000 
1.651 
l.Q97 
1.1'3 l 
1. l? 2 
l. 162 
1. 16 ~ 
l. 16 :1 
l. f 61 
1.159 
1. 15"{ 
1. 15:i 
1 • 1? 1t 

l. 15 3 
1. 153 
1 .: 1? :3 
1. 15::S 
1. 15 3 
1-:1,5 3 
1 .' 153 
1. 15 3 
1.1'53 
1.-1'53 
1. 153 
1. 153 
1.1'>3 
1. 15 3 

; : 
' ' 

' ' 
l ' 

REYN(Jll)S: NUi''1BER 
i : 
: ' 

0.30' 0.35 
I 

I 
1.000 1~000 
1. 0 4 3'. i 1. 0 3 7 
1.083: 1.072 
1 • 1 l 6' : 1 • 10 2 
1.139: 1.125 
l • l 5 4' : l • 14 l 
l.161 l.152 
1.165 1.1?9 
1.1&6 l.lo3 
1.166 1.165 
1.166 1.166 
1.165 1.167 
l.U:,s· l.lb7 
1.164 l.lb7 
l.16'-1 1.161 
1. 164; 1. 167 
1.164; 1.167 
l.16~; 1.167 
1 • 1 6 ,;. ' 1 • 16 7 
1 • 1 6 1; 1 • 16 7 
l.l61t 1.167 

I 

1.1(,1+, 1.167 
1.164; 1.167 

I I 

l.llA: 1.167 
1.16/1' 1.167 
1 • 1 b 1t 1 • l 6 7 
l.164'. 1.167 

IL 

i ~. 
=, ;50. 0 

j :·-

:o.40 
i I · 
I I 

I ' I , 
' ' i'.:ooo 

l .:o 3 3 
1 .:064 
l .'092 
1·'114 
l.131 
1.: l4 1t 

l •1 15 3 
l. 150 
1. 162 
1 •· 16 5 
l .: 161 
1 .• l 6H 
i'.168 
l .. l 6b 
i' .: 16 tl 
1; .168 
1:.: 168 
l.'168 

I ; 

1.166 
1.)68 
l. lbb 
L 168 
l.. l6b 
l. 16 8 
1.168 
f.16fl 

. ! .~ 

' 

i CASE I 
I ' 
I ' 

Q • 1t' 5' Q • 5 Q 

l ' 
! : 
I ' 

1~000 1.000 
1.oi1 l.030 
1.060 1.058 
l.08~ 1.084 
l~lOd 1.106 
1.125 1.123 
1.139 l.137 
1. l't9 
1. 155 
1.160 
1.163, 
1.166' 
1.168 
1.1.68 
1 ·~ l6d. 
1.168 
1. 168, 
1.16u 
l.16~ 
1.10d 
1. ir;u 
l. l6t3 
l.16~ 
1.16H 
1.11.Hi 
l. lui3 
l.l'JB, 

i : 

1. !Lt 7 
l. 154 
l. 159 
1.163 
1.166 
1.16B 
1- 16d 
l.l6tj 
1.168 
l.lu8 
1.168 
1. l 68 
l.16c.l 
1.168 
1.168 
1.168 
l.lu!:3 
1. lo 8 
1.168 
l. 168 

I-' 
w 
.i:,. 



Figure 21. Computer output 



! ' j 

VELllc'ny IN Y-D°lf~t:CTIUN TIME ' ' 

' 
:v 

X 
o.oo o.os 0 .1 0 0. 15 ! 

0.01 

0.20 

j : 

o. oo· 
0.05 
o. 10, 
0.15 
o. 20; 
o. 25. ' 
u. 3Q 

I ' 0. 35 , 
o.4o: 
0. 1t 5' 
O.:>u: 
0. bu 
o. 70 
o.sd 
Q.90 
1.00 
l. l 0 
l. 20 
l.3~ 
1. LtO' 

l. 50. 
1. 7 S: -·2: od 

,_2.25_ 
; 2.50 
~--2· 7._; 

2. 9~ 
. i 

0.000 0.000 
o.oou iJ.275 
O.UOO O. l':>7 
0.000 0.079 
0.000 0.036 
0 • 0 0 0 0 • 0 l 1t 

0. 0 0 0 .0 • 0 0 l.t 
0.000 0.000 
U.000 -U.Cvl 
0.000 -0.00l 
0.000 -0.001 
0.000 -0.DOl 
0.000 -0.000 
0 • 0 0 0 - 0 • 0 () 0 
0.000 -,0.0LlO 
0.000 -·o.ooo 
0.000 -·0.080 
0.000 -0.000 
0.000 -0.000 

0.000 
0. 32 l 
0.23b 
0. 15 0 
0.084 
O.O·-tl 
O.Old 
0. 006 
0.001 

-o. 00 0 
-0.001 
-0. 00 l 
-0.000 
-0.000 
-0.000 
-0. 000 
-0.000 
- 0. 00 0 
-o.oo·o 

0.000 
0. 26't 
u.235 
C.170 
0.109 
{J.063 
0.033 
0.016 
0.007 
0.0(;3 
u.001 

-0.000 
-0.CJOO 
-0.000 
- 0. 000 
-0.000 
- 0. 000 
- 0. 000 
-0.000 

0.000 ~o.ouo -o.oJo -0.000 
u.ooo ~o.ooo -o.0do ~0.060 
0.000 ~d.ooo -0.000 -0.000 
6.~oo -o.ouo -o.oJo -0.000 
0.000 -0.000 -0.000 -0.000 
o.uoo -0.000 -b.ooo -0.000 
0.000 0.000 o.ouo -u.ooo 
O.OOJ 0.000 U.000 0.000 

:o. 000 
0.229 
0.200 
0.156 

; .0. 110 
! :o.on 
. 0. 042 
' 0. 024 

0.013 
0.001 
:o. 004 
·o. 001 
o.oou 

-0.00(; 
-0.000 
-0 .000 
:-'o. ooo 
1

-:0. ooo 
:-·o.ooo 
-0.000 
-:o.ooo 
-:-:o. 000 
-;b. ooo 
-·o.ooo 
-.0. 000 
.0. ooc, 
;0.000 

I : i ' 
' I ' REYNOLDS: NUMUER = 50.0 

o· .'2 5 

I i 
' ' 

0.:000 
0. 177 
0. 1'5 8 -
0.130 
0. 0'97 
0.068 
o. o·,t °'t 
0.028 
0.017 
0.010 
O.Q06 
0.002 
0.001 
0.000 

-0. QOO 
-0.000 
-o ·ooo 
-o:\Joo 
~o. ooo 
-0.000 
-o ■-ooo 
-0.000 
-o ■-ooo 
-0.'.)00 
- J. DOO 

o.uoo 
u.ouo 

i i i : 
o • 3 o. : o • 3 s :o·. 4 o 

. -I : 
I l i 

I ' 

o~ooo' cf~ooo 0.000 
o.13a o.093 o.~60 
o.12~ o.oa6 o.oss 
0.101: 0.014 o.·04s 
0 • 0 7':); ; 0 • 0 6 0 0 • 0 1t 0 
0.058:' 0.046 0.031 
O.Otdi 0.033 0 ■-023 
0. 02 / O. 02 3 0. 0 l 7 
o.01~ 0.016 0.011 
0. 0 ·11

1 

: 0. 0 l O O. 0 0 ts 
o • o o 1; : o • o o 7 o • ·o o ~ 
0.003 l 0.003 o ■-002 
o.oof: 0.001 o.'001 
o.ooo' i 0.000 0.000 
o~oo~ l 0.000 o.~oo 

-0. 000 :-o. 000 0 .:000 
-o. ooo: :.;..o. 000 .. -o .;ooo 
-0.000. ;-0.000 -0.000 
.:..o.oo~ :-0.000 -J.'ooo 
-0~000 ;-0.000 -0.000 
-o.oo~:-=-o.ooo·-o.·oou 
-0.000· :-0.000 -0.000 
.:..o.oco :-0.000 -0.000 
-0.000 :-0.000 -o.'ooo 
-0.000 .-0.000 -0.000 
0.000 0.000 0.000 
0.000

1
: 0.000 o.'ooo 

L. 

0.45 
i 
! 

0.000 
0.029 
0.021 
0. 02lt 
v. 020: 
O. OU, 
0.012 
0.009 
0.00o 
0.004 
0. 003. 
0.001' 
0.000 
0. 0')0 
o. 000, 
0.000 

=-o. ooo:· 
-0.000, 
-=-o. 000: 

0 • 0L)0' 
0. 000, 
0.000 

~0.0.JU 
-0.000 
-0.000 

0.000 
0. 000_ 

' 

CASE I 

0.50 

0.000 
0.000 
0.000 
0.000 
0.000 
o.uoo 
0.000 
0.000 
0.000 
0.000 
o.uoo 
0.000 
0.000 
0.000 
0.000 
0.000 
o.ouo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
u.uoo 
0.000 
0.000 

I-' 
w 

°' 



Figure 22. Computer output 



' ' : ' : ' i : I : i : : : I ' : t 

I I, X - L) r°R EC 1 I (i1\i 1 IM E '=' 0. C2 ! : REYNULDS: NUMBER =' '.50.0 VELUCITY ! : CASE I 
; • . J ' .. + 

i i : I ' ! : I ' ' :d. 1t0 :v o.ou 0.05 U. 1 0 0. 1. 5 c.20 o'.:2 5 0. 30: : 0.35 0. '•S: 0.50 
X. ' : 

; ; 
.. 

I i i j 

i i : ' : ' I l I • 
' ' l ! I ; i : I : 

/ r o. oo· , 1.000 1.000'; 1.000 
I : 

0.000 1.000 l. 00 0 1.000 1.000 1.000 1.000 1.000 
0. 0? ; 0.000 0. t,O 6 1. G06 l. 052 '1.u5f.i 1.055 1.0:,0 

: 1. 046 l .:Oii 3 l.0 1tl 1. 0'd 
0.10 0.000 0.6~1 o. '16·0 1. 0 7 't :1. lOL1 1. lOlt 1.097 1. 090 1 ;ou4 

.. 

1.ou1 1. Ot~O 
' 1. 130 1. !'1t 3 l. 13 c/ l. 13 l 1'.·123 u. l ~; 0.000 0.542 0.893 1. OM:i 1. 119 l.117 

o. 2d : 0.000 0. ft 7 0 O.tl2b 1. 0 11 0 1. 13B 1.110 1.173 1.166 ·1.·1se 1.153 1. 151 
: ' 

0.425 0. 776 l.010 .1. l 35 J.186 1.199 1.1g5 l .' 189 l • 1 t,;2 :). 2 5, 0.000 1. UH 
0 • .30: ; 0.000 0.3CJ7 u. 73 d 0.982 1.126 1. 19 1t l. 117 1.218 1 .:21 1t 1. 209 l.2U7 
o. )5' 0.000 0.3Hl u. 71 2 Q.960 1. 1 1 S 1.1(]6 1. 2 2 B l.23'5 l _-2 3 3 l. 22') 1.228 
0. ,, 0 ; 0.000 0.372 LJ. /._,':) ( (J. 9 1t '.1- 1.10s 1. l°9 1t 1 • 2 3 1t l. Zlt 6 1.21,u 1.21.i.Lt 1. 2 1d 
o. 45

1 
: O.OOJ 0.369 O. 6H9 0.93-1 1.097 1. 19 l 1.23G 1.2.:>2 l.:25'::> 1. 2:::, ::i l.25 1t 

o. so' : 0.000 0.)70 0.6ti6 0.928 1.091 l. 18 7 1 • 2 3 5, : 1 • 2 5 5 1.260 1.261 l.261 I-' 
' ' 0.925 l • C fl? l. 18 0 1.231' 1.254 1.263 1. 266' 1.266 

w o. 60 : 0.000 0.315 0. 6ti '-J 00 o. 7o' ; . 0.000 0.3ti0 o. 69 4 0.97-i.l l.Oti'1 l. 1J7 l.22l J.2Sl t'.261 l.26~ 1.266 
; r 

0.383 o. 69 8 o. 9 30 l. 0 H 1, 1.176 1.22s l. 2'~ 8 1.:2 S 9 1.263 l. 2o 1t v .80. ' O.OOD 
0.90 0.000 0.385 o. 700 0.932 1.085 1. 175 l. 224 , 1. 24 7 1.2'>7 1. 261, 1.262 
1. od 0.000 :o. 3 8 5 o. 701 0.933. 'l.08.:i 1. 17? 1 • 2 2 3

1 

' 1 • 2 1t 6 1.:256 l.260 1. 26 1 
1.10 0.000 p.386 0. 702 o. 933 · 1. 08u 1..175 1. 22 3 1~21t6 i'.256 1.260: 1.261 
1. 2 o' 0.000 ·o. 3 t16 0.702 0.934 1. 08£., 1.:1'75 1.223' 1.246 1 .' 255 1. 2':>? 1.260 
l. 30. : 0.000 :u. 3 u 6 o. /02 0.934; ;l.08(: 1. 175 1..223 l. 245 l .·255 1.2'::>9: 1.260 
1.40 0.000 'o·. 38 6 0.702 O.C"J34, 'LUH6 l. 1:7 5 1.223' 1.245 1 •. 255 l. 259: 1. 260 

' : 
1.50, 0.000 0.386 0.702 0.934: 1.086 L. 1)5 1.22.1: 1.245 f .:255 1.25·9- - 1.260 
1. -, 5 0.000 'o.J-s6 0.702 0.934 · ·1.ost- 1. 1:15 1.223 1. 2 1t 5 l.'255 1.2:>9 1.260 

---2~06 0.000 o. 38 6 o. 702 0.9Yt: ,l.OB6 1. 1)5 1.22.3 1.245 f.255 1. 2 5·9 1.260 
2.2~ 0.000 0.?,86 0. f02 0. 9 34 .l.086 l. !'7 5 1.223 1.245 l .' 25 5 1.2':>9 l.260 

0.386 0.702 0. "i34 ·l.08(, l .)75 
--

1.223 l.245 1;25:, 1.2.59, 1.260 l.50 0.000 
; 

0.386 U.70'2. 0.9311· l.lH.\6 1. 17 5 1.223 1.245 1;z55 l.259 1. 260 2. 7 ':, 0.000 
2.95 0.000 0.386 o. 70,2. 0. 9:Vi :l.OB6 1.,1)5 1.223 1.245 1.255 l. 2 59, l. 260 

' ' i ; j ) : i 
' ' 



Figure 23. Computer output 
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l 1 ; ; : 

iVfL □ CllY IN Y-OIRECTIU~ TI t"IE 0.02 

X 

o.oo 
0.os 
0.10 
0.15 
0.20 
0.2~ 
0-3~ 
0.35 
I.). 1t 0 
0. ,, 5' 

y 

o. 50 : 
: 1).60: 
r i)~ 7U : 

o. 8l> ' 
\.- .. - ' ; 

i o. 90 
I ! 
• l. 00 
-i:i"o 

I 

1.20 
-- i: JO . 

1.40 
["t :50 
i l. 75 
:~ 2. oJ 
• I 
: 2.. 2 S 
,.. 2. 50 
; 2. 7~ 
-x~95 

I 

i 

o.oo 0.05 C .1 0 0.15 

0.000 u.ooa 0.000 c.ooo 
0.000 o.2HG u.349 o.325 
o~ooo 9.100 o.l.6 1t u.zao 
0.000 o.087 o.rno 0.220 
0.000 0.046 0.117 0.162 
0.000 0.024 0.073 C.114 

0.20 

0.000 
,0. 2 75 
:o. 2 51 

I :0.214 '. :o. l 7 2 
. 0. l 31 

O.OUO 0.013 0.044 O.U76 0.095 
0.000 0.006 o.u25 o.0 1t1 '. ·o.063 
0.000 0.002 0.011 0.015: 0.038 
0.000 -0.001 u.003 0.010 · 0.018 
0.000 -0.002 -O.OU3 0.000 0.005 
0 • 0 0 J -

1 

0 • 0 0 2 - 0 • 0 ,J 5 - U • 0 0 7 
1 

_: 0 • 0 0 6 
0.000 -0.002 -0.004 -0.006 -0.007 
0.000 ~0.001 -0.002 -0.004 ~o.oo~ 
0 • 0 0 0 -

1 
~. 0 0 0 - 0 • 0 0 l - 0 • 0 0 2 :-: 0 • o O 3 

0.000 -:o.ooo -0.001 -0.001 ! • ..:0.001 
6 • 0 0 0 -; 0: • 0 0 0 :__ 0 • 0 U O - C • 0 0 0 :-~ 0 • 0 0 1 
0.000 -:o.ooo -0.000 -0.000 ;~o.0J0 
g·:ggg· jg:ggg ·=~:gg'g =g:ggg ;~=g:gi~ 

: , . , I , 

0.000 19.000 -0.000 -0.000 ;·-:J.ooo 
0.000 -0.000 -0.000 -0.000 ~o.ooo 
0.000 !o.ooo 0.000 0.000 <c.ooo 
u.ooo -.ci.ooo -0.000 -0.000 ·_:c.ooo 
0.000 .:...o.uoo -0.060 -0.000 -0.0JO 
O.OOJ 0.000 0.000 0.000 :o.uOO 
0.000 

1
o.Ou0 0.000 0.000 • :o.ooo 

r ! , 
, ' I 

I --, j ·-- . ,--j -
l R r: v N □Ldi NUMBER -='. !so. o 
;·· ... __ '. : t :----

,, I · i · 
0 • 2 ':> 0 • 3 0 : 0 0 3 5 : d • It 0 : '-· '' -,, ' : .. ' - ' " ' 

I I 
I I 

: : 
0.000 O~OOO:O~ObO 
O. 2 2 2 0. 1 J 1' : 0. l 2 4 
0 • 2 0 d O • l b 3' : 0. 11 9 
O.loS 0.14u': 0.110 

I 
I 

o: 000 
0 081 
0 078 
Q 072 

0.157 0.129; o.ocn O 065 
0.126 0.10s' I 0.083 0 056 
O. dri6 o. Ou~ ; O. 06 7 0 046 

0.45: 
' ' ! : 
I : 

0.000 
0.040 
0~031:$ 
0.03& 
0.012 
0.028 
O. OL;•-

0.068 0.063: 0.051 
o.044 o.043 o.036 
0.024 0.0?.l;: 0.023 

. O.Ql,J 0.013: 0~012 
' : I I 

-0.004 -0.001: 0.001 

0.035 0.01$ 
0.-02::i · o.01J 
0.01/ O.CJ09 
0.:010 · o. oo:;: 
d .' o o I o. o o r 

-0.006 -0~00~ ~-0.003 
-0.00 1t -U.004 :-0.003 
-,) • oo 3 -o. 002 [.:...o. 002 
-o.'001 -0.001

1 

:-0.001 
-0~·001·-.:...0.00{ !-a.obi' 

1 ~ I I -o.oao -0.000 :-u.ooo 
-=-o.cioo -o~ooo :-0.000 
-0.:000 -o.ood :-0.000 
-o;ooo -o.ood -o.uoo 
-0:000 -0.000 -0.000 

0.000 
-0.:000 
-0.;QOO 

0.000 
o •· ooo 

I ' 
I I 

1 : 

0.000 
-0.000 
-0.000 

0.000 
0.000 

I 

-U.000 
-0.000 
-0. 000 

0.000 
0.000 

..:.0.002 -0.001 
-o .'002 
...:.o .-oo 1 
-0.001 
-0 .:ooo 

-0.001: 
=-0.001 
-0.00Q 
-0.0JO: 

-o.'ooo -0.000 
-0.000 -o .. ooq 
-0.000 
-0.000 
-0.000 
-0.000 

0.000 
-0.000 

0.000 
0 ,.'ooo 
I 

-0.030 
-0.0◊Q 

0.000 
0.00Q 

-0.000 
-o.ooq 

0.000 
o.uJo 

I ! 

CASE I 

0.50 

0.000 
0~000 
a.coo 
0.000 
o.uoo 
0.000 
0.000 
o.ouo 
0.000 
0.000 
o.ouo 
0.000 
0.000 
0.000 
o.ouo 
0.000 
0.000 
0.000 
0.000 
o.oou 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

I-' 
~ 
0 



Figure 24. Computer output 



V I: L Cl C Il Y I N X - L) I 1{ E C r I UN 

X 

u.oo 
l).05 
0.10 
0.15 
u.2O 
u.25 
0.30 
l).j:i 

0. 1, U 
0. "t ~ 

o. 50 
0.60 
0.70 
0.80 
o. 90 
1.00 
l. l u. 
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1.30 
1.40 
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1.75 
2 .-Ou 
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I 

y o.oo 

0.000 
o.uoo 
0.000 
0.000 
0.000 
l).()QJ 

0.000 
0.000 
0.000 
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O.l;OQ 
0. ()00 
u.ooo 
0.000 
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0.000 
0.000 
0.000 
0.000 
0.000 
a.coo 
0.000 
o.oou 
0.000 
0.000 
0.000 
O.OOIJ 

0.05 

l.O(lrJ 
0. iH)3 
0. (1 't 5 
o.533 
o. ,:.,110 
o. 1tl 2 
0.3i.30 
O. V'>9 
0. 3-'t 5 
o. 33') 
0.328 
.◊. 3 l 9 
0. ,-3 l It 

0.313 
O. 3llt 
:o. 31 6 
t).31<.} 
0.321 
;0.322 
fa. ]2 3 
:0- 3 2 3 
().323 
U. 32 3 
0.323 
0.323 
l).323 
0.323 
I ; 
i 

o.'t o 
' 

' 
' 

l • OOU 
1. 003 
o. 95 4 
0.8~2 
O.tsl3 
0. -(') 5 
0.711 
0.678 
0. 6:i 3 
D. 63 5 
0. 62 l 
0.60] 
(). 59l1 
o. '.>90 
o. 59 0 
o.~93 
0. 596 
0. 5cj '-} 
0. 602 
O.o03 
O.b03 
Q.t,03 
0. 60 J 
0.603 
0.603 
O.t>03 
(J.603 

. ' 

1 t 

i 

0.15 C.2G 

1.000 
1.050 
l. 06 9 
1. 05 7 
1. 02 7 
C. 9·;_; ,!_ 

0.95B 
U.92d 
0.9C3 
O.B83 
O.b67 
0.845 
0.832 
0.825 
O.B23 
o. 824 
O.82H 
o.831 
O.o33 
0.831.t 
0.83S 
0.U.1') 
o. tB':> 
0.835 
0.(13? 
0. 83') 
u.d35 

I 

I ' ; : 
i ' 

i :1-- 000 
':1.057 

1.10? 
:1.126 
: l. i 32 
l.12t', 
l. 111 
t.O97 
l. 0<.!2 
1.068 
:1. 0'.:>5 
1.03~:i 

. :1.022 

. :1.014 

. ;l .010 
1 :1.010 
, ;l.012 
I :1.014 
' , - ;l .Olc, 

:1.017 
l.Olb 

:1.01cs 
;l.Ul8 
1.018 
l.Old 
l.OlH 
1.018 

I i 

1. 000 
1.0:>5 
l ;105 
l .'1' 1t4 
1. ll l 
1.(86 
1 .-19 3 
l. l 9 1t 

1 •. 1,92 
l. lHiJ 
1.-un 
1 .' 1: 7 3 
l.),61t 
1.: l 5 8 
1;153 
1.'1;51 
L-rs1 

I l 

1 .. 152 
l .\53 
1.: 1 S 3 

1. l S '• 
1. 1:s 1t 

1.154 
l .\54 
1 •• l, 5 Li 
1 • J. 5 1t 

l • l 5 ,, 

I : 

I : 
K[YNOL[>S' NJMBER 

i ' 
0.30 l o.3s 

I : 
! : 

1. ooo· , 
l. 0 51' 
1.100 
l. l',3 ' 
1.179 
1.206 

1.000 
1. 048 
l. 09 It 

1. l3 7 
l. l 7 6 
1.208 

1.226 1.236 
l.2 1t0: 1.2:>B 
1.250 - 1.275 
1.255: 1.288 
l. 2 5 (j , 

l. 26 1' : 
1.261. 
1.2~9 
l.25~ 
l.25J 
1.251' 
1.25d, 
l. 2':>0 ' 
1.25d 
l.25~ 
1.250 
1.250 
l. 2'.>0 ' 
l. 2 '..lO 
l.250 
1.250 

I 
I 

1.299 
1. 3 l 3 
I_. 320 
l.32 1, 

1.324 
1.322 
l. 319 
1.317 
1~315 
l.314 
1.314 
l.314 
l.31't 
l.314 
1.314 
1. 31'1 
1~314 

I : 
I ' = ,50.0 
i J" 

I : :a. 4o T: ·-
! l 

t' .'ooo 
r.·045 
f.:090 
i' .: 132 
1.-110·-
l ;205 
l _-236 
1.:262 
1.:283 
1;302 
1.317 
1' .: 339 
t •• 3?4-
1. 36?. 
1.)65 
1.:364 
1.:361 
i.i358 
t.'.355 
i .· 354 
1.:353--
1.:3:,3 
1;353 
1. 3:,3 
l.353 
1.3~3 
l. 353 

' ' : ' 
I ' 

t •I·· 

I I 

I ' 

! : 
1. oo.o. 
1. 04't' 
1. o,n: 
1. 12a 
1.167 
1.202 
1.233 
1.261 
1.2u~ 
1.306 
l. 3 2 (t 
l. 351 
1. 36'-J, 
1.381 
1~387, 
1. 3,r~ 
1. 3J<'t 
1. 3,:3Q 
l. 3 T~ 
l.375 
L 374, 
1.374, 
1.314, 
1.374 
1. 37 1t 

1.37'~ 
1. 3 ?4; 

I ' I , 

CASE I 

a.so 

1.000 
l.0 1t 1t 

1.086 
1.127 
1.165 
1.201 
l.232 
1. 261 
l.2B5 
1.307 
1.325 
1.354 
1.374 
l.3fl7 

- 1.393 
1.394 
l. 391 
1.387 
1~384 
1. 38 2 
1.381 
1.380 
1.380 
l.3BO 
l.3BU 
1.380 
1.380 



Figure 25. Computer output 



i : i ' 
VELOCITY 1~ Y-DI~ECTION TIME 
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0-. 0() 
0. 05 , 
0. 10· : 
o. l 5i ' 
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2. 7_5_ 
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I 
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0.000 
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0.000 
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I 

i I 

i 
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-

1
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-'o'.001 
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0 .·1 0 
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I I 

o. oo·o 
0. 3:i 5 
o. zio 
O.liJ5 
O.l?.2 
0. 08 0 
0. 05 3 
0. 03 S 
o. 02 4 
0. 01 7 
o. 01:z 
0. 00 6 

0. 00 3 
o. 000 

-0.002 
-o. 003 

0. 1 ':.i 

c.ooo 
C.334 
0.289 
0.229 
l).173 
0.121 
C.092 
0.067 
0. 0 1t 9 
0. 03(, 
0.027 
0.015 
0.007 
0.002 

- 0. 002 
-0.004 

-o. 00,2 -0.001t 

-0.002 -0.003 
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- 0. 00 0 - o • 0 0 l 
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0.000 C.OOD 
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I 
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. ;0.263 0 •. 220 0. l 71t: 0.128 0.'084 

10.227 o.1'99 0.161' 0.120 o'.:080 

1 
:o. un o. i:,4 0.1 1.i:; o. 110 o ■ -0·14 
;0. 14 9 0. l 1t 6 0 • l 2 ,' 0. 09 9 0. t> 6 7 
0.116 0. l°2i ·o. l0d 0.0d6 0.'059 
O.OtJO 0.098 0.091 0.074 0.052 
0 • 0 t, Y O • 0 7 8 0 • 0 7 b O • 0 6 3 o·.: 0 4 5 
0.0~3 0.063 0.062 0.053 0.038 

I :0.041 0.0_50 0.05.l'. Oo0ft4 oe:032 
· 'a.oz,, 0;031 0.033' 0.030 o_.023 
. , o • o 1 3 o. o L s o. o 2 o: , o • o 1 9 - o·. o 1 s 
· o.oos o ■ -008 0.010·, 0.010 0. 1009 
:_0.002 -0.000 0.002: 0.003- o·.:003 
'-'0.005 -0.005 -0.001t

1 

:-0.003 -0. 1002 
;-:0.006 -0.,0.01 -6.006 :-o.oos- -o·.;004 
1

-'0.00~ -o. 1c>os -0.006
1 

:-0.005 -o'.1004 
:-'.0-■ 003 .:_O.Q03 -0.001~ ;-0.003 -0.:003 
:-:0.001 -0.002 -o.ooz' :-0.002 -d.001 
-:o .oo( ·-o~:001---0~ uoi.; J-o. OoC -o.:ooi 

1 

: 0 • 0 0 0 0 • \j O O - 0 • 0 0 d :- C. 0 0 0 - 0 .' 0 0 0 
u.ooC:1 ·o.\ioo--·o.ooo :0~000-0·.:ooo· 
:o. ooo o .:doo o. ooo ' o. ooo o .·ooo 

_: 0 • 0 0 0 :... 0 .' 0 0 0 - -L) • 0 0 0 - 0 -~ 0 0 0 - o O O O 
-0.000 -u.:ooo -o.ood -D.oou -o ooo 

;o .ooo o. ooo o. ooo : o. ooo o ooo 
I I I 

I I 

CASE I 
I 
I 

0.45'. - Ir 
-o.oo:o:-
0. 04 3: 
O~Ottz: 
o. OltO'. 
o. 03 7:. 
0 • 03,lt, 

0.030 
0 .. 026' 
0.023. 
0. 020' 
o. 0(7: 
0.012'. 
0~ 00d: 
o. 00'.s: 
0 ~ 00·2: 

-o.oo'i: 
:.o. O()i-

-0. 00i 
.:.0.001:--
-0.001 =o:oo:u,- · 
-0.000 
''' (j~- Q()l)-

o. 000 
0.000 

-0.000 
o.oJO: 

; I 
I I 

. ! t 

0.50 

o. oob
o. ooo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

I-' 
,i:,,. 
,i:,,. 



Figure 26. Computer output 



I : 
VclflC

1

I'1 Y IN X-1Jl,F-U::C l I UN 

X i' 
I : 

o. ou' 
0. 0 ':>' 
0. 10 
l). 15 ' 
0. 2 o: 
u. 2~· 
0. 3 (J 

J.35 
0. 't 0 
\.)•it~

Q. ~ 0 
0. b 0 
0.10 
iJ. 80 
0.90 
1. od 
1. 101 
l.20 
l. 30 
1.4o' 
1. 50, 
1. 75' 
2.oq 
2. 2 5' 
2.50 
2. 7 'i 
2.9~ 

I 

o.oo 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
o.uoo 
0.000 
0.000 
0.000 
O.OOJ 
u.ooo 
0.000 
0.000 
0.000 
0.000 
O.OOG 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

: 0. 0 5 
i , 
! : 
l 1 

: ' 
'1'. 00 0 
'o. B03 
0. 6 1t 5 
0.53.3 
·o. 1t59 
0. 1tll 
o. 3 7'-l 
'o. ~ s a 

O. 1 d 

1. 000 
1. 003 
o. 9':j3 
() • f.l,:l l 
ll. oi'2 
0 • 75 I+ 

o. 71 0 
O.t.76 

0 • 3 1t '1 Q • 6 '> I 
o'. 3 Vt O. 63 3 
0.3~6 0.618 
(i'. 5 l 7 0 • 5 9 9 
Ll.:Hl O.:i::.!7 
0.307 .0.519 
0. 3 () 't O. 'J 7 3 
0.301 0.568 
0 • 3i.) 0 0 • :>6 5 
o.zqs o. :io3 
'0.2~8 0.5bl 
U.298 0.561 
:o.2<rn 0.562 
1

0.300 o.~65 
0.301 0.5Gb 
o'.301 0.:>66 
0. ·1 iJ 1 0. 1)~) 6 
0.301 o.~}(.:,:.., 
0. 30 1 0. 56 o 

, , 
: , 

Tli'-'lC O.Ob 

1.000 
1.050 
1. 069 
1. 05 -, 
1.027 
0.991 
0. 9~i 7 
0.927 
C:.901 

, 

; o. 20 

.1. 000 
l.OS7 

: l. l 02 
l. 12 '-> 

: :1 • 132 
:1.125 
I. 112 
1.0:n 
l.OdO 

O.Bdl .l.066 
0.r.6 1t :-:1.053 
O.i14u 1 :l.032 
0 • ts 2 4 : l • 0 1 6 
0.1'313 1..00:; 
C.b05 O.•)<Jl 
0. 7Y'-J 0.'-191 
o. 79'i • •o. 986 
o. 791 , :o. 983 
0.'/90 0.9Hl 
0.789 0.980 
0.789 0.9d0 
O. 793 0.9d2 
o.794 :o.98 1-i 

(l • 7 CJ It O • 9 6.lt 
0 • 7 '-Jlt , 0 • g 8 4 
o • 7 9 't o • g a 't 
O. 7Y 1t O. 98 11 

i , 
! , 

1. 'oo o 
l.055 
l. (o:, 
1. 'i'1t4 
1.:1·71 
l. f86 
l .ii93 
l. 194 
l. 1.91 
1. f87 
1.·1..82 
1. 1'7 l 
l. 162 
1. 15 11 

1."14n 
1 • · t't+ ,, 
l. l 1+0 
1. 1'3 8 
1.136 
l. l 3 11-

1. 1 Yt 
1. U5 
1. 136 
1.136 
1.-136 
1. 136 
1. 136 

: i 
; : 

I : 
Rf:YNULD'S: NLJM£sl::R 

- ••.•• ; I - • 

f : 
0.30: 0.35 -. l :- -

1. ouo· : 1. ooo 
1.os1'. 1.048 
1.100 . 1. 09 11-

1 • 14 3' : l • 13 7 
1 • l 7 'i, 1 • 17 6 

1. 2 061 

1. 22 ,; 
1.241' 
L 2 50 
l: 2 56

1 

l. 260; 
l. 2 l, 2. 
1.26/ 
l. 2 61

1 

1.260' 
l.25cl 
1.2':>7 

I 

l. 256: 

1.209 
l.236 
1.259 
J.. 276 
1.290 
1. 30 1 
1.316 
l ~ 32 ') 
i.331 
1.336 
1. 33() 
l. 341 

1. 25~
1 

l ~ 31.,.3 
1.2?4: 1.343 
1.2?4, 1. 3112 
l • 2 5 3 ' l • 3 It 0 
l.25j l.339 
l.2~d l.339 
1.253 1.339 
1. 2~.d 1. 339 
1.2~:d., 1.339 

l l 

j : 

=: :so. 0 
i : 
'.o. 40 

I : 
1'. 'ooo 
1 •. 04 5 
(. ·090 
1•.:132 
i:. 1 71 
1.206 
1.237 
1.263 
l. 2H5 
l .'JOit 
1.:320 
1'.:34,t 
i'. 361 
l.373 
l_-:Hl3 
1. 3'J0 
1. 395 
r_:399 
t'.:1t0l 
1.402 
1.Ao2 
1.399 
l. ~197 
l. 39 I 
l. 39 7 
1. 397 
l. 39-1 

' , 
I , 

CASE I 
;·- -

0 • 1t:i! 
i : 
i 'j 

1.000 
1. 04 1t' 

l. OB 7. 
l. 129' 
l.161: 
1.203 
l. 2 35 
1.26.3 
1.28/ 
1. 3(F/ 
1. 32 7; 
1. 356' 
l.37il 
l. 39 s: 
1. ,to·g 
l. 'tlB 
l. 1t2 5. 
l. 1t 3 l 
l. 1t35 
1 • 4 .H 
1. 't 3 7 
l. 1t 3) 
1 .4 Hi 
1. 113() 

l.43Q 
l. 4 30 
1.430, , 

I 

0.50 

1.000 
1.044 
1.086 
l. 128 
1.166 
1.202 
1.234 
1.262 
1.208 
1.310 
1.329 
l.360 
l.3B3 
1.401 
l • 415 
l. 1t 26 
l.435 
1. 4 1tl 
l.'t45 
1.448 
1.448 
1.4'~'+ 
1.441 
1.441 
1. 1-141 
1.41-tl 
l.441 

I-' 
,i:,,. 
O"t 



Figure 27. Computer output 



Vi:Luc'i'rY 1r,J Y-1)lf.:,ECTIUi\i 
I : I : ...... I : 

Tli'✓.E '.:d 0.06 J: REYNCJLqS NUM~ER 

i . 
jY 

X I' 
o.oo 
0. 05' 
0.-10! 
o. 15 : 

. 0~ l◊ 
I I , : o. 2~: l - .. . . o. 3 0 

0. 3 ~) 
0. 'tO 
0. 't ~>· 
o. 5l) 

. o. 60 ' 
•·· o. 70 

o. ud : 
-u:Y~: 
, l. 00 ; 
··-··. --•• ••• ; 1 

l. 10: 
1.20: 

-·- i •:·3 ci 
1.4d 

•-·c:sd 
1-7~ 

-2~ ·oo 
2. 2 5 
z~5q 
2.75 r··· ...... 1 

I Lo 95 , 
'__ __ __ __ I_ l 

o.oo 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000· 
0.000 
0.000 
O.OOLl 
O.ClOQ 
0.000 
0.000 
o.uoo 
0.000 
0.000 
0.000 

. d. oo,) 
0.000 
0.000 
0.000 

·o.00J 
0. 000 
0.000 
0.000 
0.000 
a.coo 
0.000 

. . .,. . ' 
' I ' I ' ' : l I I 

0.10 0.15 ! '. o. 20 0."25 0.3d: 0.35 :o. OS 
, : ! : , / ; . t ··: 
; I i I l ; I I 

\ : i : ! l I ! 
0.000 0.000 d~ooo: :o.ooo 0.:000 o~ooo: 0.000 
,o. ~otl o. 3.5·~ o. 33'=> : :o .. 286 o.'233 o. u!J': 0.133 
.0.167 0~270 0.289 'iOo263 o.-i21 O. l 7 1t 0.129 
'o.088 o.rns c.230 o.?2e o.'200 0.162. 0.121 
0.047 0.122 0.174 O.ldB o;f74 0.146 0.111 
0.02s 0.OB0 0.12B 0.150 o.'14 7 0.128: Q.099 
l).01'.:> 0.053 C.093 0.117 0.1.22 0.110: 0.087 

. 0 • 0 0 9 0 • 0 3 :) 0 • 0 6 8 0 • 0 9 1 0 • 0 9 9 0 • 0 9 3. : 0 • 0 7 6 
0.006 o.o;s 0.050 .0.010 o.oso· o.01r: o.oc,5 
O.J04 O.Old 0.037 O.O:.i5 0.065 O.Q6Lt, O.o,, 
0.003 0.013 0.02s; ,0.043 Q.,~52 o.o~~~: 0.047 
0.002 0.001 u.017: ·0.021 o.035 0.037' 0.034 
0.001 0.005 0.011. O.0lH 0.024 0~02f 0.025 
U. 0 0 l O • 00 3 0. 0 0 8 . 0 • 0 1 3 0. o l 7 0. 0 2 d O. o l 9 
0.001 O.Ou3 0.006 '. :0.010 .. 0_.013. 0.015 0.014 
0.001 0.00l- 0.001t ! O.0C7 O.QlO 0.011' 0.011 
0.0L)0 o.u02 0.U0j 0.005 0.007 o.·008 0.008 
:0.000 0.001 0.002 :0.003 0.

1

005 o.oo& l 0.006 
:0.000 O.OL10 0.001 0.002 . 0_.002 0.003: 0.003 

~o.oou -0.000 -0.000 ~o.ooo 0.000 0.001' i 0.001 
~o.ooo -0.061 -0.001 -0.002 -0.002 -0.001 -0.001 
-

1

0.000 -0.001-0.001
1

..:0.002 -0.002 -0.001 -o.coz 
-o.ooo·-0.000 =-c.ooo ...:o·.ooo -·o.ooo -0.001 -0.001 
'o.ooo o.oOo 0.000 ':o.1Joo o.qoo o.u,JJ 0.000 
0.000· o.oo:o c.ooo, .o.ouu o.ouo 0.000 0.000 
,o.ooo -0.000 -c.ooo ~o.ooo -0.000 -0.000 -0.000 
·0.000 0.000 0.000 ,J.000 0 .. 000 o.oou: 0.000 
, . • , i· • • • I . 

: ; : l : I : 
I . I 

I 
I 

I i. 
I ' I 

., 
' ~ 150.0 

. ! I ••• ·-
! CASE 

i : ' ' 
i0..'.' 40 
I i 

0.4S: 0.50 

i ' 
' ' o.'ooo 

0 .·OB 7 
0 .. 085 
0.080 
().074 
0.067 
0.-060 
0.053 

·1 ; 
I I 

I : 
o~ ooo-· 
0.04:j 
0~04i 
0. 040' 
0.01T 
o. 034 
0.03() 
0.021 

U • Q 1+ b . 0 • 0 2 L~ 

0 • 0 It O O • 0 2 l 
0.034 0.018. 
o.'025 0.014'. 
0.019 0.010 
0.015 o.ooB 
0 .: 0 11 0 • 0 u e, 
o.'ooc; o.oo~ 
q.001 o.oo.ft'. 
0.00? 0.003, 
0.-003 0.002 
0.001 0.001: 

-0.000 -0.00~ 
-0.002 -0.001, 
-(j. 000 -0. oo·(r 

0.000 0.000 
0.000 ·o.ooo· 

-0.000 -0.000 
0 .: 0 0 O .. 0. 0 ~ ~ 

I I I I 

I : I ' 

··o~·ooo· 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

.. 0. 000 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

~ 
,i:,. 
ex:, 



Figure 28. Computer output 



I ' 

' ' VELuCITY IN X-OIKECTILlN 

jY 
X i 

! I 

o.oo 

0.00 o.uoo 
o.os 0.000 
o. 10:; 0.000 
0.15: 0.000 
0.2d: 0.000 
o. 2 ':): o. 000 
0.30 0.000 
U. :-:15 
I). 40 
u • 't 5 
0.50 
u. 6 0 
0.70 
O.fJO 
0~90 
l. 00 
1~ l 0 
1.20 

--- ·i-~ 3 0 
l. 40 
Lsd 
1. 7 ~ 
2. <.Hf 
2.2~ 
2.50 
2-7~ 
2 ~ 95i 

o.uoo 
O.OO(J 
0.000 
0.00() 
o.oou 
o.oou 
0.000 
0.000 
0.000 
6.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

,0. 0 5 

i 
1.000 
O.H03 
0. b't:, 
0.533 
.o. 459 
0. 't 11 
0.379 
0.358 
o. 34'1 
o. 33', 
0.326 
0.317 
0.311 
0.307 
:ci. 303 
:o.301 
:o. 2·)9 
;O. 297 
10. 29 5 
·0.294 
:o. 292 
!li.29C -·o. 2as 
1

0.287 
·o. 2o7 
'o.Zd1 
o.zu7 
' 

0 .1 0 

1. 00 0 
l. 00 3 
o. 95 3 
O.8dl 
o. 812 
0. 75 4 
o. 710 
0.676 
O. 65 l 
0.632 
O.&l°G 
0.599 
0.587 
0.578 
0.572 
o. ':>6 7 
0. ':>6 3 
0. 56 0 
0. :,5·7 
0.:,::i'4 
0. 5_S 2 
o. ::i4 8 
0.54? 
0. 5 1t 3 
0. 54· 2 
u. 5 1, 3 
0. 5't 3 

i ' 
. : 

THiE -, 0.10 

0. 15 0.20 

1.000 1.000 
1.0:iO :l.057 
1. 06 9 l. l O.? 
l.OS7 1.12<, 
l • 0 Z-/ ; , l • 1. J 2 
C. 991 . : 1. 12 5 
0.957·:i.112 
u.927 1.09b 
c.901 1.ot:o 
O.clHl l.Ol,6 
O.8(A 1.0~3 
C.f.140 1.031 
U.b24 l.Oll, 
0.1:112 1.00:i 
O.flO-'t 0.99b 
O.l97 0.9<J(l 
U.7Y2 -0.984 
O. 788 '. :c. CJBO 
C • 7 2,tt i O • 9 7 7 
0.-,&1: '0.97 1; 

o. 77f3 i ;0.971 
o. 773: :o.966 
G.770;;0.963 
0.768; 'O.961 
C • 7 6 7 . O • 9 c, 0 
O.76l. :o.961 
0.76B. :o.9ol 

! i 
I I 

I 
i 
! 
i 

REYNULQS 
i 

I : 
NUMl:3ER -=: :50. 0 

o._2 ~ 
' 

1.doo 
1.055 
1. 10 5 
1. 1'14 
1.1/1 
1 • 1 8 (, 
1. I 93 
1. 194 
l. 19 l 
l.UH 
1. 18 2 
l. 171 
1. 16 l 
1 • l ~' 1t 
1. 14 8 
1. l't3 
1. 1 -, '-} 
l .: 136 
1.'1,34 
1.-131 
1.:~30 
l •. l?. 6 
1.· 1.24 
1 .' 1' 2 3 
1.-1?2 
l. 122 
1.: i 2 3 

l l 

0.30: 0.35 

I 
1 .·ooci L ooo 
1. 051'. 1. 048 
1. l 00 1. 09 1t--

l.143 1.137 
1.179 1.176 
1.206 1.209 
1.221 1.236 
l.2'tl 1.259 
1.250 1.276 
1.256 1.290 
1.260 1.301 
1.262 1.316 
1.262 1.326 
l. 261! 1. 33?. 
1.260 1.336 
1.2~~ 1.339 
1.2?7. 1.342 
1.257 1.344 
l.25~ L346 
l.25~ 1.348 
1.255, 1.349 
l.25~ 1.352 
1.254 1.354 
1.254 l.35~ 
1.254 1.35? 
1.254 1.355 
l. 2 54 : 

/ I 

I : 
1.354 

' ' 
d.40 

1.000 
1'.'<3't5 
l .'090 
r.:132 
1.: 171 
t'.206 
1.237 
1.263 
1.285 
1.304 
1.1 320 
1 .: 3 114 
i.361 
l .' 3 7 Lt 

l .!384 
1' .'391 
1' .:'.197 
~.1402 
1.·407 
1 .:410 
(.A 13 
1'.' 1tl9 
i.423 
1 .' 't26 
t._426 
1.426 
i .426 

I I 

I I 

I I 

I : CASE I 
' ' 

. i : 
0.45' 

1.000 
l.04~ 
1 ~ btn. 
1. l Z'J, 
l.. 16 7, 
1.203° 
1.235 
1.25"5 
1. z_a -r 
1.309 
1.327,· 
1.35? 
l.37~ 
1. 396. 
1. 409 
1.419 

.. 1. 42$ 

1.,.~~ 

0.50 

-Looo 
1.044 
1.086 
1.128 
1.166 
1.202 
1.234 
1.262 
1.2aa 
1.310 
1.329 
1.360 
1.384 
1.402 
1.417 
1.428 
1.438 
1.446 

l.44~ 1.452 
1-446 1.458 
1.4~~ l.463 
1.459 1.472 
1~4~4 1.478 
1.468 l.4U2 
1.469 l.4U3 
1.469 1.4~3 
1.46B l. '• 8 3 

I ! 

1--J 
u, 
0 



Figure 29. Computer output 



I I 

I ; 

VEL0CITY IN Y-DIRECTlGN 
I 

;y 

X 

o.oo 
0.05 
0.10 
0. 15. 
o. 2 0 
0~ 2 5'. 
o. 3 0 , 

. ' 
0.35 
0.40 
o. 45'. I 

o. 50 , 
0.6o': 

;-··o. 1 o ' 
'__9 !. l>_~. 

o. 90, 
1. oo' 

--·1·.· 10 
I 

__ 1.2 ~. _ 
1.30 

. 1. 't d 
i'i~50 
l 1. 1 s' 
:- 2 ~ "oo 
j 2. 2 5' 

l}:~~ 

f I 

O .. Ou I '.o. 05 

O.ll(h) 

0.000 
0.000 
0.000 
0.000 
0.00J 
0.000 
0.000 
0.000 
0.000 
0.00) 
0.00J 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

·0.600 
0.000 
b.ooo 
0.000 
0.000 
o.oou 
0.000 

o.coo 
o. 2ae 
0.167 
O. Ot38 
0.047 
0.02:'i 
o'.015 
0.009 
0.006 
0. 00 1t 

0.003 
'o. co 2 
:o. 00 1 
1

0.001 
·,0.001 

I , 

0.001 
;o. oo 1 
0.000 
0.000 
:0. 00 0 
0.000 

I I ·o. oo o 
0.000 
o·. oo o 
0.000 

-0.0l)O 
0.000 

C .1 0 
' ' I ' 
i : 

0. oo:o 
0.3~>~ 
0.270 
o. 1 B':> 
o. 12 2 
o. 08 0 
0. i.):i 3 
o. 036 
o. 02 5 
o. 01 8 
0.013 
0. 007 
o. 005 
o. 004 
0. 00 3 
o. 002 
0.00:2 
0.002 
0. 00'2 
o. 00 1 
a. o·o:i 
o.001 
6~do'1 
o.oo'o 
0. 00_0 

-0. 00 G 
0. oo:o 

T li"1E 
i I ' ' ' 
: REYNOLDS: NUMBER 

j 
'= 0. l 0 

1 ! 
=; ;50. o 

' I ' ' ;· 1' : 

0 • l 5 0 • 2 0 0 • :2 5 0 • 3 0 : 0 • 3 5 
I ! ! i . - - - !' -r--· -.. - .. -.. 

I ' /0.40 

0~000 
0.335 
0.289 
c • .?.30 
0.1711-
0.128 
0.093 
C.C68 
l).0?0 
0.037 
O.OZB 
0.017 
0.011 
O.OOb 
0.006 
o.oos 
0.0()4 
0. L)Olt 

- L)~003 
0.003 
o·. 002 
0.002 
0.001 
0.001 

-c.ooo 
-c.ooo 

c.ooo 

I • l , I 
: ; ' 1 I 

i j 
I : 

· :o.ooo o.·ooo o.o·oo·: o~ooo-· 
I ' 

o'.'ooo 
o. 1

oa1 0.28(: 0.233 0.181:: 0.133 
. :o.263 o.i21 0.114'1'0.129 
' :o • 2 2 s o • 2 o o o. 1 6 z' : o. 12 1 

.0. 18 8 0. l 7 4 . 0. 14 6 : 0. 11 1 

-- ·o:;od s 

: :o.1so o. 1·47 0.12a:: 0.099 
. ·0.117 0.122 0.110·: 0.087 

0.091 0.0)9 0.093 0.076 
. ,o.on 0.000 o.01i o.06S 
, 0 • 0 5 5 0 • 0 6 5 0 • 0 6 1t

1 

0 • 0 5 5 
, :o.0 1t3 0.0~j2. 0.054 O~Olt 7 
! '.0.021 o.\j35 o.o3r' o.03 1t 

, 0.018 0~024 0.027 0.025 
! • I I _ 

:0.013 0.018 0.020 0.019 
'0.010· - o~·ou~ - 0~01s·. ·u~ois 
l • ! ! 
:0.008 0.011 0.012 0.012 

, jo. 001 o .;oos, o·. rnr~ ·o. 01 o 
0.006 o.ooa 0.009 o.ooa 

. 0.005 o~:006 0.001 0~001 
: :0.004 o. 1

qo6 0.006
1 

0.006 
-• ;b.b0 1t O.Q05 - 0.-005 . 0.005 

. ; ' ! 

:0.003 o.oo:~ o.ooLi 0.003 
:0.001 ·0~·002 o.bol 0.002 

I :0.001 0.001 0.001; 0.001 
;o.ooc 0.000 0.000; 0.000 

-0.000 -J.JJO -0.000 ~0.000 
o.oco o.,qoo 0.000: 0.000 

.. ···- ..-•-·· ...... JJ. ... -- ···--~ ___ Ll ____ ····•···•-•-·. 

o·.:080 
0.074 
o·.\)o7 
0.-060 
0.'053 
0.046 
0 .:040 
0;034 
0 .'02 5 
0.019 
o .'o 1 5 
0.012 
o.'010 
0.008 
0 .'007 
o ;oob· 
o' .oos 
0 ."002t 
0.003 
0.002 
0.001 
0 .:ooo 

-o .:000 
0.000 

I 

i CASE I 
' ' 

0. 45: 0 .so 
· 1 \' -

b • boo· - b • o o o 
0. 0 4 3: 0. 00 0 
0~042 0.000 
o.o4d 
0.031 
0.03~ 
o.oJ6 
0.021 
o.oz~ 
0.021 
0.01« 
0.014 
0.01◊

o.oo~ 
o.06~ 
o.oo~ 

- o~ 00 1i;· 
o.oo~ 
0.003 
0.003 
0.00,; 
0.001 
0.001 
0.001 
0.000 

-0.000 
0. 000, 

0.000 
0.000 
0.000 
a.coo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

.. U ~ 000 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

I-' 
lJ1 
(\,) 



Figure 30. Computer output 



i : · : l 
VELUCI~Y IN X-6l~ECTIU~ . 

y 

X 

o.oo 
J.05 
o. 1 o; 
0.15 
o. 2 0 
0. 25' I 

o. 30' 
o. 35: 
0.4 0 , 
0. 1t 5

1 

' 

o. 50 : 
O. uo' : 
o. 70 
0.80_: 
0.90 
1. 00 
l. l 0. 
1.20 
l. 3 0 
1.40 
1.so 
l. 7 5 
2. oo, 
2. 2 5 
2.50 
_2. 7 5 
2.9~ 

\ 

' 

0.0d 

0.000 
u.ooo 
0.000 
0.000 
0.000 
0.000 
o.uou 
0.000 
0.000 
o.uoo 
0.000 
0.000 
0.000 
0.00J 
0.000 
o.oou 
0.000 
0.000 
0.000 
0.000 
0.00J 
0.000 
0.000 
0.000 

· 0. 000 
0. OO•J 
0.000 

0.05 

l. 000 
0.803 
o. 6•t5 
o'.:i33 
o.,,~,9 
J. l;l 1 
0.3/9 
O. 35 B 
().3 1t 1t 

o. 33ft 
O.J26 
0'. 31 l 
0. 3 1 L 
0.3J7 
0.303 
O. 30 l 
0.29Y 
0.297 
0. 29 ~1 
0 • 29 It 

;0.292 
·0.290 
0.288 
O. bJ 7 
O. 2UfJ 
O.Zu5 
0.285 

0.1 0 

l. 00 0 
l. OU 3 
0. <;5 3 
O. tW l 
o.n12 
0 • l:J 1t 

0. 71. 0 
o. c., ·r 6 
0.6'.:ll 
0. 63 2 
0. ul 8 
0.'.ri!.J 
0. ~:i8 7 
0.578 
0.572 
o. 56 7 
o. 56 3 
0.560 
0. 55 7 
0. 55 4 
0.552 
0. 5 1+ d 
0 • 5L1·4 
0.542 
O. ~.iii l 
0. 'j4 0 
o. 54 0 

TIME 

0.15 

1.000 
1.050 
1. 069 
1. 057 
l • O?. 7 
C.C/91 
0.95! 
0.927 
l) • 90 1 
u.881 

- o. l't 

I : 

c.20 

1.000 
1.057 

1 
l • l O 2 

:1. 12L, 
1.132 

1

1.125 
l. 112 
1.0<)6 
1.oao 
1.066 

0 • 8 6 It . : l • 0 5 3 
c.a,io '·1.031 
0 • 8 2 1t l • 0 lt-' 
o.s12 1.oos 
o. so,+ 
c.797 
o.1s2 
o. 7El/:3 
c.784 
0.781 
0.778 
0.773 
o. 769 
0.767 
0 .. 7(,'j 

C. 7 6 1t 

0.764 

0.996 
0.990 
.0 • 98L1 

1

'0.980 
:0.977 
:o.974 
0.')11 
0.9c,c, 
0.963 
0.960 
0.9'J9 
0.95B 
0.958 

i ' 
0')25 

I ; 
REYNCJLDS; NUMBER 

1 : 
0. 30: ' 0. 35 

! 

. . I 
1.000 1.00~ 1.000 
1.05'5 1.051; l.048 
1. l O '.> 1. 1 0 o; . l. 094 
1 • 11+ ,, 

1. f7 l 
1. i'86 
l. 19 3 
l. 194 
l. 19 l 
1. 18 7 

1. LLt3: 1. 13 7 
1.179, 1.176 

I ' 1. 206 : 1. 209 
1.227. l.236 
1.241. 1.259 
1.250 1.276 
1.256 1.290 

1 •. 182 1.260,: 1.301 
1.i'71 l.26i; l.316 
l ■ -161 1.262: 1.326 
1 • l 5 1t l • 2 6 1 , l • 3 3 2 
1.14H 1.260: 1.336 
1.143 1.2~u 1.339 
l.1°3Y 1.257; 1.342 
1;136 1.2':5-/; 1.34 1t 

1./Yt 
1.131 
l.Lrn 
1. 126 
l. 12 It 

1.123 
1. 122 
1.121 
1.121 

I 

1. 2 5 6 : 1. 346 
1.250: 1.34d 
l.25~. l.31t9 
1.255 1.352 
1 • 2 5 1t l • 3 S 4 
1.254 1.355 
1.254 
1. 2 5 1+ 
1. 2 5 't 

1.356 
l.357 
1. 3'::, 7 

I : =, 50.0 
/ : . --·. 
I : . 

... l \_CASE I 
i : 

0.45' ,0. 40 

I i 
i : 

Looo 
1. 0't5 
l .'090 

I ' 

1.132 
l .: l 71 
1.206 
l .'23 7 
1.263 
1. ZB'::> 
l.304 
1 .·320 
1 .' 34 t, 
1.361 
1. 1 374 
1. 384 
1.391 
i'.397 
1.:402 
1.:407 
l.'410 
l ;413 
l .·4 l 9 
1.423 
l.'426 
1.428 
l 1t30 
l 1t30 

I 
I 

l.000 
1.044 
1. 08 7. 
1.12':i 
l.167 
1. 203 
1.235 
1.263 
l. 28 t 
1. 309: 
l. 327, 
1.357 
l. 3 79: 
1. 39~ 
1. 'tv9: 
l.Ltl9 
l. 1t28·-
l."t351 
1. 441. 
1. '146 
l.451, 
1.459. 
l. 465 
1.469 
1. 1i 7 l, 
1.473 
l. 4 ?4; 

i ' 
I : 

0.50 

1.000 
l. 0't4 
1.086 
1.128 
1.166 
1.202 
1.234 
1.262 
1.2138 
1.310 
1.329 
1.360 
1. 38 1t 

1.402 
1.417 
1. 1,Ztl 
1.438 
1.446 
i.452 
l .. 1t5tl 
1.463 
l.4l2 
l .4 78 
1.483 
1.486 
1. Ltb 8 
1.488 

I-' 
VI 
~ 



Figure 31. Computer output 



VELOCITY I~ Y-DI~ECTIUN 

y o.oo · a.us 
x, 

l). 00, 
o.os 
iJ. l U 

0.000 O.OJO 
0.000 0.2A8 
o.uoo 0.167 

0 • l 5. ; 0 • 0 o 0 
u.20: 0.000 
0.25 0.000 
J.Jo:: 0.000 

i O.JS_ 0.000 
r-o.40; 0.000 
I . . . 
L 0. 1t5_ ; 0 .000 
i O • 5 0 : U. 0 00 
i-0~6~: 0.000 

o. 70; 0.000 
a.sci: u.ooo 

·-0~9·0:: 0.000 
L.OQ: 0.000 
1~£0:: ·o.ooo 
1.20: 0.000 

-- 1:30;. 0:006 

o.ous 
0.04-7 
0.025 
u.015 
0.009 
0.006 
O.OJ4 
(j. 00 3 
0.002 
0.001 
.0. 00 l 
0.001 

10. oo 1 :o. 00 1 :o. 00 0 

1.40 ! 0.000 
- 1. 50: · o.odo -

1.15: 0.000 --2~·oor a.coo 

·:o.OJO 
id. oo o 
i0~000 
I • 

I I 
2. 25 : 0.000 

··z~sq :· · 0.000 
2-7~: 0.000 

- 2·~ 9 5 : d • o o o 
____ J_i 

ro. ooo 
10~000 :d. oo o 
·o.ooo 
d.ooo 
Q.000 

I I 
I I 
i I 

0. lo 

C. Oll°-0 
0.3?5 
0.210 
o. 18 5 
o. 12 2 
0.080 
0. 05 3 
0. 03 6 
0. 02 ~ 
O.OlB 
0.013 
0. 00·1 
0.005 
0. 00 1t 

0. 00 3 
0.002 
u. 002 
0.002 
0. 00·2· 
0. 00 l 
b. ciD l 
0.001 
o.001 
o. 000 
0. 000 
0.000 
0.000 

i : 
l ! 

TIME 0. 111 

O.l? 0.20 

i : 
0.000 :0.000 
c.335 :o.2at: 
0.269 0.26) 
C.230 0.22ti 
0.174 0.188 
0.12t1 .0.150 
0.093 0.117 
0.068 0.091 
o.o~o 0.011 
U.037 0.05':> 
o. 02s • ;o. 043 
0.017: :0.021 
O.Oll ·o.O!B 
o.ocrn ·0.013 
0.006 _ :0.010 
0.005 I :0.008 
0.004; :0.007 

. . . j i 

I : 

REYNOLDS NUMBER.J !so.o 
..• -- - -- l .I ••. 

I I 
' I 

0 .:25 
i 

• ·- • -- • • I 
' I 
I I 
! I 

0.30: 0.35 

I : 
0.000 -~;oo6i o~ooo 
0 • 2 3 3 0 • 1 8 1

1 

: 0 • 1 3 3 
o. 221 . 0.174': 0.129 
0.200 0.162'.: 0.121 
0.114 o.l'to: o.nc 
0.147 o.12~ ! 0.099 
0 • i?. 2 . 0 ~ l 1 0 : 0 ~ 0 8 7· 
0.099 0.093 j 0.076 
0.i)H0 0.077; 0.0e..5 
0.065 0.1)64' 0.0?~ 
0.052 0.054 0.047 
o.d35 o.o3i o.034 
o.d24 0.027 o.025 
o.:01a 0.020 0.019 
o.·out 
0.011 
0.009 
o.:oos 

I : 
1d.4o -1 : ... 0.45 ...... 'i ; 

11 I : 
I I 

cf.:oob 
0 •1087 
o;oss 
0 .:080 
0;014 
0 .:06 7 
0.:06·0 
0.053 
o .-o,t6 
0 .:01t0 
0.034 
o.'025 
0 .: 0 l 9 
0 •10 l? 
() .:o 12 o .;o 10 
0.-000 
o.joo1 

o. oo·o 
0. 0't3 

... 0. 042 

0. 0 1t0 
0.037 
u.034 
0.030 
O.Ol7 
0.024 
0.021 

.. 0. 0 lb 

··- o-. qo6 
0 • 00 11 \ : 0 • 0 0 6 
0.003: io.uo~ 
O.U03 ! !0.001, 
0.002·

1 

:0.004 
0.002: :o.ou3 
0.001 [ :o.ooi -
0.001 :0.001 
0~001 0.001 
0.000 o.uoo 
0.000; ;0.000 

O.OL5, . 0.015 
o.01Z: 0.012 
0.010 . 0.010 
o.oo~ o.oos 
o. oo·7i o·. 001 
o.oo~ O.OOb 
o.oos. 0.005 
0.004 0.004 
0.003 0~002 
0.0oz'. 0.002 
0.001 0~001 
0.001' 0.001 
·o. 000 I 0~ oou 

d .:006 
d .:005 
0 ;004 
0 .;003 
0.:002 
0 .:oo l 
o.·001 
0.000 
o;ooo 

0.014 
0.010 
o.oo~ 
0.006 
0. 00 ~. 
0.004 
o.oo~ 
U.OQ;S 
0.01...l~ 
0.002 
0.002 
o.ooi 
0.001 
o.od~ 
O.OOCJ 
O.OJO 

I l 

0.006 
0.005 
o .·Jo3 
0.002 
o.'002 
c.001 
O.GOI 
0 .:ooo 

I o 

. -. -~ L.J . -- -· ....... IL .I ! ____ I_ i 

CASE I 

0.50 

· ·o. ·ooo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
u.ooo 
0.000 
0.000 
0.000 
0.000 
b~ ooo ; 
0.000 
0.000 
0.000 

.. b. ooo 
0.000 
0.000 
0.000 
0.-000 

I-' 
U1 

°' 



Figure 32. Computer output 



' ' 
VEL □trTY IN x-bIRECTlON 

y 

X 

o.oo 
o.os 
0.10 
0.15 
o. 2 0 
0.25 
o. 30 
0.35 
0. 4 Ci 
0.45 
o. 5 0 
o. 6 0 
0.10,. 
0. 80, ' 

- ii~90 
1. 00 

-· f~ 10 
l. 20 
1~ 3U 
1. 1t0 
l.:>O 
l. 7 5'. 

-··2~ ·o o 
2.25 
2-5~ 
2. 7':l 
2.9;) 

I 

O.OJ 

0.000 
0.000 
0.000 
0.(;0J 
O.OOJ 
0.000 
0.000 
0.000 
0.000 
0.00i) 
0.000 
0.00J 
0.000 
0.000 
0.000 
0.000 
d.OOi) 
0.000 
0.000 
0.000 
o. oo:J 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

o.os 

1.000 
0.8iJ3 
0. 6 1-,. :i 
0.533 
0. 1t ?9 
0.411 
0.379 
0.358 
0.344 
0.334 
,0. 3 2 6 
0.317 
0.311 
0.307 
0.303 
0.301 
0.299 
0.297 
0.295 
'Ci. 29 1t 

:0. 2 92 
0.290 
0.288 
0. 23 7 
0.286 
0.2d5 
U.285 

C. l 0 
i ; 

l. 000 
1. 00 3 
0. y5.3 
U. 08 l 
0.812 
0. l':J 4 
o. 710 
v.67b 
o. 65 1 
o. 63 2 
0.6lti 
0. 59 9 
O. ?d 7 
0.578 
0.572 
o. ?6 7 
0. 56 3 
0.560 
0. 557 
0 • 5rj 4 
0.552 
0. 51+ 8 
0. 54· 't 
0. 54' 2 
0. 5,, 1 
0. 5ft 0 
o .. ?4 0 

l ' 
I ' 

TIME= 0.18 
' ; 

0.1'5 0.20 

1.000 1.000 
1.050 
l. u69 
1.0~7 
1.027 
C.991 
0.951 
0.927 
0.901 
0.8Hl 
0.864 

1.057 
l. L 0 2 
1. 126 
1.132. 
1.125 
1.112 
1.096 
1.oeo 
1. 06 l, 

c. 840 . 
1.c,53 
1.031 

O.d2 1+ 
O.dl2 
0. 80ft 
0.797 
0.792 
0.78tl 
0.784 
c.1B1 
C.778 
0.773 
0.769 
O. tb 7 
0.765 
0. 7 t,4 
u.,64 

l.Olt, 
1.005 

:0. '196 
0.990 
0.984 

':c.9ao 
,0.977 
:o.974 
.o. 9 71 
:0. 966 
0.963 
·o. 960 
0.959 
0. 9'.>B 
;O. 9'.:>8 

i i 
i ' 
I ' 
' ' 

1.000 
1.055 
l.l.05 
1. l't4 
1. 17 l 
1.186 
1. 1,9 3 
1. 194 
l. 191 
1. 18 7 
l. 182 
1. 171 
1.-161 
l.15 1t 

l •· 14 8 
1.143 
1.139 
1. 136 
1.134 
1. 1,31 
1.)30 
1.126 
l ~ l 2 1t 

1.·123 
l .-122 
1. 121 
1. 121 

I j I ' 

REY NULds: NuMBl::R =' !50. o 
i l l :--

o. 3 o : o • 3 5 !o. 4 o 
~-\· 
: I 

I : 
. 1. 000 : 
1. osi' : 
1.100 
1.143 '. 
1. 1 79 , 
1.20(; 
1.227 
1.241 
1.250, 
1.256 
1.260, 
1. 2 b2 : 
1. 262 
1. 2 (, 1 
1. 2 60 , 
1.258, 
l.25~; 
1.257, 
1. 256 , 
1. 2 '.>6 '. 
1.25':>. 
1.2?5 
l.254 
1. 2 54 : 

l. 2 54 
1~2S4 

! : 
J 

1.000 
1.048 
1.094 
1.137 
1.176 
1.209 
1.236 
1.259 
1.27b 
1.290 
1.301 
1.316 
1.326 
1.332 
1.336 
1.339 
1.342 
1.344 
1.346 
1-348 
1. 349 
1. 3?2 
1.354 
1.355 
1.356 
1.357 
1.3':>7 

I : 
I : 
I ' 

t .·ooo 
l. 0 1t5 

.. l. 090 
1' .132 
f.171 
1.'206 
1.237 
1.263 
1.285 
1.304 
1.:320 
1.344 
L 361 
l. 374 
1. 3iA 
1.391 
t.397 
l: .:402 
1.407 
1.410 
l.Al3 
1.419 
l. 1,2 J 
1.42& 
1 .A28 
l. 430 
l • .tt30 

' ' 
I '· 

; ' 
I ' l ' CASE I 
I ' 

0.4
1

5: 0.50 

! l 

' ' 1 ~ 00◊ . 
1.044 
1. 087, 
l.129 
1.167 
1.203 
1. 23':J 
1.263 
1.287 
1.309 
1. 32 7, 
1.357 
1. 3 79 
1. 396 
1. 409. 
1.419 
l.4Ztt 
1.435 
l.441 
1.446 
l • .tt? 1 
1.459 
l. 1to'.:> 
1.469 
1. '• 11 
1.473 
1. 414 

! ; 
i : 

1.000 
1.044 
1.086 
1.120 
l. lt,6 
l. 2 02 
l. 234 
l.262 
1.2cm 
1.310 
1.329 
1.3&0 
1. 38 1t 

1.402 
1.417 
1.428 
l.438 
1.,.,,6 
1.452 
1.458 
1.463 
l.lt72 
1.478 
1.483 
l.486 
1.488 
1.488 

I-' 
U1 
OJ 



Figure 33. Computer output 



i ' 
i 

VEU.JClTY I1~ Y-[lIRfCTlll\J 
i ' ;v· 

X : 
I ' I ' 
' ' o. oo· ! 

o. os· · 
0. 1 u 

I I 

0. 15, : 
o. 2 o: 
o. 2 s: 
o. J 0 
O.iS 
0.40 
J.45 

- o ~ ~o· 
o. 6d : 
o. 10: 
o. 80' 
o. 90, 
l. 00 
l. l ~ 
l. 20 
1·. 30: 

_1_~40 
1.50 

I 

l.75 
--i: oO: 

2. 25' 
2. 50, 

-- 2_. _7 S: 
2. 9 5 

i 

o.oo 

0.000 
0.000 
0.000 
0.000 
0.000 
0.00.) 
0.000 
0.000 
o.uoo 
0.000 
a.boo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
a.coo 
0.000 
b.ooo 
0.000 
0.000 
0.000 
0.000 

0. tj :> 

o'.OJO 
0.288 
0.167 
0.088 
0. 0 1-t 7 
0.0;?5 
c.01~ 
0.009 
0.006 
0.004 
o·. oo ~ 
o·. 002 
0.001 
o·. oo 1 
0.001 o:. 00 l 
0.001 

1
0 • QUO 

·;o. ooo 
:c. OU 0 
jci. 000 
o.ooc 
0.000 
o'.ooo 
0.000 
0.080 
0.000 
' 

O. I U 

i : 
0.000 
0.3:,5 
o.2fo 
0.18~ 
0. 12 2 
o.oec 
0. OS 3 
o.036 
o. 02 5 
0.018 
0.013 
0.007 
0. 00 5 
0. 004 
o. 00 3 
iJ. 00 2 
0. 00:2 
0. 00·2 
0. oo,z 
0. 00 l 
0. 00 l 
o.oo'1 
0 ~ 00 l 
o. 00 0 
0. 00 U 
0.000 
o. oa,o 

TIME 

0.15 

0.000 
0.335 
0.289 
C.230 
0. l 7 1t 

O. 12 B 
0.093 
0.068 
0.0:>0 
0.037 
0.028 
u.011 
0.011 
o.oos 
0.006 
0.005 
0.004 
0.004 
0.003 
0.003 
0.002 
0.002 
0.001 
0.001 
0.001 
0.000 
u.ooo 

' I I 

1='. 0. 18 
: 

0.20 

o.ooc 
0.2<:36 
0.263 
0.228 
0.188 
0. 150 
0.117 
0.091 
0.071 
0.05~ 
:o. 043 
0.027 
0.018 
0.013 
:O. 0 l 0 
0.008 
:o. 007 
:o. 006 

.;o.oos 
: ·O. 0 04 -' :o. 00't 

:o .oo 3 
;0.002 
'o. 00 l 
0.001 
0.000 
0.000 

' : 
I 
I 

: 
0:. 12 5 

' ' ! : 
I I 

a. o·oo 
0.233 
0.221 
0.200 
0. 1· 7 ft 
o. lit 7 
0. 122 
;) • 09 ,) 
O. lHU 
0.065 
o. 052 
0.035 
0. 02 '+ 
C.018 
O. OU+ 
0.011 
0.0{)<) 
o .ido s 

... 0 .'Q06 
O_.d06 
0 ~-Q05 
0.003 
0.002 
0.002 
0.001 
0.001 
0.000 

j : 
~- .! . 

I t 
REYNULU.S' - . i 

0.30 

-- I 
0 .. 000 
o. 181'. 
0. l 7tt. 
0. 162

1 

0. 146: 
0.120 
0.110 
O.C':}3 
o. 0 77 
U. 0 6 1t 

0. 0 '.)4: 
0.037 
0.027 
o. 02d · 
0.015, : 
o. 012 : 
0~010, i 
0. 009' . 
0. 007: 
o. 006

1 

0. 005: 
0. 004' 
b.003 
0.002 
0.001 
0.001 
0.000 

NUMBER 

0.35 

0.000 
0.133 
0.129 
0.121 
0.111 
0.099 
0 ~ 08 7 
0.076 
0.065 
0.055 
0.047-
0.034 
0.025 
0. 019'; 
0.015 
0.012 
o~oio 
0.008 
0~007 
0.006 
0.005 
0.004 
0.002 
0.002 
o. 001 
0.001 
0.000 

I : 
= 50.0 

I ,__ -

i : 
\d.4o . - i; .. 

I i 
o·_.ooo 

i 
I 

0. 1t'5, 
j :·· 
' : 

0~000 
0.043 
o.o4Z: 
0.040 
0.037 
o. 034: 
0.030 
0.021 

-0. 0 2 1t 

0.021 
o. 01s: · 
O. OV+' 

··0.010:· 
o. ooa' 
o. oo·o:· 
o. oos· 

CASE I 

0.50 

b~ooo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
o.oou 
0.000 
0.000 
a.coo 
0.000 
0.000 
0.000 
0.000 

O.'OtH 
o· _.oa s 
o·."oso 
0.'074 
0 .'Oo 7 
0 .:060 
0 .'053 
0.046 
O .'Ott 0 
0 .:034 
0 .:oz 5 
o·.019 
o .'o 15 
0 .:012 
0.'010 
0 .:00~ 
o·.:001 
o: .\)06 
o'.:005 
o: .:004 
0.003 
0.002 
o .'uo 1 
0 .:oo l 
0.000 
o ;ooo 

--- 0~ OtY/ -0. 000 

I 

' I ! ! 

o. 001+: 
o. 003: 
0. 003: 
0 ~.002, 
0.002 
0.001 
0.001 
0.000 
0.000 
0.000 

0.000 
0~000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

-• 0. 000 

I-' 
O'I 
0 



Figure 34. Computer output 



: i 

' ! I 
I i 

I ' j i 
! I I 

' ·Vtll1C ITY IN X-D1R.ECl ICi:\J TIME = 0.01 REYNCLUS NUMHER. :so. 0 ' ' CASE 1 I ' ,_ 
' ' i ' l : i ' o.'1'0 : ' I 

' y o.oo O.J? 0. l ~ 0.20 0 .·2 5 0.30 ' 0.35 :~-40 O .45' 0.50 : 
X 

! I 
I 

I ' ! ' ' i 
' ' ' ' i : 

' ' I ' ' 
1~ood 

-- I ' : ' -0.95 l.OOJ 1.000 1. OCJ'O 1.uoo 1.000 1. 000 r~ooo r.:ooo 1.000-· 1.000 
-o. 75 0.991 o.:J9CJ 0.909 0.999 1.ooc 1.000 1.000 1.001 1.'001 1.001 1.001 
:.::.o. 50: Q,,994 0 • 9 LJ lt o. 9':i 5 O.C;<;6 .0. 9'-.ib 1.coo 1. 002 l. 004 l.005 

.. ·- l~ 00 6 - 1~006 
-0. ltO O.CJ88 O.~dB o. 990 o.993 :o. 997 1.001 1.004 1.007 1.-009 1.010, 1.011 
:..._0.30 : 0.975 0.97"( 0.982 0.9ti8 ,0. 996 l.Cio3 1.009 I 1.013- r.-011 ---1.0l':f 1.019 
-0.25 0.965 0. 96 7 o.975 C.9o5 0.995 1.00:.i l.012 : l. 01 & 1.022 1.02~ 1.026 
::...0.20 0.948 (}. 9 5 3 0. 96!:.i ().981 :o.996 l.OOH 1.018 1.025 1.-030 

-· 
1~032; 

.. 

1.033 
' ' -0.15 0.921 o. 931 0.95ft 0.97B 0.999 1.015 1.026 1.034 l° •1039 1.042 lo Ott3 

~O. l 0 0 • d 7':> 0. 8~ I o. 94 0 U.')79 1.000 l. 02 5 l • 03 ti lo046 
·-

r;o51 l.053 1.054 : 
l .°Oo5 -J.05 0.78b 0. 8Lt C O. 93 l 0.989 .l.023 1. 04 3 l • 0 ~; 't 1. 061 1.06-r 1.067 

U.Ol) a.coo 0. 7 1t tt 0. 9:> 7 l. UZ 8 ,: 1.056 1. 06 9 
-· 

1.075 l.C79 f. 081 1~081 1.082 
o.os 0.000 0.650 o. '-J49 1.057 1.0-,0 1.098 1.099 

' 
1.096 l.'097 1.097 1.097 

0.10 6.000 0.579 o. 92 0 l. 068 1.116 l.l2 1t L 121 ' 1. 117 1.:114 1.112, i.. 111 I-' 
' 

0.1~ 
: 

0.000 0.533 O. b9 0 1.066 1.130 1. 14 3 l • l 3 '-J 1.133 L 128 1.125. 1.124 
O'\ 

' N 
o·. 20 0.000 0.507 0. bb 6 1.058 :i. 13'• l.153 l.151 1.145 1.·140 l ·• 13 ~ 1.135 
0.25 0.000 0.lt'-:Jlt o. 85 1 1.050 1.133 l. 15 7 l. l SU ' 1. 153 r .: u~9 1.14'6 1.145 ; 

0~30 ' o.ouo :o. 48 8 o. 84 2 1.042 , l. 1.30 1.158 l. l 62 : 1. 159 l. 155 1.1:>~ 1.152 
o. 35, : 0.000 0.485 o. o3 7 1. 0.37 ;1.127 l. l':i8 1.164 : l.lb2 1.' 160 1.158 1.157 - o. 1t O ,- o.uoo 0.484 o. s3·4 1.034 ,1.124 1-.-156 1.164 l. 164 ~-'163 

-· 
1.161 l ~ 161 

0. 1t ~ 0.000 0.484 0. 83 3 1.031 ·1.122 l. 15 5 1.165, 1.166 1.1 165 1 • 1 6L~ 1.163 - (f: 50 0.000 0.484 o. 63 2 l.OJO :1.121 l. 155 1. 16~ l.lb6 1 .: 166 1 .16~ 1.165 
0.6U 0.000 'd.4,Vt o. 831 1.028 1. 119 l • 15 lt 1.164 1.167 l .: 16 7 1.167. 1.167 
0.10 0.000 0. 1t8l+ o. 831 1.028 ).llB 1.1_53 1. l 6 1~ l. 16 7 

.. 

1:0:168 1~16~ 1. 16 8 
0.80 0.000 0.484 0. 83. 1 1. 02d : 1. 11 ti 1. Ed 1.164 1.167 l .' 168 1. 16d 1.168 
O. ':JO 0.000 0.-48 1t 0. tUl 1. 02 8 l. 118 1;153 1. l 6't L 167 1.168 l. 16~ 1.168 ; ! 

l. i~ 3 LOU 
' 

0.000 0.48Lt 0. B3 l 1. 02 7 1.118 1.164 1.167 1.168 l.16tl 1. 16'8 
1.2~ 0.000 :o. 4 H? 0. 83 l 1.027 1.118 t'~' 1? 3 1 • l 6 1t 1. 16.7 1.·168 -·l.l6t~ 1. l 68 
1.50 I 

0.000 d. '• u 5 0. 83 l 1.027 1.118 1.11:53 1. l 61~ 1. lb 7 l 168 l. l 6~ 1.168 
-·- . 

l ~ 7 ~ 
I 0.000 ·o L 8~ O. El'H 1.027 1.118 l ~: ~ ?3 l. l 6 1t 1.167 l 168 -1.16~ 1.168 

I : • t 
0. 83. 1 l. 161; 2.00 

I 0.000 0.4B5 1.027 1.118 l.l'J3 1.167 l 168 1. 161:3, 1.168 
2.75 0.000 :o. 48 5 o. 83) l. 02 8 l. 118 1-.),53 

-·. r. l 6 1~ L 167 
.. ~1 168 

... 

L lf_;~ 1.168 
i I : : ' i i I ' 



Figure 35. Computer output 



i i t i I i I : 
VELOCITY 11,! Y-L;lltH.TltlN TIME= 0.01 ;. : kl::YNOLD;S: NUMGE:R =\ :50.0 -f .: CASE II 

I ' i I i I I I i I I 

: I ' I : I : : ; : ! 
;y O • 0 0 0 • U S O • 1 J O • 1 ? · C • 2 0 0 • 2 5 0 • 3 o: : 0 • 3 5 '. 0 • 't C O • 45 0 • 5 O 
' ' ' t i X I' I' 'I I I 
I : i 1 f ' I 1 

I : ; ; \ : I l \ l I : 
-o.95 o.uoo ·c·.ooo o.oo·o 0.000 0.000 o.o·oo b~ooo·: 0.000 o·;ooo · 0.000 b.ooo 
-0.75 0.000 o.oou 0.001 0.001. 0.001 0.001 0.001: 0.001 0.001 0.000 0.000 
-o.so 0.000 0.002 0.004 0.005 :o.ooti 0.0·06 0.006. i o.oos ·0.004 0.002 0.000 
-0. 1tO: 0.000 0.004 o.OOd 0.010 .0.012 0.012 0.011': u.009 o.'006 0.003 0.000 
-0.30: · o.oou 0.009 0.016 0.021; 10.023 0.0·22 0.019:: 0.015 o·.-011 o.oos 0.000 
-u.2s 0.000 0.014 o.02Lt 0.030. 0.031 0.029 0.02s.: 0.020 o.014 0.001 0.000 
-0.20 o.oo\.) 0.022 o.o3·6 o.o,t3 · ·o.o,.3 o.·039 0.033· · 0~025- 0.-011 0.009· 0.000 

i 1 .- ! I ! ' 
-0.15 0.000 0.036 0.0~6 C.062 0.059 O.O~l 0.042 0.032 0.021 0.010 0.000 
~o.1d 0.000 o.OGd o. □Yl c.090 o. □ 7Y o.666 0.052 o.038 o.·025 -0.012 o.uoo 
-0.05; 0.000 o.ttt7 o.15.3 0.130 · 0.104 o.oa1 a.out', 0.043 0.026 u.014 0.000 

l)~OO 0.000 0.17b 0.191 0.159 ;0.12·-3 0.092 O.Ob/. 0.047 0.030 0.015. 0.000 
0.05 0.000 0.117 O. lo5 0.1S4 0.124 0.tJ9'i- 0.066: 0.048 0.030 0.015 O.GOO 
0.10 0.000 o.o6s 0.111 0.124: :0.101 o.685 o.o6J: o.044 o·.02a 0.014 0.000 ~ 
0.15 0.000 o.o ... n 0.012 o.os1' o.oaz 0.068 0.053': o.038 o."025 0.012 0.000 """ 
0.26 0.000 0.01:> 0.039 0.05 1-t O.OS6 0.050 0.041;0.031 0.021 0.010 0.000 
0.25 0.0CiJ 0.006 0.01g 0.030 0.03:> 0.034 0.030: 0.024 0.0lt, 0.0()8 0.000 
0.30 O.OOJ 0.002 0.009 0.016. 0.021 0.023 0.021; 0.017 0.012 0.006 0.000 
a.JS 0.000 0.000 0.004 0.008 o.u12 0.014 0.014': 0.012 o.'009 0.004 0.000 
0.40 o.oon -o.o:.H> 0.00·1 0.004 0.001 0.009 o.oo➔: o.ocrn 0.-006 0.00·3 0.000 
0.45 0.000 -'o.ooo 0.000 0.002 \).004 0.006 0.006: 0.005 0.004 0.002 0.000 
0 • 5 q O • C O Cl -. 0. 0 O O O • O O O O • 0 0 l : 0 • 0 J 2 0 • : 0 0 3 0 • 0 0 1~ ; 0 • 0 0 4 0 ■- 0 0 3 0 • 0 0 l O • 0 0 0 
'.).60 0.000 -o.ouo -0.000 u.ooo ;0.001 0.001 u.ooz: 0.001 0.001 0.001 0.000 
0.10 b.ooo -ci.ooo -o.oou 0.000 :o.ooc 0.000 0.001 0.001 0.000 o.ood 0.000 
o.oo 0.000 -0.000 -0.060 -0.000 · 10.000 o.doo 0.000: 0.000 0.000 0.000 0.000 
0.90 b.ooo ~o.ooo -0.000 -0.000 -0.000 0.000 0.000. u.ooo d~ooo 0.006 0.000 
1.00 0.000 -0.000 -0.000 -0.000 -0.000 -0.000 0.000 0.000 o."ooo 0.000 0.000 
1~2~ 0.000 -ci.ooo -0.060 -o.oou ~o.ooc -o.uoo -0.000 -0.000 -d."ooo o.uoo 0.000 
1. ':50 0.000 -o.o:)o -0.000 -c.ooo -0.000 -o.cioo -0.000: 0.000 0.000 0.000 0.000 
1.1~ 0.000 -o.uoo -u.ouo -0.000 -0.000 -0.000 -o.ooci -0.000 -o.·oob 0.obo o~ooo 
2.00 0.000 ~d.ooo -0.000 -0.000 ~o.ooo -o_.ooo -0.000 :-o.ouo -0.:000 0.000 0.000 , 
2. 7':5 0.00() 0.0lHJ 0.000 0.000 .0.000 0.000 0.000: 0.000 0.000 0.000 0.000 

. ' . : i I I I ; 



Figure 36. Computer output 



Vf:LuCr'TY II\! X-DIRt.:CTION 

i 
:Y 

X Ii 
! ' 

-0. Sl5° -· 
-o. 1s: 
:.....u.so 
-0. 40 
:.....o~ 30 
-o.2s 
-0.20 
-0. l :> 
.:..o. l 0 
-o.o~ 

0.00 
0.05 
0.1~ 
0. 15 

... 0~ 20 
0. 25_ 
i.)~3q 
0.35 
0.40 
o. 45 

- o. 50 
o. 6 0 
0.10 
0.80 
0.90 
l. 00 
r~ 25 
1.50 
l ~ 75 
2.od 
2 ~ 15· 

o.oo 

1.000 
0.999 
0.993 
0.986 
0.973 
0.961 
0.94j 
0.91~ 
0.866 
0.774 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
b.oou 
0.000 
0.000 
0.000 
b.ooo 
0.000 
0.000 
0.000 
0.000 
0.000 
b.ooo 
0.,000 
0.000 
o.oou 
0.000 

0. 0'.:l 

I : 

f.oou 
0.999 
0.993 
0.'1d7 
0. 9 74 
0.96ft 
0. y,, 8 
0.925 
0 • 8,H.l 
0. 82 8 
o. 7 2 7 
0. f::i2 g 
0.550 
o. 1-t92 
0 • 1+? 2 
;o.423 
:o. 1t O 1t 

;o. 3'12 
.o. 38 5 
0.381 
:0- 3cl0 ·o. 382 
0.383 
:o.·3o:i 
0..3:j5 
·o. 38 6 
0.336 
0.386 
0.386 
0.3d6 
o. 38 6 

I ' 

o.i-o 

l. 000 
0.9'79 
0.994 
0. 98 9 
O. 9d 0 
0.972 
0. 962 
o. 94 a 
0.932 
O. 92 l 
0. <Ft l 
o. 92 4 
0 .,.8134 
o. e3 s 
o. 79 6 
o. 76 2 
u. 737 
o. 71 Y 
o. 10·1 
O. 70 l 
0.698 
0. 6c:i7 
0.699 
0.700 
O. 70 l 
o. ro2 
0. 7() 2 
o.1o'2 
0.702 
o. 702 
0.702 

TIME 

0.15 

1.000 
0.999 
0.996 
0.993 
0.987 
L:. 983 
0.978 
o. 974 
0.973 
0.9LJ2 
l. 0 le., 
l • 0 1t 0 
1.043 
1.032 
1.012 
0.991 
0.973 
0.957 
0.946 
0.939 
0.934 
0.931 
0~932 
0.932 
0.933 
0.933 
0. 9::ilt 
U.93 1-t 

0.934 
0. 9311 
0.934 

i 

0.02 

0.20 

I ' 

' 
1.000 
1.000 
0. 9'i8 
.0. 997 
:o. 99~ 
0.994 
:o.994 
0. '-J97 
1.00'+ 
l.019 
l.u~O 
l.Od3 
1.107 
·1.120 
l. 12 3 
1.120 

: :1.1 !Lt 
·:1.107 
;:1.1oc 
l;t.095. 
: : 1. 091 
_).087 
. . ). • 085 

!1.005 
, l.Od6 

:1- 08(, 
;l.Oab 
1. OE.lo 
;l.OBb 
'l.086 
11.086 

l ' 

I ' I 

' ' 

l .\:>o 0 
1. 000 
1.000 
1. 00 l 
1. 00 3 
1.005 
1.008 
1.015 
1. 026 
1. 0 1t3 
1.070 
1.100 
l ~:129 
1.'l52 
l •. l6<J 
l.17Y 
1.18 1+ 
l.'186 
1.186 
1.\84 
1.·1s2 
1.'178 
1. 176 
1.1:76 
l. 17? 
l. 17'.J 
l ■-1/':> 

1.175 
1.175 
1. t1s 
(.175 

r : 

' ' 
I ' 

REYNOLDS. NUMBEK 
I , 
~ :so.a 

: ' 
i ' 
' ' o. 30 : 

- ~ I· -

I ' 
I : I , 

l • 0 00 , 
1.000: 
l. 0 02 , 
1. 005 : 
1.009. 
1.013 
1. 02() 
1.020 
l. 0 1+ l , 
l. 05 9 ' 
1.082 
l.lOd, 
l. 136' 
1. 161 ' 
1.183 
l. 2 00 , 
1.213. 
1.22t 
L226: 
l. 2 2d i 
1.22~: 
l. 227 : 
1. 2 2':> .. 
l.22 1t, 

1.223; 
i.223 
1.223 
1.223 
1.223 
l. 22 3 
1.223 

I 

().35 
! I 
i : :o. 40 
I I 

I : 
I ' 

1.000 1.000 
1.001 1."001 
1. 00'• l ;006 
1.008 1.-010 
l.OJ.'.) 1;019 
1.020 1.025 
1-.028. 1 ■-034 

l.038 l."045 
1.052 f.056 
1.069 1.07'.) 
l'.089 1.094 
1.113 1.116 
1.138 1.139 
l • 16 3 1.· 16 2 
l • 18 :, l .: 18 4 
1.20:i 1.204 
1.220 1.220 
1.232 1.234 
l • 2 4 0 l ., 2 't 4 
1.245 i.;250 
1.248 ·1.-254 
1.249 i.257 
1.248 t.257 
l • 2 lt 7 l • Z 5 l 
1.246 1.256 
1.246 1.2~6 
1.245 1.-2:.5 
1.245 1.2':>5 
1.245 1 ■-255 

l • 2 1t 5 l ·' 2 5 5 
L245 

I ' 
i ( CASE I I 
i ;···-

0 - 1~5: 0. 50 
i ' -
1 I 

1.oov 
1.001 
1 ~ 006 
1.012 
1. 0 2 l 
1. 02 a 
1.037 
1. 048 
1.062 
1.0/8 
1.097 
1. 118 
1.139 
l. l 61 
l. l 82 
l.2J2 
1.219 
1.232 
1.243, 
1.2~1 
1.256 
1.260 
l. 26 l 
1.260 

- l. 260 
1.260 
l.25~ 
1.2~9 
l. 2 5<~ 
1.2s~ 
1. 2 ':>9 

! : 

1. 000 
1.001 
1.007 
1.012 
1.022 
1.029 
1.038 
1.050 
1.Qb3 
1.080 
l.098 
1.118 
1.140 
1.161 
l. l 82 
1.201 
1.218 
1.232 
1.243 
1.250 
1.256 
l.261 
1.202 
1.261 
1. 261 
1.261 
1.260 
1.260 
1.260 
1.260 
L260 

I-' 
O"I 
O"I 



Figure 37. Computer output 



VELUC,ITY rn Y-0:l:kE:CllON 
j ; 

Y 0.00 1

0.0? 
X . 

i ' 
' 

-0. 9 5' 
-0.7'5 
-o. 5 o. 
-0. 40: , 
-o. 30 ' 
-0 • 7. ~• I 

-0.20 
-0.15 
-0.10 
-o. 05 ' 

o.oo 
0.05 
0.10 
0. 1 5' ' 
o. 20 : 
o. 25 : o. 3o'; 
o. ]5 : 

·-o~ 4o' : 
I ' o. 't5 : 

-··0~50' 

o. 6d 
-- 0~ 7 cj 

o. 80 ' 
o. 90 
l. 00 1 

1. 2 :> 
1.50 
1. 7 5 , 
2. 00 ; 
2.75 

I ' 

0.000 
0.000 
0.000 
0.000 
o.uoo 

0.000 
0.001 
0.001. 
O.QU'j 
0. U_l 0 

0.000 IJ.Gl~ 
0.000 ll.023 
0.000 0.0~9 
0.000 0.071 
0.000 0.149 
0.000 0.177 
O.OOll 0.119 
0.000 ,0.011 
0.000 0.042 
0.000 ·0.025 
0. 0 0 0 ·o • 0 l 6 
0.000 ·0.010 
0.008 o.oos 
0.000 0.003 
o.oou ·o·.001 
0.000 -0.000 
0 • O O O -· 0 • o O l 
b.ooo -0.001 
0.000 -ci.ooo 
b.uoo -0.000 
O.OOLl -0.000 
0.000 -0.000 
0.000 -0.000 
0.000 -o.oou 
o. 000 -0. 000 
0.000 0.000 

0.10 

o. oo·o 
0.001 
0.004 
Ll.Ll09 
0.018 
0.02b 
0. U3 CJ 
U. Ob l 
0. 0') ·1 
0. l(, 0 
0. 1-:; 9 
0. 1 7 I 
o. 13 6 
o. 09 8 
O. OG 9 
0. 04 8 
0. 03 l 
0. Ot'Y 
o. ot'o 
0.004 
O. 00 l 

-0.002 
-0.002 
-0.001 
-C. 00 l 
-u.ooo 
-o. 000 
-0.000 
-o. 000 
-0. 00 0 

o. 00 ;) 

TIME ~: 0.02 

0.15 

o.uoo 
C.001 
0.006 
0.012 
0.023 
0.033 
0.047 
0.068 
0.09b 
0. 141 
0.174 
0.176 
0. 15 7 
0.129 
0.101 
0.075 
0.0~3 
u.035 
0.021 
c.010 
0.003 

-0.002 
-0.002 
-0.002 
-0.001 
-0.UOU 
-0.000 
- (;. ouo 
-0.000 
-0.000 

0.000 

0.20 

0.000 
0.002 
0.007 
0.013 
0.025 
'o. 035 
·o. 048 
0.0&6 
0.089 
0.117 
O. l'tl 

'·o.1so 
0. l't 5 
0.130 
0.109 
0.087 
0.06b 

: ·0.0116 
\J. 02 9 
0.016 

. c. 007 
-0. 0()1 
-.0.002 
-:0.002 
-0.001 
-0.001 
-o.oou 
...:o. 000 
-,0.000 
...:o. 000 
,0. 000 
' 

I : 
I ' 
I ' 

! : I i 

REYNOLD:S: NU Md ER = 'so. 0 
! . 

i . o:. 2 ~ 

0.000 
0.002 
0. 0·0·1 

O.o'l3 
0.:0·25 
0.033 
o. o·4't 
0.059 
0.07? 
0. 09 1t 

0. 110 
0.120 
0.,120 
0.113 
o.·100 
o.\)8'+ 
o.,"066 
0.049 
o._Q33 
o .'oz o 
g::~~~-

=-o .002 
-0.:002 
-0. JO 1 
-0.001 
..:.o. ooo 
-0.000 
-o.qoo 
-0.000 

o·. ooo 
j ; 

0.30 
i 
I 

! 

0.35 

o. 000 , o. 000 
0.002 0.001 
0.007 0.006--
0.012 0.010 
0.022 0.018 
0.029, 0.023 
0.038: 0.030 
0 • 0 1t 9 , 0 • 0 3 7 
0.061 0.045 
0.073 0.0':d 
0.081t 0.061 
o.0Y1, o.065 
0. Q<J3 , 0. Ob-, 
o. 090 ; o. 06t> 
0.082. 0.061 
0.072 0.055 
0.058 ;· 0.046 
0 • 0 ,, 4 0 • 0 3 6 
0.031 0.026 
0.020 0.017 
0~011 0.010 
o.ooi 0.002 

-o.oot :~o.ooo 
-0.001 :-0.001 
-0.001 -0.001 
-0.00t -c.ooo 
-0.000 :-0.000 
-0. 000 :-o. 000 
-0.000 :-0.000 
-0.000 :-0.000 
·o. oorj: o~ ooo 

' ' 

i ; :o·. 'tO 

l : 
I ' 
! ' 

o·.'ooo 
0.001 
0 .'001t 
O.OOJ 
0.012 
0.016 
0.-020 
0 ."025 
0.030 
0.035 
0.039 
0.042 
0.044 
o' .'043 
0.040 
0.03b 
0.031 
0 .'Ol4 
0 .'o l 8 
0.013 
0.-008 
0.002 

-0.000 
-o.'001 
-0 .-000 
-0.000 
-o.-uoo 
-0.000 
-o .:ooo 
-0.000 

O.:OOO 
I 

' 
[ ! CASE I I 
: ' ; I 

0.4~:>'. 
i I 

I l 
o. Ooo: 
0.000 
0~002 
0. O.J4' 

.. o. 006' 

0.008 
0.010· 
0.013 
0.015 
0.017 
o. 019, 
o. 021 
0.021 
o. 02 r 
o. 020: 
o. 018: 
0.015 
0.012 
o.oo-i 
0. 007, 
0~004 
0.001 
O.OOlf 

-0 .. 000 
:.:.o. 000 
-0.000 
-0.000 
-0.000 

0.000 
-0.000 

0 ~ oo:o: 

a.so 

0.000 
0.000 
0 .. 000 
0.000 
o.ouo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
u.ooo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

-· 0. 000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
b.ooo 

I-' 
O'I 
co 



Figure 38. Computer output 



Vt:lllCllY li'·J x-ulRcLTIIJt: 

y 

X. 
I·' 
1 I 

-o. 9 j; 
-J.75 
-u.so 
-0.40 

:-u.30 
-0.2'j 

·.:..0~20 
-0.15 
-0.10 
-0.05 
o.oo 
0.05 
o.· 10 
o. 15 
o~zci 
0.25 
0.30 
o. 3 5 -- o: 4 0 

0.4~ 
0~ 50 
0.60 

--0::1 q 
0.80 
o. 9Q 
1. 00 
1~ 25 
1.50 
1~1s 
2.od 
2. 7 5 

0.00 

1.000 
0.999 
o.<-J<;13 
0.986 
0.972 
0.<;60 
0.942 
0.913 
0 • ob 1-t 

0.771 
o.uoo 
0.000 
0.000 
0.000 
0.000 
0.000 
0 .ooo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
o.uoo 
u.ouo 
0.000 
0.000 
0.000 
0.000 
0.000 
O.DOl) 

0.05 

1.000 
0.9')9 
O.~Y3 
0.9i31 
0.974 
0.')63 
0.9117 
L).•;23 
0.806 
0. 82 (:, 
0.72'j 
o. 62 5 
o. 546 
u.,td7 
,o. 4 1t:i 
. 0. 1t l 1t 

:0. 391 
,o. 3 7 :.i . o:. 362 
d.3?1 
:ci. 3 1d 
'0.332 
0~324 
0.320 
0.31<.J 
0.319 
0.327 
0.323 
o. 32 3 
0.32:1 
0.323 

0.-1 U 

1. 000 
0. 9'-)9 
o. 994 
o. ':J8 9 
o. 979 
0. 9-, 1 
0. 96 l 
0 • 9 1t 7 
0. '-i 3 1 
0.919 
O. Y38 
U.YlY 
0. 87 7 
O.B29 
0. 7b 5 
o. 74 7 
o. 716 
0.691 
0.671 
0. 654 
O. cA 1 
O. o2 l 
o.fi08 
0.601 
0. :19 8 
0. ~i9 B 
0.602 
0.603 
0.603 
0.603 
0.603 

TlME 

0. 15 
I ' 

0.04 

0.20 

1.000 1.000 
0.999 1.000 
O.CJS.6 0.998 
0.992 0.997 
o.987 d.995 
0.982 C.994 
o.978 :o.994 
0.973 :o.S96 
0.972. :1~003 
0.980 1.018 
1.014 . l • 0 1+ «; 
1.037 1.0~1 
1.038 .. l.104 
1.024 ·1.115 
l • 0 0 2 • : 1 • l 1 -r 
0.977 :1.112 
O.CJ53. '1.103 
0.932 . :l.092 
C.912, ;l.081 
C.896. ;l.070 
0.tld2. :1.060 
0.660 I :1.043 
0.845. ;1-031 
0.835 :1 .022 
O.t53l. ,l.016 
o.eJo :1.01'1 
0.833. 1.016 
0.835 1.018 
0.835. 1.018 
o. 83:i . ;l. 018 
0. &3 5 ; 1 • 0 l 8 

I : 

l : l : 
·: REYNULtj~ NUMBER 
i 1 

I ' 0 .:2s 
i i I 

1.000 
1.000 
1.000 
1.001 
1. do 3 
1.00? 
1.dot1 

! 
o.3d o.35 

i 
1 .ooo: 1 ~ooo 
1.000: 1.001 
1.002:1~001+ 
1.005: 1.008 
1. 0 U) : l • 015· 
1.014: 1.021 
1.020; 1.029 

1.015 1.029. 1.039 
1.026 1.01+2: 1.053 
l. 01+3 1. 0 5 9 '. 1. 07 0 
1.069 l.083: 1.092 
1.100 1.110; 1.116 
1;129 L138: 1.142 
1.152 
l.l6d 
1.178 
1.183 
1 .' 185 
l .: 1, 8 4 
1.182 
1~179 
1.112 
1.~66 
1.160 
l .' l ~ 6 
1. 15 3 
l.1_53 

l.l6't; 1.168 
1.1a7i; 1.192 
l • 2 05 : 1 • 2 1 1+ 
1.220 1.234 
l.231

1 

1.2~0 
L239 L 264 
l.24~ l._276 
l.249 1.286 
1.254' 1.301 
l.25t;: 1.310 
l.25~: 1.316 
l.254: 1.318 
1.252 · 1.318 
1.2?0 

1 

l.315 
1.154 1.250. 1.314 
1., 1, 5 't 
l. l5lt 
1. 15 4 

i ; 

1.250 1.314 
1.250 l.3l't 
1.250 l.314 

I 

I ' 
1 

'50 .o 
I , 
l : CASE: I I 

i : 
0.40 

I i 
(;ooo 
(.001 
(;006 
1;011 
1;019 
l.026 
1;035 

0 .4~: 
----·-

' ' ' ' ' ·1. obQ 
1.001 

···1.001, 
1.012 
1.022 
1.029 
1.038 

l • 0 11 6 1. 0 5 0 
1;060 l.06ti 
·l.077 1.081 
1.097 lelOO 
1.120 1.122 
l.144 1.11+6 
l.

0

169 1.110 
t.: l 9 3 l • 1 9 ~ 
1.216 1.217 
1.238 l.23~ 
1.·257 l.25~ 
i.274 l.27~ 
1.290 1.295 
1.· 30 3 . l • 3 L 0 
i.'325 1.335 
1.341 l.3'=>?, 
l .: 3 51 l • 3 6 13 
1.· 357 1. 3 q 
l.'.-358 1.379 
l.355 l.37~ 
l 353 1. 3-14 
l 353 1.374 
1 3:i3 l. 3 71~ 
l 353· 1.374; 

I ' 

a.so 

1.000 
1.001 
L007 
1.013 
1.023 
1.030 
1. 039 
1. 05 l 
1.065 
1.082 
1.102 
1.123 
1.llt6 
1.110 
1.193 
1.216 
1.239 
1.259 
l. 278 
1.296 
1.312 
l.3~18 
l. 359 
l.374 
1.383 
1.386 
1.383 
1.381 
1. 380 
1.380 
1.380 

1--' 
--.J 
0 



Figure 39. Computer output 



1 N Y - iJ (1{ E C T I CJ 1\J 
. I I i I 

I ' V[LOC I TY T 1 ME = 0. C1, 

! 
REYNGLo·s: NUr·lBER. -= ;50. 0 l: CASE I I ' . 

i j i i : ' : 
'.0.40 

,y o.oo i O .o 5 0.10 0.1'5 c.20 0.25 0.30 0.35 O .. 4,:i. 0.50 
X ' ' f 

i ' ~i :· 

I 
i I 

! : I ! 
i ' I ; 

-{). 9':> . 0.000 o·. ooo o.coo 0.000 0.000 0.000 0.000 0.000 o."oob 0.000 ' b. ooo 
-0.7:, 0.000 0.001 0.001 0.001 0.002 0.002 0.002 0.001 0.001 0.00L 0.000 
-0.:iU 0.000 0.002 0. 00 S 0.006 0.007 0.007 0 • 0 O 7, : 0. 00 6 0.-004 

••-• 

0.002 0.000 -o. ,, (l ll. OOJ 0.005 0. OG 9 0.012 0.013 0.014 o.oi:1': 0.010 J.007 o. 004 0.000 
-J.30 u. ouo 0. 0 I. 0 0.0lB 0.023 O.O?b 0.025 0 • 0 2 2, : 0 • 0 Uf 0.013 0.()06 b.ooo 
-0.2:i o.ooJ O. I) l 5 (J. U2 7 0.033 O.OJ5 0.034 o. 030' : o. 024 0.016 U.008 0.000 
-0.20 0.000 0. 02 3 0. lh 0 0.048 0. 04 9 0.045 0.039: 0.030 0."021 0.011 0.000 
-U.15 0.000 0.039 U. 061 0. 069 0.067 0.060 o.oso· · 0.03d 0.026 0.013 0.000 
-0.10 0.000 o.u11 o. 0~ o 0.100 

. ' 

0.091 o.orr 0.062 0.047 0.031 0.016 0.000 
-o. 05· 0.000 0. l'tCJ 0. lt:, l 0. 143 o. 11 l:i 0.097 0.075: 0.0:>6 0 .:03 7 O.Olb 0.000 

o.oo 0.00J u. l 7 8 0. 20 l u. 1 77 o. l't4 o.l'l.tt 0.08{: 0.063 0.041 0.020 0.000 ; i o.o~ 0.00() C. 11 Y 0. 1 7 '-) C.180 0.15:.i 0.125 0.096 0.069 0.045 0.022 o.uoo 
o. 10· : 0.000 0.071 o. 118 0.161 0.151 0. i:2 7 o. 099 : o. 072 o·. 04 7 o.02~ 0.000 I-' 
0.15 ' ' O.LJOO ·o. 042 0.101 o. i.3't 0.137 o. 122 o. 098

1 

: o. 073 0.048 o. 02'~ 0.000 -..J 
[\J 

0.20 o.oo:J 0.026 0.073 0. 1 OH U. 120 o. 112 0.093,: 0.071 0 ."04 7 0.023 0.000 
0.25 0.000 _o:. o 11 o. 05 3 0.086 0.102 O.LOlJ O.U86 0.067 0.045 0.02.3 0.000 --0~3l\, ··0.000 0.012 0. 03'9 o. 068 . ,0. 065 0.083 0.078; 0.062 0. 0 1t2 0.021 0.000 
0.35: 0.000 '0.009 0. 03 0 0.0?4 : :0.011 0.076 0.070; U.0~7 0.039 0.02d 0.000 o ~- 4 o; ' 6 • o o o 

' 
0.006 o.oiJ O.Ott3 0.0~9 0.065 0.062: 0.051 u.'036 0 .o 18 0.000 

0.45: 0.000 0.005 G. Cll 8 u.035 0. 04 C) 0.():>5 0. 0 =>4' : C. 04 5 0.032 0.017. 0.000 ·- cf: 5 o: : o. o o o 0.004 o. 01_4 0.028 0. 0 1t0 0.047 o.o4l '. 0.040 0.:029 o. o t5:-· o .boo 
o. 6 0 0.000 0.003 0. oc 9 0.0i9 0.026 0.033 0 • 0 3 4' ' 0 • 0 3 0 0.022 0.012 0.000 
0.10 b~oo-:l 0.002 0. 006 0.012 O.OlB 0.023 0.024; 0.022 0.017 0.009_ 0.000 
0.80 0.000 0.001 0. 00 3 0.006 0.010 0.013 0.015 0.01'1 0.011 0.006 0.000 
0.90 0.000 o.oou 0.000 0.001 0.003 o.·oos 0.006 0.006 0.005 0.003 0.000 
1.00 0.000 -u.OOU -O.OOl -0.001 -0.JOl -0.001 o.ooc, i.J. 00 l 0.'001 0.001 0.000 
1. 25 0.000 -C.000 -0.UOl -U.001 -0.002 -0.002 -0.002 .-0.002 -6 •. 002 -0.06~ 0.000 
1. 50 : O.OOi) -0.(JOO -O.O~JU -U.000 -0.0DO -0.•JOO -0.000 -0.000 -0.000 -0.000 0.000 
l. 7 5

1 
o.uoo 0.000 -0.000 -0.000 ~u.ooo -0.000 -o.ooq ~o.ooo -o.'ooo -0.000 0.000 

2.00 0.000 o.ooc: 0. 00 0 0.000 0.000 0.000 0.000; 0.000 0.000 0.000 0.000 
o.uoo 0.000 0.000 0.000 0.000 o·. qoo .. o. oo~ l o. ooo (j .:ooo o.ooq ... b.oob 2. 1 ':> 

i I 

' ' 



Figure 40. Computer output 



VElllCITY IN X-O(RECTIUN 

o.oo o.i'o 
X 

:....0~95 
-J. 7';, 
-0. ~) U 
-0.40 
-0.30: 
-u.2j 
~o. 20 
-v. 15 
-=-0.10 
-0. Q';, 

o.oo 
0.05 
O~lQ 
0.15 

· o·~ 20 
0.25 

-- 0~ 3 o 
0.3~ 

-0-~ 't 0 
o. 4 5 

-· cf~- 5 d -
0.6Q 

-0~10 -
I u.Bo 

--0~ gq 
1.od 

--i. ·25 
I 

1.50 
L 15i 
2.00 

- 2~ 7~ 
I 

1.000 
0. 99', 
O.CJ93 
0.986 
0.972 
0.960 
o.g4z 
0.913 
0.ti6 1t 

0. 7 71 
0. 00,) 
0.000 
0.000 
0.000 
0.000 
0.000 
o.oou 
0.000 
0.000 
0.000 
0.000 
0.000 
0~000 
0.000 
0.000 
0.00;) 
b~ooo 
0.000 
0.000 
0.000 
O.OOJ 

LOJO 
o.-,99 
0. 9 ') 3 
0.9::l7 
0.974 
0.963 
0.947 
0.923 
O.otl6 
0.826 
o. 72 5 
O.ti25 
0.545 
o.,t87 
0.444 
0.414 
0.391 
0.374 
0.361 
0.351 :o. 342 

10.330 
0.322 
d.315 
0.310 
Q.307 
Ci. 30 l 
0.2'--}9 
Q.300 
'o.301 
0. 30 l 

' 

l. 000 
0.999 
u. ')94 
o. 98 9 
o. ':179 
0.971 
0.901 
o.947 
0. cj3 l 
0.918 
o. 93 8 
0. <Jl 9 
0. 87 7 
0.829 
0. 7d 5 
0. 71+ 7 
o. 71 5 
0. 6'-i 0 
o. 609 
o. 65 3 
0.639 
U.618 
0.603 
0.592 
o. 583 
o. ':>7 7 
o. 56 6 
0. 56 ,, 
0.56';, 
o. :,66 
o. 566 

TIME 0.06 

0.15 0.20 
' ' ' 

1.000 l.OlW 
0.999 ''1.000 
0.996 
0.992 
(,.Yt\6 
O.Yd2 
o. 9 78 
U.973 
0.972. 
0.980 
1.014 
l. 03 6 
1.038 
l.Ol4 
1.002 
0.Y77 
C.953 
0.931 
0.911 
C.894 
0. i:H::lO 
0.856 
0.839 
C.826 
O.Bl6 
O. tWB 
0.795 
(). "/9'1 
U.793 
Q. 79 1t 

o.794 

0.99& 
:o.997 
0.995 
0.994 
0.994 
o. 44t, 
1.003 
l.Ul8 
l. 0't<i 
'l.Ool 
1.104 
l.115 
1 • l 17 
1. 111 
1. 102 
I.091 
1.080 
'l. Ob Y 
1.059 
1. 0 1-t l 
1.020 
l. 0 l::i 
1.005 
0.998 
0.Yob 
L) • 962 
0.983 
0. 9H 1t 

,0. 984 
' ' I I 

I : 
REYNOLDS NUMuER. 

I : 
= :50. 0 

I : 
i 1 CASE I I 

0.25 
i ! 
' I 

' I 

' ' 
1. 000 
1 .-000 
l.OJU 
l. 00 l 
1. 00 3 
1.005 
l.vOt> 
l.015 
l. Q26 
1.043 
l.ut,9 
1. 1,00 
l. 129 
1.152 
1 ;1ot1 
l .' l 7 8 
l. 18 3 
l .' 1 d 1t 

l ., 18 4 
1. 18 l 
L: 1. 7 tl 
l. 171 
1.164 
l .• l 5 7 
1.152 
1.147 
1.· 1:19 
1. 13 5 
l ., ~3'.:> 
1.' l3o 

·1.'136" 
I : 

i I 
I I 

o. 30 : 0.35 
. '·• 

I 

i : 
I I 
I I 

•• I 

I ' ! I 

;o.4 o 
' I l I 
I I 
I I 
o I 

i : 

0.45 

, .. 1.:000 
1' .:oo 1 
L006 
1. 0 l l 
1 .:o l Y 
1 .:026 

l. 000: : 1. ooo 
1.000: 1.001 
1.002 ··1.004 
1.005: 1.00B 
1.010 I 1.015 
1. O l't : 1. 02 l 
1.020: 1.029 
1.029: 1.039 
1.042 1.053 
1.05':J 1.070 
1. 083 1. 092 
1.110 1.116 
1.138, 1.142 
1.164, 1.16B 
1.187 1.193 
1.20:>: 1.215 
1.220: l.23't 
1.231. l.251 
1.23'-J 1.265 
1.245: 1.211 
1.2~;0 1.2ur· 
1.255 l.303 
l.257, 1.314 
l. 257 . l. 322 
1.257 l.32H
l.257 1.333 
1.2~6 l.3't0 
1. 2 54 l. 3't l 

1.000 
1.ooi: 
l ~ 00 7 
1.012, 
1.022 
1.029 
1.038 
1.050 
1 ~-06 1t 

1.081 
1.101 
1.122 
1.14& 
1.170 
l. L14 
l.217, 
l. 239 

~:~~~ ~:~;! 
- f.253 i L 339 

i : 

·1.:035 
l."046 
1.'060 
l .:017 
1.-097 
1.120 
l. 11t5 
1.169 
1. 194 
1.217 
l.238 
l .• 2 5 b l • 2 6 0 
l •: 2 7 6 1 • 2 7 ~ 
l.:291 1. 296 
1.: 3o s· 1. 312 
1

1

.'328 1.339 
l.346 1.361 
l .: 3 6 0 1 • 3 / 9 
1.,371 1.3')4 
1. :mo 1. 406 
1.·395 1-426 
1.400 1.433 
1 .: 39 8 l • 4 .:S ~ 
l .'. 3 9 7 l • 4 3 0 
l _- 39 7 - l. 1t 3 0 
I ; I : 

0.50 

1.000 
1.001 
1.007 
l.013 
1.023 
1.030 
1.039 
1.051 
1.065 
1.082 
l. l OZ 
1.123 
1.140 
l. l 70 
l.1'14 
1.211 
1-239 
1.260 
1.280 
1.298 
1. 314 
1. 3L,2 
l. 366 
1. 38';, 
l.401 
l .4l't 
1.436 
1.444 
1.443 
1.441 
r .-,t4 l 

I-' 
-..J 
,I>-



Figure 41. Computer output 



VELOCITY IN Y-DIRECTIUN TIME 
! : 
·- 0. 06 
i : 

0.1s:; c.20 

- I ; 
REYNOLl);s' NUMBEK 

X 

;y' 

I 

I 

0. 01) 0.0:i 0. l 0 0 .:25 

-0·~95': 0.000 o·.uoc u.00·0 u.ooo 0.000 0.000 
-:J.75: o.ooa 0.001 o.ocn 0.001 0.002 o.Jo2 
-o.so:: 0.000 0.002 o.oo,s 0.006 · :0.007 0.:0:01 
-0.'t0' 0.C;0Q u.oo~ 0.009 0.011. .0.013 0.014 
-0.3o'; o.oou 0.010 0.018 0.023 0.026 0.0·25 
-0.25·: 0.000 0.015 U.027 0.033 0.035 0.'034 
-0.20:; 0.000 :0.023 o.or~o o.o4H 0.049 0.045 
-0.15 '. 0.000 0.039 0.061 0.069 0.067 0.060 
-O.lQ • 0.000 0.071 0.098 C.100 0.091 0.077 
-0.os· O.OOJ O.l 1t9 0.161 0.143 0.119 0.097 
u.uo: 0.000 0.11a 0.201 0.1n :0.14,, o.·114 
0. 0 5

1 

: 0. U OU O. l 1 9 0. 1 7 'i C. U:lO O. 1 :> 5 0. 1'2 5 
0.10 0.000 0.011 o.ns o.1ti1 :0.151 o.·1'21 
0 • l 5: : 0 • 0 0 u O • 0 4 2 0 • 1 0 I. 0 • 1 3 4 0 • l 3 7 0 • l 2 2 
0.20 0.000 0.026 0.073 O.lCH 0.120 U.112 
0.2s 0.000 0.011 o.os3 o.oa6 0.102 0.101. 
~=jri 0.000 0.012 0.040 u.068 0.086 o •. dbs-
0~3~ 0.000 0.009 0.030 0.054 0.012 0.011 
0.40· 0.000 0.006 0.023 d.o 1t4 ,0.660 o.:ob6 
v.45 0.000 :0.005 o.01·a 0.036 ·o.oso 0.051 

0. 30
1 

0 .35 

t .. . .. 
0.000: 0.000 
o.ooi: 0.001 
o.ooi: 0.006-

1 ' 

0.013 ; 0.010 
o.02z:: 0.01s 
o. 030' , o. 024 
0.039; 0~030 
0.050 0.0.3t! 
0.002 0.0't7 
0.076 0.056 
0.087 0.064 
0.096, 0.069 
0.099,: 0.073 
0.09g: 0.013 
0. 0 94 : 0. 0 71 
0. 0 8 7 ' 0. 06 7 
6.079' 0.063 
0.071: 0.057 

--o.so --·o.ooo ;0.004 o.oi:~ 0.029. ,0.042 o~:o4Y-
o.oo 0.000 0.003 0.010 0.020 · :0.030 0.031 

o.-063 0.052 
0.055 0.047 
0~049i: 0:042 
0.038: 0.033 
0:029 '. 0:027 
0.023: 0.021 

-· o: 7q - 0 • 0 0 0 0 • 0 0 2 0 ~ 0 J 7 0 ~ 0 l 5 . ; 0 • 0 2 2 0 ~' 0 2 8 -
0.80 0.000 0.001 0.006 0.011 '0.017 0.022 

-0~90 6.000 0.001 0.00'4 0.009 0.013 -0.-011 
_1~oq O.OOJ 0.001 0.003 0.007 u.010 U.013 

1.25 0.000 o.ooc 0.001 0.003 .o.uo~ 0.006 
1.so o.cioo -0.000 -0.000 -0.000 --D.u:.~: 0.000 
1.1~ o.oo □ -0.000 -0.000 -0.001 ~0.001 -0.001 
2.00 0.000 -0.000 -0.000 -u.ooo -o.ouG -o.uao 
2.75 O.OvO 0.1H)C 0.000 0.000 0.000 O.QOO 

0.018 '. 0:011 
0.015 0.014 
0.007 0.007 
o. 000 . 0.001 

-0. 0 0 l .-u. 00 l 
-0.000 :-0.000 

0.000: 0.000 

' 
= :so. 0 

o'.40 
-i : 

I : 
o' .:ooo 
0 .:00 l 

·0.004 
o'. oo 1 
0.013 
o .'o 16 
0·;021 
0.026 
0;031 
0.037 
0 ;041 
0.045 
O. Qi~ 7 
0.048 
o; o,t 1 
0.045 
0.01t3 
0 .'040 
0.03b· 
o.:033 
o:·030 
0.024 
0.020 
0.016 
0.013 
0.011 
0.005 
0.001 

-0.-001 
-0.000 

0.000 
' 

[\c.\s1:: 11 
! ' 

0.4:5: 0.50 
-· - -· -- f ! -

I ' 
' ' 
/ ' 
' ' ! I 

0.000 
0.001 
0~002 
0.004 
0.007 
0.008 
a.on 
0.013 
0.016 
0.018 
o.ozo 
0.022 
o.ozj 
0.024' 
0~024. 
0.023 
0.022 
o.ozo 

- 0 .o f9· 
O.Olt 
o.01~ 
0.013 
0.011 
0.009 
0.001 
0.000 
0.003 
0.000 

-0.001 
-0.000 

0.000 

()~000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

-0.000 
0.000 
o.uoo 
0.000 
0.000 
0.000 
0.000 
o.ouo 
0.000 
0.000 
0.000 

I-' 
-..J 

°' 



Figure 42. Computer output 



VELUCITY Ir-. X-UIRf::CTIUN 

y 

X 

-lJ.95 
-o. 7'.J 
-0.~.iO 
-J. 'tu 
-J.30 
-0.25 
-0.20 
-J.15 
-J.10 
-0.05 
- o. 00 

o. 05 , 
O. l O , 
o. 15 : 

-0. 20 : 
o. 25 : 
o. 30:: 
o. 35 : 

- o:4o: 
o. 4~ j 

-0.50: 
o. 6Q : 

-0~ 19 :•-· 
0.80 

-·o. 90 ·- · 
1. 00 , 

--i -~ 2 5 -; -
l. 5 0 : 

' I 

1. 1~ l 
2. 00 : 
2. 7 S, 

o.ou 

l.OOJ 
0.9Y9 
O. S·93 
0.9&6 
0.972 
0.960 
0.942 
0.<;;13 
u. lJ 6 1t 

o. 771 
6.000 
0.000 
0.000 
0.000 
0.000 
0.000 
()°. 000 
0.00J 
o.oou 
0.000 
0.000 
0.000 
6.00J 
0.00J 
0.000 
0.000 
o.ouo 
0.000 
0.000 
0.000 
0.000 

0. 0 '::> 

i'.ouo 
0.999 
O.Y'-d 
0.987 
0.974 
0.9b3 
O.'J47 
0.923 
0.886 
().826 
0.72':J 
0. 62 5 
0.545 
0.487 
.0.Lt44 
;O. 4l't 
·o. 39 l 
o. ·n4 

!Q • 3b 1 
().351 
0.342 

I : 

0.330 
···:0.322 

·o. 315 
·o.3i0 

Q.306 
v.29S 
0. 29 1t 

0. 29 l 
o.zes 
q.2t17 

' 

0. l 0 

l. OU 0 
o. 999 
0.994 
o. 98 9 
U.979 
o. -;J7 l 
0. 96 l 
0. 94 7 
0.931 
O. 91 B 
o. 9J 8 
o. '-'.Ji'-) 

0.877 
0. 82 9 
o. 7o s 
o. Ft 7 
0. 71 5 
0.690 
0.669 
0. 65'3 
0.639 
0.618 
0.b03 
0.592. 
0. 58"3 
0.576 
O. 5r; 3 
u.5':>5 
o. 5.:>0 
0. 51, 6 
0. 5 1t i 

TIME 
I I I ' I I 
I • • I 

REYNOLDS NUMBER = ;50.0 
- i . ; ., . . . i ~ . . . l i -- i l 

I ' I , 

I O .10 I ; CASE I I 

0. 15 0.20 
: ! i : ! : ! ! 

0.25 0.30, 0.35 !0.40 0.45, 
1 I I I I 

! : : : i : 
i : - • ·1 : ··-1· :- ... - - . --1' ; 

1.000 1.000 i.doo 1.000 i r.000-··t.:ooo ·- 1.odd 
0 • 9:.; 9 . ) • 0 0 0 l • 0 0 0 l • 0 0 0 '. l • 0 0 l l .' 0 0 l l • 0 0 1. 
o.996 · :o.9'..Jo 1.000 1.002: 1.00Lt t:006 1.001 
U • 9 9 2 : : 0 • 9 9 7 l • 0 0 l l • CO~ ; l • 0 0 8 l .' 0 11 1 • 0 l 2 
0.980 0.995 1;d03 l.blc.i: 1.015 T.019 1.022." 
0. 9 ti 2 . 0 • 9 9 4 l • 0 0 '::i 1 • 0 1 4 ; l • 0 2 l f.' 0 2 6 - l • 0 2 9 
0.978 0.994 1.:008 ·1.020: l.029 l."03:, - 1.038_ 
0. 9 7 3 0 • 9 9 D l .. 0 l 5 l. 0 2 9 ; l . 0 3 9 l _- OLt 6 l. 0 5 0 
0.912 1.003 1.u26 1.ottz; 1.os3··-·t.O6O 1.004 
0.980 l.Olti l.u43 1.059: 1.070 1.'077 1.081 
l • 0 l 1t l • 0 4 9 l • 0 6 9 1 • 0 8 3 ; 1 • 0 9 2 l ; 0 9 7 l • l O l 
1.036 1.081 1.100 1.110: 1.116 1.120 1.122 
l • 0 3 8 , ; l • l Ll4 l -. 12 9 l ; l 3 8 : l • l 4 2 l. 14 5 l. 14 6 
1.024. l.115 1.152 1.164 '. 1.168 i.169 1.170 
1.002 1.117 1.168 1.187' 1.193 l."194 - l.1Y4 
0. 9 7 7 l • 1 11 l • 1 7 8 1. 2 05 '. l • 2 15 1.: 2 l7 1 • 2 17'. 
C.953 1.102 1.183 1.220 I 1.234 1.23a l.23~ 
0 • 9 3 l : , l • 0 9 l 1 • l 8 1t l • 2 31 : 1 • 2 5 1 l .' 2 5 8 l • 2 6 0 
0 • 9 1 l : , l. 0 o O 1. 1H 1-t l. 2 3 9 : l • 2 6 5 1..- rt 6 -- l •;2 7 9 
C.894 ! :1.069 1.:181 l.2 1t5 j 1.277 l.;291 1.296 
0.t>b0 ':1.059 1·:111:3 1;250 :-1~287- "l.'30:i --1~3t2"" 

I ! 1 r j I , ; 1 

0.856 ':1.041 l.1'71 1.255: 1.303 1.-328 1.33<:J 
b.839: ;1.b2b·-- f.)6.4 -L25f\ 1~314- 1.:346 ---· l-.36t· 
0.826: ;1.014 1.·1:s1 1.257: 1.322 l.361 I.38LJ 
0.815: :1.oos· ~1-~1sc-··1 .. 2s1··1~329~·-1.:37z ·-1~395--· 
0 • 8 0 7 ! : 0 • 9 9 7 l .' 14 7 1. 2 5 7 l • 3 3 3 1.: 3 8 1 1 • 401 
0 • 7 Y 2 : 0 • 9 8 3 l .- l 3 8 l ; 2 5 6 l • 3 4 2 - - l .: 3 9 8 l ~4 3 0 
C.7ti2 0.974 l.i32 1.2~5 · l.347 1;409 l.44~ 
C • 7 7 6 0. 9 6 8 l • l 2 .3 l • 2 5 ~ ! - l • 3 5 0 - l .: 'tl 6 l • 4 5 5 -
0.111 o.964 1.i25 1.z5~' 1;353 1J4z1 1.462 
C.761 0.961 1.123 1.254 l.35~ l."426 I.469 

I • I . ! : 

0.50 

l.00b 
1.001 
l.007 
1.013 
L023 
1.030 
1. 03') 
1.051 
1.065 
1.082 
1.102 
1.123 
1.146 
1.170 
L 194 
1.217 
1.239 
1.-260 
1.280 
1.298 
1. 314 
1.343 
1.366 
l.386 
1.402 
l.415 
1.440 
1.457 
1.468 
l.475 
1.483 

I-' 
-..J 
00 



Figure 43. Computer output 



VELlJC.IfY II, Y-Crn[CTIUN 

X 

-0.95 
-0.75 
-U.50 
-0. 't0 
-0.30 
-0.25 
-0. 2 0 
-J. l ':> 
-0.10 
-0.ll5 

o.oo 
0.05 
0.10 
0.15 
0.20 
0.25 
0.30 
o. 3 5' 

-0~40 
o. 1-t5 

-·-,L so· 
o. 60 

-6~ 70 
0.80 
0.90 
1.00 

y 

-·1~·25 ' 
1.50 
1.7~ 
2.00 
2. 7 ~ 

o.oo 

0.000 
0. (H)O 
o.uoo 
0.000 
0.000 
o.oou 
0.000 
0.000 
v.ooo 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0 • 0 Q L) 

0.000 
0. 00\) 
0.000 
0.00J 
0.000 
0.000 
0.000 
0.000 
0.000 
o. 00'.) 
0.000 
0.000 
0.000 

0. O'::> 

o·.o uo 
0.001 
O.Ou? 
0.005 
0.010 
0.015 
O.Ol3 
0.039 
0.071 
o. 14<) 
0.11s 
0. 119 
0.011 
0.042 
o. 02 6 

o'.017 
(J.012 
'o· .009 
0.006 
0.005 
:o. 004 
0.003 
0.002 
0.002 
O.Oul 
0.001 
0.001 
0.00l' 
0.000 
o.ouu 
0.000 

0. 1·0 

0.000 
0. 00 l 
0.005 
0. 0,) 9 
U.018 
0. 02 7 
U. 04 0 
O.OSl 
O. 09 d 
0. lu l 
O. 20 l 
0.174 
o. 13 8 
0. lJ l 
0.073 
0. 0:.i3 
o. 04 0 
0.030 
b.oi3 
0.019 
o.0(5 
o. 01 0 
o. 00:7· 
0. 006 
0. 00.4 
0. 004 
0.002 
0.UJ2 
O. OCH 
0. 00 l 
0.000 

lIME 

0.15 

0.000 
0.001 
0.006 
0.012 
0.023 
0.033 
o. 04 8 
0.069 
O.lOG 
0.143 
0.177 
0.180 
0. 161 
0.134 
0.108 
0.086 
0.068 
0.055 
U. 04 1t 

0.03G 
0:029 
0.020 
0~015 
0.011 
0.009 
u.007 
o.oo~ 
0.003 
0.002 
0.001 
u.uoo 

- 0.10 

0.20 

.o. ouc 
0.001 
0.001 
0.013 
0.026 
0.035 
:o.olt9 
·o.061 

. o.o,n 
· ·o. 11 9 
:o. l't4 
'o. 155 
:o. 151 
0.13B 
0. 120 
0.102 
0.086 
:o. 0 7 2 
:o. 060 

• :0.050 
:;0.042 
I :o.030 
:o. 023 
;O.017 

. ;O. bl.ti . 
:0.011 
0. Ll07 
0. OO~i 
:o. 003 
0.002 
0.000 

! 
0 .•2 5 

o. o·oo 
0.002 
o.co1 
o. 0 l't 
0.025 
0.034 
o. o·,t 5 
c. 060 
0.011 
0.097 
o. 114 
o. 12 S 
0.121 
c.122 
0.-112 
0.101 
0.038 
0.011 
0.066 
0 .'Q'5 7 
0 ~:Q49 
0.-037 
o~'!J,28 
0.022 
o.-q11 
O. Ol't 
0.009 
0.006 
0.004 
0.003 
o.qoo 

! : I : 
R E:: Y NU L D S1 NU tJ. BE- R =' '5 0 • 0 

I : 
. CASE 11 

; 

o. 30: 0.35 
j : 

:o'.40 
i ; 
I I 

0. tt s: 0.50 

I : 
- 1 - --- . - - i :· 

I I 

' ' 0.000 0.000 
0.002 0.001 
0.001; O.OOo 
0 • 0 l 3· 0. 0 l 0 
0. 0 2 2_ 0. 018 
0.030: 0.024 
0.03':i 0.030 
o • o 5 o· o • o 3 s 
0.062. 0~041 
0.076 0.056 
0.087 0.064 
0.096 ; 0.069 
U.099: 0.073 
0.09B

1

: 0.073 
0 • 0 94 : 0 • 0 7 l 
0.087; 0.067 
0.07~: 0.063 
o.cnl: 0.057 
6~063: 0~052· 
0. 0 5 5

1 

i O. 04 7 
o·. ()49 ( d~ 042 - .. 
0.038 I 0.033 

-- 6.03()°: 0~·021 
0.023 ! 0.022 
0.019 ··o.01s 
0.016: 0.015 
0.010: 0.009 
0.007: 0.006 
0. 004 ; 0. 004 
0.003: 0.003 
o.oo~, 0.000 

l 
I 

0.000 
0.001 
o· .·004 
0.007 
o·.-o 1J 
o.·016 
0 .-02 1 
0.026 
0.031 
0 .:03 7 
0.041 
0.01-t-5 
0.047 
0 •

1

048 
0.:047 
o.'045 
0.043 
0.'040 
0 .-036 
() •

1033 
0;030 
0.025 
0 ~·020 
o. 1016 
0 .'.O 14 
0.011 
0.007 
0.005 
0.:003 
0.0U2 
0 .:ooo 

! l 
o. ooo: 
0.001' 
o.ooi 
0. 004· 
o.oot 
0.0UH 
0.011 
0.013 
0.016· 
0.018 
0.020 
o. 022. 
o. 02 j 
0.024 
0. O 2,.-
0.023'. 
o. 022·· 
0.020 
o.01~--
0.01·( 

·· o .o r6··· 
0.013 
o~on 
0.009 
O.OOT 
0.006 
0.004 
0.003 
0.002 
0.001 
0.000 

0.000 
0.000 
6.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
o~ooo· 
0.000 
0.000 
0 .. 000 
0 .. 000 
0 .. 000 
0 .. 000 
U ,,000 
0.000 
0.000 
0.000 

I-' 
00 
0 



Figure 44. Computer output 



i : ; : ! I 

I 
I 

Vt.::L UC ( I Y IN X-OlR.ECTICN TIME 0. 111 R t::YNOllJS NUMBEK = 50.0 CASE l I 
i ' : ; ' I : :y o.oo 0.05 0.10 0. 15 0.20 0.25 0.30 0.35 :0.40 0.45 0.50 

X : : ' i ! I ' I ' I 
: j ' I : 

I ; : 
! ' I '. 

-0.95 1.00~1 1.ouo l. Ou o 1.000 1.000 1. 00 () 1.000 
' 

l ~ 000- r.·ooo · 1.000 1.000 
-0.7'3 0 • .:;99 0 • 9'i '-J 0.999 U. c.,99 I.UlJC 1.000 1.000 1. 00 l. 1 .'oo 1 1.. oa 1 1.001 
-0.50 0.993 0.993 0.9')4 O. <,H6 .0. 99H 1.000 1.002 1. 00 1t 1.-006 ·1.007 1.007 
-0. 110 0. l:.186 o.-)87 0.989 0.992 .'0.9S7 I.001 1.oos 1.008 1.011 1.012 1.013 
-0.JO 0.072 o. 9 74 0.979 U.986 o.•;;19:; 1. 00 3 1.010 ; 1.015 1.019 1.021. 1.023 
-o. 2 'J 0 .. 960 0 .96 3 0.971 0.982 ·o.99't 1.00~ l.Ol't 1.021 l. 026 l. 02':J 1.030 
-0.20 0. 94 .z 0.947 0.961 O.LJ78 0.994 l.ODH 1.020 1.029 1.-035 1.03$ l. 039 
-0.15 0.913 0.923 0. 'Jtt 7 0. 9 73 0.9Y6 1.015 1.02':J 1.039 1.046 1.050 l.O~l 
-J.10 o. tl& 1-t 0.8d6 0. 93 1 0. 97 'l.. : l. 003 l. 026 l. Ot, 2 1.053 1.060 l. 06 1t l. Oo::i 
-i).05 0.771 0.826 0.918 0.980 l.iJ18 1. 04 3 1.05() 1. 070 l.Oll l. 0 g l 1.062 
o.o~ i).00:J 0.725 0.910 l. 0 l't ) • 04S 1.069 l.08J 1.092 1.097 l. l u l 1.102 
0. 0 ':> 0.000 0.625 o. 91 9 1.036 1.081 1. l.lJO 1. 110 1. 116 1.120 1.122 1. 12 3 
0.1~ 0.00:J 0. i;,45 0.877 1.038 1.104 l. 12-7 1.138 1.142 1. 145 1. 1'+6 l • l 1tb I-' 
0.1:, 0.000 0 • 1t 8 7 0. 82 9 l.024 1. 115 1.152 1. l 64 l.168 1.169 l.170 1.170 CX> 

f\,) 

0.20 0.000 l).l~4 1l 0. 7J 5 1.002 l. 117 1.168 l .1 o t 1.19 3 l. lY4 l. l 9 1t 1.194 
0. 2:. 0.000 Cl. 1tl ,, o. 74 7 0.977 'l. 111 l. l 7 8 1.205 ' 1.215 1'.217 1.217 1.217 ' ' 0.30 o.uoo o. 391 o. n 5 0.953 :1.102 1.183 l.22~ 1.234 l.238 1. 2 39, 1.239 
Q.35 0.000 :o. 314 0.690 0.931 l.091 1.

1

1134 1. 2 3 L 
' 

1.2~1 i ~- 2 :,ts 1.260 1.260 : o. 40 0.000 o·. 361 0. 6f._;9 o. 911 : l. 080 L 18'• l .'2 39 ' 1.265 1.:276 1. 2 /9 1.280 I ; 
1.

1 181 o. 45 0.000 0.351 o. 65 3 C.894 :1.069 1.245 1.277 1 .: 29 1 1.296 1.298 
u. 50 b.ooo .o. 342 0. 63 '-} O.oBO 1.05'.I 1.-11u - l.25~ :- 1.28T 1.:.305 l ~ 312 1.314 
0.6U 0.000 :o. 330 0.618 0.8:,6 i 

:l.041 1.\11 1. 2 55, 1.303 l .: 328 1.33~ 1.343 
! o. 1q 6.000 :o. 32 2 0.603 0.839 :1 .026 1 .: u,4· · 1.257 1.314 

.. 
r.-346 1.362 1.366 I o.sd O.OOJ :o.31s 0.592 0.826 '1. 0 1.1t 1. 1 1:57. 1.257: 1.322 i.'361 1.380 1.386 

O.<Jtj 0.000 
: 
U •. 110 0.583 0.815 : l. OOS . 1;1':>l 1.25(! 1.329 1.- 372 - l. 402 1.395 

1.00 0.000 0.306 0.576 0.807 0.997 1.' 1'. 1+ 7 1.257 1.333 1 .: 381 1.407 1.415 
l. 2 5 0.000 0.299 . 0. 56' .3 0.792 0.9B3 1.·1·3u l.25b 1.342 l.398 1. 4 30 l.4 1t0 

I 

1)132 1. ~L) o.uoo 0. z.:1t, O. 5S '.:> 0.7d2 0. 97 ,, l. 2 ~'.:> 1.347 1.409 1. 1t4~ 1.457 
l. 7 5. 0.000 0. 291 0.550 c. l 76 0.968 1. L 2B 1. 2.:>5 ; 1.350 1.:1t16 1.45~- 1.468 
2.00 0.000 0.2d9 0. 51-t 6 1).771 0. 96 11 1. 12 5 1.25t; 1. 35 3 l _-,t22 1. 1t62 1•Lt76 
2. 7':> 0.000 0. 2d t, C • '.:> 1t l 0.71:.iS o. ·;159 l. 1.2 2 l.?5 1t 1. 35(, 1.:428 l. 1t? l, 1.486 

I 
I : 



Figure 45. Computer output 



i : I : I i 

!(CASE II Vt:L oc'r'rv IN Y- DI f{ E- CT I lJ 1\1 T I Mc ==' 0. l 't 
' 

KEYNULD,S1 NIJMt:3Ek = '.so. 0 
: ' i ;. • ,_ 

I 
I ' 

1 ; 
- I i ·-. --

, ' I : ' ! : y, o.oo 0.05 0.10 0. 15 i . 0. 20 () .:zs o. 30, ; 0.35 :o .40 o .4·s: a.so -
i ; - l .: X , , i '. : ' 

j ! I : I ' . ' . ' i : ! ' I ' I : 
I ' I ' I I . ' i ! ·1 : I • i : .. 

0.000 ·o·. ooo o. oo·o o.obo 0.000 0.000 0.000:; o.·ooo --·- o."ooo .. o. ooo•· o. ooo -0.95 
-o. 7'".:> 0.000 0.001 0. 0,) 1 0.001 . ;0.002 0.002 o.ooi: 0.001 0.001 0.001 0.000 
-0.~>0 0.000 0.002 o. oo·s 0.006 0.007 0.007 0.607;: 0.006 0.004 0.002 0.000 
-0.40 0.000 0.005 o. 009 0.012 ·o. o 13 0.014 0 • u l 3: : 0 • 0 1 0 0.-001 0. OLVt 0.000 
-0.30 0.000 0.010 J.018 0.02j 0.026 0 ._0·25 0 • 0 2 z: ; 0 • 0 l 8 ... 0.013 0.007 0.000 
-0.25 0.000 0.015 0. 02 7 u.03.3 0.035 0.034 0.030 ' 0.024 0.016 0.008 0.000 -o .. 20 o.oorJ 0.023 0. Olt 0 u.o4a o. 04 9 0. 0 1t 5 0.03-i; 0~030 o."021 o.011. 0.000 
:-0- 15'. . O.OOJ 0.039 o. 06 l 0.069 o.u67 0.060 0.050' 0.038 0.026 0.013 0.000 
-0.10 O.OOJ 0.071 lJ. 09 8 u.100 0.091 · o._0:11 0.06L 0. 0 1-t 7 0.031 0.016 0.000 
-o. 0~: ' o.oou 0.l'-t9 0. lb 1 0.143 0. l l Y 0.097 0.07b O.O:i6 o'.037 0. 0 lb_ 0.000 . . . 

0.000 0. 118 0.201 o. 1 77 :o. 1'+4 0 .-114 O.OH7 , 0.064 0. 0 1t l 0.020· 0.000 0. 00 ' 
o. os: : 0~iJ00 0.119 0. l 7 9 0.180 0.1:i5 0.125 0.096: o.069 0. 0 1t5 u.022 0.000 
o. 10 : 0.000 0.071 o. 13 8 0. 161 0. 15 l o. 12 7 6.099: 0.073 0 .. 04 7 o·. b2°3 0.000 1--' 

... ()~_ l ::i: 0.000 Q • 0Lt 2 0. 10 l 0. l 3 1t 0.13b 0.122 0.098 0.073 0.048 0.024 0.000 
00 
.i::,, 

0.-112 
.. o. 20 0.000 p.026 0.073 O. l C8 0.120 0. 0 94 · 0. 0 71 0.047 o. 024. 0.000 

... 9. 2 5' 0.000 0.017 o. 053 C.OB6 0.102 0.101 0.087. 0.067 0.045 0.023 0.000 
o. 30: 0.000 0.012 o. 040 0.068 · :o.OH6 0.088 0.079; 0.063 0.043 0~022 

.. 

0.000 
__ 9 • __ 3 5, 0.000 0.009 o. 03 0 0.055 o.on 0.011 0.011 : 0.057 0.040 0.020 0.000 .. 
0.40 0.000 0.006 o. 02 3 0.044 · ;0.060 o.obb 0.063' 0.052 O .. 036 o. 0 (<i 0~000 
0.451 

• 0.000 0.005 0.019 0.036 0.050 0.057 0 o O 5 'J
1 

0.047 0.:033 0.017 0.000 o~·so ·: 0.000 0.004 0.015 0.029: :o.042 0~·04·9 0. 0 11-') o. 042- tL·o30· -·o~-ou;-·-· 0.000 
0.60: 0.000 'o'.003 0.010 0.020 ' 0.030 a .!d3 7 o.o3d 0.033 0.:025 0.013 0.000 
0.70 ··o.ooo·· 0.002 0. 00:1 ·u.oi5 . ;b .023 o.pzo 0.030 o: 02.-1 c) ~·o 20 O~ol"C-·o~·ooo 
0.80 0.000 0.002 0.006 0. 0 l 1 , ;O. 0 1 7 o.-q22 (J. 023' 0.022 0 .:o 16 0.009 0.000 - .. -· - . 

0.000 o.ou1 
.. 

0.004 0.009' 6.bl4 0 .:01 7 ··· o·.01CJ o·~ 01 a· 0.014 .. 0~ 001:·-. 0 ~ 000 0.90 
1.00 0.000 0.001 0.004 0.007. :0.011 0.014 0.016 0.015 0.011 0.006 0.000 ~ - ~-- .. 

0.000 0.001 0. 00 2 0.005 ·O. 007 
.. 

o. 00•:i 0.010 0~009 d.001 0.004: 0.000 l. 2 ~ 
1. 50 0.000 0.000 0. 00 2 u. oo·; 0.00? 0.006 o. 007 : o. 006 0 .'005 0.003 0.000 ---

0.000 0.000 o. cio 1 (J.002 10.003 0. 00 1+ 0.005; 0.004 0.-003 0.002 O.OulJ 1.75 
2. 00 , 0.000 O.OJO 0.001 0.001 O.uOL 0.003 0.003: 0.003 U .' 002 0.001 0.000 
2 • . ('j; o.oou OeOUO 0.000 O.JUJ ,\.l. 00C 0.v0iJ 0. ooo: 0.000 0.-000 o.oo~ 0.000 



Figure 46. Computer output 



; ; 

! ' 
; ; i ' ! Vl::l.OCITY IN X - D lfU: CT I UN TIME O.lil REYNULIJS NUM~EK = :50. 0 ' CASE I I 

' ' 
: ' ' I ' - i ; 

I 

o. 3~ : 
i 

0.4:i y o.oo 0.05 O. l 0 0. l'J 0.20 () •· 2 'j 0.35 ·o. 40 0.50 
X ' ; I ' i i ' 

' ' ' ' ' i ' I ' I ' ! ' ! i ' 

L!doo .. ' I -o. -) 5 1.000 1.000 1. 000 1.000 , l. 000 1.000 
' 

L ooo t .. ·ooo 1.000 1.000 
-0. 7':> 0.9'-N 0. ')<.)CJ 0.999 0.999 1.000 1.000 1.000 ' l. 001 1..·001 1.001 1.001 
-0.50 0.993 o. 9;>3 0. 99 It 0.996 ;0. 99b 1.000 l. 002 : l. 00 't l.OOt> 1.001 l.007 
-u • 1t 0 0.()8b 0.9H7 o. 98 9 0.99L 0.'-)()7 1.001. 1.oos:: l.008 1.011 1.012 1. 013 
-u.30 O. 'J7 l b.97 11 0.979 o.986 o. 995 

' 
1.003 1.010 

' 
1.015 1.019 1.022 1.023 

-l).2') 0.960 0.963 u. 9 71 0.982 ·o.99't 1.005 l • 0 l 1t 
' 

l. 02 l l. 02& 1.029 1.030 
-(I. 20_ 0.9 1tZ l). 9 't -, o. 961 0.978 o. 99,, l. 008 1.020 1.029 l _-035 1. 038 1.039 
-0.1~ o. 913 00923 0. 94 7 0.973 0.996 1.01s 1.029 ' l.039 l • 0 1tb 1.050 1.051 
-0. l 0 O.db4 0.8130 0.931 0.972 l.003 l. 02 6 l.042 ' l. 053 1.060 1.064 1.065 
-J.05 0.771 0.826 o. 91 8 0.980 1.018 l. 0't3 1.059 1.070 1. 0 77 1.081 1.082 

o.oo O. GO;) 0.725 O.LJ3d 1.014 : l. 04 9 l _-Ob9 l.OB3 1.092 1. 097 l. 101 1.102 
0. 0 5 U.GOO 0. 62 ':> 0. 91 '-J }.036 l.Udl 1. l O 0 1.110 ' l. 116 l. 120 1.122 l. 12 3 ' iJ. l O 0.000 O.S45 o. 877 1. 038 

.. 
1. l 04 1:·129 1 • l 3 E\ 1.142 1.145 1.14{) 1. l't6 I-' 

' ' co 
0. 15 o.uoo 0.4B7 0. 82 9 1.024 l. l 15 1. 152 l • 1 6 1+ 1.168 1.169 l. l 70 1.110 O'\ 

0.20 O.OOJ 0 • 1t 1t 1t O. 7H5 l.002 1.117 1.168 l.1B7 l. 193 1;194 1.194 1.194 
0.25 O.OOJ o. 'tl4 o. 7 1i 7 0.977 l. 111 l. 178 1.20'.> 1.215 l. 2 17 1.211 1.211 
0.30 

: 
0.391 o. 71 ~ 0.953 1.102 l. 18 3 1. 2 20 l.23 1t 1.238 l.23~ 0.000 1.239 

l. 091 1.184 1.231 
! : 

l .: 258 l .260 0.3S 0. 00~) 0. 3 7 1t o. 690 0.931 1.251 1~260 : .. o. 1t0 0.000 0.361 0. 66°9 o. 911 1.080 1.184 1. 2 3~ ' 1.265 1.;276 1.219 1.280 
0.4~ O.UOJ 'd.351 0. 65'3 C.b94 :1. 069 1. 18 l l. 2't5 i l. 2rt 1 -'.29 l 1.296 l.298 

-o~sJ 0.000 
-, o. 3't2 L). 63 9 O.HHO l.059 1.· 178 l.250: 1.-287 1.:305 1.312 l. 3 l't 

o. 60 0.000 0.330 0. 61° i3 0.856 ·1.01+1 l •· 171 1.255 
' 

1.303 l •· 32 8 l.33Y 1.343 
0.7~ 0.000 0.322 0. oO 3 o.839 ,l.02c, 1. l 6 1t 1.25 7 

' 
1. 3 l't 1.346 l.3bZ: 1.366 

0.80 0.000 0.315 u. ~9 2 0.826 : 1. 01', l .: 15 7 l.25~ ' l. 32 2 1.361 1.380 1.386 
' ·-

0.90 b.ooo 0.310 O. ':>U 3 0.1115 1.00':> 1. l, ':> l 1.251 
' 

1~329 1 •· 3 7 2 1. 39? 1. L102 
l. 00 0.000 0.306 0.':>76 O.t-107 :o. 99 7 l. l 4 7 1.257 I 

' 
1.333 l _- 38 l l.'+07 l.41~ 

1.2s 0.000 Q.29Y O.Sb3 0.792 0.983 l _- 1:3H 1.256 1.342 1.39d l. '• 30 l.440 
1. ?0 0 .COJ b. 2'-Vi Q.j':)5 0.782 0.974 1. 132 1.255 1. 3't7 1.409 1. "+45 l.457 
1. 1·~ 0.000 0. 29 l o. 55 0 0.776 0.968 1.-128 l. 2 ::>~ 

' 
1.350 1 .'416 1.455 1.468 

2.00 0.000 ().2d9 0. 5,~ 6 0.771 o. 9(,'t l. 125 l • 2 :i 1t 1. =15 3 l .'422 1.462 1.476 
2. 7 '? 0.000 0.2d6 0. 5-'t l o.765 0.959 1. l,22 l. 2 54 

' 
1.356 1;42e 1.471, l. 48& 

i 



Figure 47. Computer output 



' ' 
' ' 

V~L □CllY IN Y-dI~ECTION 

Y o. o o ' 'o. o 5 
X 

-0.95 0.000 
-0.7".> 0.000 
-=-o.50:I 0.000 
-0.40 0.000 
-0.30 0.000 
-0.2~·, 0.000 
-0.20 0.000 
-0.15 0.000 
-0.10 o.uuo 
-0.05 0.00() 

o.oo:. 0.000 
o. 051 o. 000 ·-o:-io b.ooo 
u. 15' 0. OOJ 
0.20, o.uoo 
0.25-; 0.000 - o-~ 3 o· : o. o oo 
o.3~: 0.000 -a~ 40 ·r · ·o. ooo 
0.45; 0.000 

-o-~·i;q ·- 0.000 
0.60 0.000 

-0·;10 0.()00 
0.80 0.000 --o.'Jq - 0.000 
l.Ou 0.000 

--f~2; 0.000 
1.~o. 0.000 
1~7:>. \ 0.000 
2.00; 0.000 
2.. 75: 0.()()() 

o.ou~1 
0. 00 l 
0.002 
0.00? 
0.010 
0.015 
0.023 
0.039 
0.071 
0.L49 
0.178 
o. l l. 9 
0.011 
o'.042 
,0.026 
·o·. 011 
'.o'~ 012 
'0.009 
"o'. 00 6 
'o. oo 5 
·o. 004 
1

0. 003 
- :o. 002 

d.002 
0.001 
0.001 
0.001 
0. 00 C; 
o. uoo 
0.000 
0.000 

: , 
i ' 

0 .1'0 

0. 00 0 
U. O:J 1 
0.00:i 
0.009 
0.018 
o. 02 7 
0 • QIT Q 

0. Oo 1 
0. 098 
0. 161 
0.201 
0.179 
o. 13-8 
0. 10 1 
0.073 
0. 05 3 
o. 01t·o 
o. 03 0 
o.oiJ 
0. 01'9 
0.0(5 
0.010 
o. 007 
o. 006 
0. 00 1t 

o.uo4 
0. 00 2 
c.002 
0. 00 l 
0.001 
o.oo,o 

~s 

Tr ME -= 

0.15 

0.18 

0.20 

0.000 
i).001 
0.00& 
0 .o 12 
O.U23 
0.033 
o. 04 8 
0.069 
0.100 
0.143 
U.177 
C.180 
0.161 
0.134 
0.108 
0.086 
0.068 
0.055 
0.044 
0.036 
0~029 
0.020 
0.015 
0.011 
0.009 
0.001 
0. 00::> 
0.003 
ll.002 
0.001 
0.000 

0.000 
·o. 002 
:o. 007 
·o. o l 3 
0. 0 2{, 
'o.OY:> 
;Q • Qlt9 

·o. 06 7 
o.ug1 
0. ll 9 
0.14'1 

' 0. 15':> 
0. 151 

I ·Q.138 

0.120 
0.102 :O. OBt~ 
0.012 
\0.060 -
·o. O'.:>O 
:o. 0 1t2 
~o. 03 o 
0.023 
0.011 
0.014 
0.011 
O.OO"f 
0.005 
;O. 003 
·0.002 
;O. 000 
' 

I l 
I ; I , I , 1 I ! I 

REY~OLUS NUMBER= ':>0.U I I 

i : 
o'.'25 

-- - -·1: ; 

. ' 

i : 
o. 30' : 0.35 

·i·:· 

I ! 
: ' o:·o·oo a.boo 0.000 

0.002 o.ooi 0.001 
0.601 a.our o.006-
o.o14 o.01i 0.010 
0.0·25 0.022 o.01a· 
0.034 o.o3d 0.024 
o.64':> o.03~. 0.030 
0.000 0.050 0.038 
0.077 0.062 0~047 
0.097 0.076 0.056 
0.114 0.087 0.064 
0.12':> 0.096 0.069 
0~ t'27 0.099: 0~073 
0.122 0.098' '. 0.073 
0.112 0.094; 0.071 
0.101 0.087: 0.067 
o.-oss· ·0.019 o.063 
0 • 0, 7 7 0 • 0 7 1' 0. 0 5 7 
o.·066 -◊~o6i o:os~
o. 05 7 0. 0 55' ' 0. 04 7 
0~·049 O~Olt9: 0~042·· 
o.037 o.03a: o.033 
0. 02 3 0. 0 3 0 : 0 ~ 02 T 
0.022 0.023. 0.022 
o.·011· 0.019 o.01e 
0.014 0.Ul6 0.015 
a.dog 0.010 O.OOY 
0.006 0.007 0.006 
0.004 u.co~ 0.004 
0.003 0.003 '. 0.003 
0.000 0.000: 0.000 

: I 

< I 

'o'.40 

i o·. ooo 
o .'o o 1 
0 .-004 
0.007 
0.013 
O.Olb 
0.-021 
0 .·026 
0 .:031 
0.037 
0.·0,.1 
0.045 
o· .-01• 1 
o.!04a 
·0.:04 7 

i : CASE I I 
i ; --
' ' 

0. 4 ~· 0. 50 

l i 
I ' 
I ' · · o. ooo:· · -o. ooo 

0.001· 0.000 
0~002 0.000 
0.004: 0.000 
o.ooi 0.000 
O.OOB 0.000 
o.orr · 0.000 
0.013' 0.000 
0.010: o.ouo 
0.018 0.000 
0.02l) 0.000 
0.022 0.000 
0.02.3 0.000 
o. 02ft'. o. 000 

o' .:045 
o.043 -
0 .'040 
o·.'03·6 -

o~o21t, b.ooo 
0.023 0.000 
0.022, a.boo· 
0.020 0.000 
0.019, b.ooo 
0.01-r. 0.000 0.033 

·o.-o3c)· 
0.025 
0.020 
0.016 
0.0L4 
0.011 
0.007 
0.()05 
0.:003 
o.'002 
0 .:ooo 

o~or~- ·o.ooo 
0.013 0.000 

·a.ore 0.000· 
0.009 0.000 
0.007 0.000 
O.OOo 0.000 
0.001t 0.000 
u.003 0.000 
0.002 0.000 
0.001 0.000 
0.000 0.000 

..., 
CX) 
CX) 
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Other Programs 

Other problems of the same general nature as the one 

discussed were also coded. The following pages list some of 

these and briefly describe the results which were obtained 

from them. 

Steady state solution 

To obtain a feel for the problem of inlet flow in a 

channel, a steady state solution was coded. For this condi

tion, Equations 23 and 24 reduce to 

= 

and 

R o(w,<j>) 
a(x,y) 

The numerical method used to solve both of these equations was 

the method of successive displacement by points, described in 

Varga (50) and Forsythe and Wasow (13). The finite difference 

equations used were 

= 

R Ii( [k) [k+1]) ( [k] [k] ) 
+ 16L wi,j+1 - wi,j-1 <l>i+1,j - <l>i-1,j 

_ ( w ~k+] . _ w ~k+ 11_ )( <I> ~k]_ _ <I> ~k]_ )l 
1 1,J 1-1,J 1,J+l 1,J-1 j 

{in:: 60) 
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and 

Rather than the symmetric boundary conditions used for the 

time dependent solution, the vorticity and stream function 

over the entire channel was calculated. Thus the boundary 

conditions were 

cl> 0 . = jh 
,J 

, 0 < j < N+l 

WO . ,J = 0 

cl>[k+ll_ = cl> [k] 
M+l ,J M,j 

0 < j < N+l , 
[k+1] = [k] 

WM+1, j WM . ,J 

qi it Q = 0 

61) 

62a) 

62b) 

24> ~k] 
, 0 < i < M+l , 62c) 

[k+l] [k] 
+ ½~ - w!k]J = 1,1 

w. 0 w. h2 1, 1,0 1, 0 
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~i,N+l = (N + 1) h 

_ 2(N+l) _ w[kJ ] 
, O<i<M+l 

= h i,N+l 62d) 

These boundary conditions should be compared with Equations 

50 and 53 which were used for the symmetric case. 

These equations were solved in a straightforward manner 

by solving Equation 60 for w~k:lJ, l<i<M, l_<j_<N, then Equation 
J.,J - -

61 for ~~k: 11 , l<i<M, l<j<N. Finally the boundary values for 
. 1,J - - - -

the vorticity were corrected using the boundary Equations 62c 

and 62d and the process repeated until convergence was 

achieved. 

The program was run only a few times to test the pro

cedure. It required a large number of iterations and so was 

not run to complete convergence. The solution did appear to 

be approaching the correct solution as evidenced by comparison 

with Schlichting's results (40). 

Much faster convergence could be expected from an over

relaxation method, but this was not attempted. 

Preliminary time dependent solution 

As a preliminary solution for Equations 23 and 24, 

Equation 23 was approximated by the finite difference equation 

n+l n-1 
w •• - w .• 
J.,J l.,J 

26-r 
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When solved for n+l w. . , l., J 
this results in the explicit equation 

63) 

Although this equation is explicit and therefore easily solved, 

it does require the vorticity field at two previous time 

planes, and, so, is somewhat wasteful of storage. 

Equations 63 and 61 were solved with the nonsymmetric 

boundary conditions 62 and the two sets of initial conditions 

0 jh 0 i M+l <I> • • = < < 1,J - -

0 
0 0 j N+l w •• = < < , 

l.,J - -

{ 0 < i < M+l 
<I>! • jh - -= , 
1.,J 

0 < j < N+l - -

{ 0 < i < M+l 
I 

0 - -w • • = , 
l.,J 1 < j < N - - , 

I -2h 1 i M W• Q = < < , 1., - -
I = 2h 1 i M wi,N+l < < - -
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This method was found to be divergent except for very 

small time increments and so was not used. 

Extrapolation 

For a given value of they-coordinate, j, the stream 

function at the downstream end of the region can be expanded 

by Newton's forward difference formula as shown in Jeffreys 

and Swirles (21, pp. 262 ff.) to give 

n 
cf>M+l, j = n n n 

Pk ( "'M, J' ' "'M-1 , J. ' 0 

• • ' cj>M k 1 . ) + Rk 't' ~ 't' .- - , J 

where Pk is a kth order polynomial passing through the k+l 

· t "'n "'n n d R · th remainder poJ.n s "'M,j' "'M-1,j' ••• , q>M-k-1,j' an --k l.S e 

term given by 

= = 

where M-k-1 ~ ~ ~ M+l. Thus the stream function can be extra

polated to any order of accuracy desired if the derivatives 

are bounded. 

When this extrapolation technique was used instead of the 

downstream boundary conditions given by Equation 50b or 52b, 

the convergence of the stream function was much slower. This 

is to be expected since this technique lessens the diagonal 

dominance of the matrix of the SBOR method. 

It was found that convergence was more rapid with 
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comparable accuracy if the value of h was decreased or M 

increased rather than use the extrapolation technique. 

However, for problems for which:: and:; do not approach zero 

within a reasonable distance, this technique would be valuable. 

Alternative vorticity boundary condition 

The boundary values of the vorticity along the wall of 

the channel were found to be 

n 
w. 0 1, = 

n n 
2 (cj>. 0 cf>. l 

___ 1~'-=----1~,:...-- + O(h} 
h 

, 
1 < i < M 

n > 0 

in the discussion preceeding Equations 49 and 50. When the 

stream function is expanded to one higher order than was used 

to derive this result it is found that 

n 
cj>. l 1, = 

Since 

n 
- w • • 1,J = 

- :;)n = 

i,j 



and 

it follows that 

Also 

so that 

= 

aw 
ay 

n 
<Pi, 0 

)

n 

i,o 

= 

195 

r a <P = 0 ay 
i,o 

a 2<P [, = 0 ax2 

a3<J> [, = 0 ax2ay , 

h2 n - h3 ~)n + O(h4) 
T wi, o 6 ay 

i,o 

n 
W, 0 1, 

3(~r,l 
1, 0 

n 
w. 1 

__ 1-=-'- + 0 (h2) 
2 

= h 

This boundary condition was used instead of Equation 50c 

for case I. The maximum variation •,1as about one digit in the 

second decimal place of the velocities, or less than 1 percent, 

except at the leading edge of the walls where the vorticity 
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gradients were large. However, since the increase in computa

tion is negligible, for future solutions it is recommended 

that this higher order boundary condition be utilized. 

Suddenly accelerated flat plate 

A small effort was made to calculate the flow field 

around a suddenly accelerated flat plate. The boundary and 

initial conditions used were Equations 49 and 50 except that 

Equation 50d was replaced by 

= n 
~. N + h i, 

0 < i < M+l 

= 0 n > 0 

This boundary condition is equivalent to saying that u at a 

distance from the flat plate is equal to one. 

Only a small amount of effort was expended on this 

problem, but it was found that convergence was very much 

slower than for the channel problem. More work should be done 

on this problem. 
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