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ABSTRACT 

A systematic procedure for predicting the material behavior of different 

weight concretes and the time-dependent sf ructural response of non-compos ite 

and composite prestressed concrete structures is presented. Continuous time 

functions are provided for all needed parameters, so that the general equations 

presented for predicting loss of prestress and camber readily lend themsel ves 

to computer solution. 

Results computed by the materiai parameter equations are compared with 

representative data in the literature for normal weight, sand-lightweight, and 

all-lightweight concrete. Results computed by the loss of prestress and camber 

equations are compared with experimental data for a sand-lightweight composite 

bridge, and with data in the literature for non-composite and composite_ 

structures constructed of normal .weight, sand-lightweight, and all-lightweight 

concrete. Both laboratory specimens and actual structures are included in these 

comparisons. Ranges of variation are also shown for the material behav ior, loss 

of prestress, and camber results. Sample calculations are also included. 

The procedures in this paper for predicting time-dependent material and 

structural behavior represent a nominal appr oach for design purposes , and not 

definitive or statistical results by any means. Probabilistic methods are 

needed for the accurate estimate of var iability of behavio~, etc. 
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STRENGTH AND ELASTIC PROPERTIES, CREEP AND SHRINKAGE 

Strength and elastic properties 

A study of concrete compressive strength versus time for the data of Ref. 

1 - 6 (88 specimens) indicates an appropriate general equation in the form of 
6 7 8 Eq. (1) and average-value Eqs. (2) - (S) for predicting strength at any time' ' . 

' Cfc>t = t 
a+ bt 

' (fc)28d (1) 

Moist cured concrete~e I cement 

' t ') t ' ') . ' (fc)t = 4.00 + 0.85t (fc 28d; or (fc)7d=0.70(fc)28d' (fc u=l.18(fc)28d ( 2) 

Moist cured concrete~e III cement 

( ') t . ' ' ' ' ' fc t = 2.30 + 0.92t (fc)28d; or (fc)7d=0.80(fc)28d, (fc)u=l.09(fc)28d (3) 

Steam cured concrete~e I cement 

' t ' ' ' ' ' (fc)t = 1.00 + 0.95t (fc)28d; or (fc)2.5d=o. 74 (fc)28d' (fc)u=l.OS(fc)28d (4) 

Steam cured concrete, type III cemen~ 

(f~)t = 0.70 ! 0.98t (f~)28d; or (f~)2 ~5d=O.SO(f~)28d' (f~)u=l.OZ(f~)28d (5) 

' . where a and bare constants, (fc)28d = 28-d~y strength, for example, tis age 

of concrete in days, and (f~)u refers to an ultimate (in · time) value. 

Eqs. (2) - (5) are compared in Fig. 1 with the data from Ref. 1 - 6, which 

includes different weight concretes, both moist and steam curing, and types I 

and III cement. The ranges of variation irt the data, and . effect of type of 

curing and cement type can be seen in Fig. 1. All of these data fall within 

about 20% of the values given by Eqs. (2) - (5). These curves were found to 

be equally applicable for normal weight, sand-lightweight, and all-lightweight 

aggregate concrete. 

Eq. (6) is considered satisfactory in most cases for computing modulus of 

elasticity of different weight concretes9 , 10 . 

EC 33 w1 · 5 K, psi; win pcf and f~ in psi (6) 
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Creep and shrinkage parameters 

Based largely on infonnation from Ref. 3 - 6 and 11 - 19, the general Eqs. 

(7) and (8) and the standard Eqs. (9) - (11) are recommended for predicting 

a creep coefficient and unrestrained shri~kage of concrete at any time6 , 7 , 8 • 

General eguations 

ct = 
tC 

C 
d + tc u 

e 
( Esh) t = t 

( Esh) u 
f + te 

Standard creep equation--4" or less slump, 40% ambient ·relative 
humidity, minimum thickness of member 6" or less, loading age 
7 days for moist cured and 2-3 days for steam cured concrete 

t0.60 
ct 

10 + to·.60 
Cu 

For the bridge girder sand-lightweight concrete (steam cured) herein--ehe 
relative humidity, H, was 70%, and the experimental Cu= 1.72. 

The average value suggested for H = 40%--Cu = 2.35. From Eq. (14) for 
H = 70%, Cu= 0.80(2.35) = 1.88, for example. 

Standard shrinkage equations--4" or less slump, 40% ambient 
relative humiditY.z minimum thickness of member 6" or less 

Shrinkage at any time after age 7 days for moist cured concrete 

( Esh) t = t 
35 + t ( E sh) u 

(7) 

(8) 

(9) 

(10) 

-6 I The average value suggested for H = 40%--( E sh)u = 800 x 10 in in. From Eq. 
(15) for H = 70%, ( E sh)u = 0.70(800 x 10-6) = 560 x 10-6 in/in, for example. 

Shrinkage at any time after age 2-3 days for steam cured concrete 

( Esh) t = t -
55 + t ( E sh) u (11) 

For the bridge girder sand-lightweight concrete (steam cured) herein--the 
relative humidity, H, was 70%, and the experimental ( E sh)u = 392 x 10-6 in/in. 

The average value suggested for H = 40%--( E sh)u = 730 x 10-6 in/in. From Eq. 
(15) for H = 70%, ( E sh)u = 0.70(730 x ~o-6) = 510 x 10-6 in/in, for example. 

In Eqs. (7) - (11), c, d, e, and fare constants, Cu= ultimate creep coeffi­

cient, ( E sh)u = ultimate shrinkage strain, and tis time in days after loading 

for creep and time after initial shrinkage is considered for shrinkage. 
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Eqs. (9) - (11) are compared with representative data (120 creep and 95 

shrinkage specimens) in Figs. 2, 4 and 5, in which upper and lower limits and 

average values are shown. Normal weight, sand-lightweight, and all-lightweight 

concrete (using both moist and steam curing, and types I and III cement) is 

included. No consistent variation was found between the different weight 

concretes, etc., for either creep or shrinkage. The average values of Cu and 

(e: sh)u for these data (given with Eqs. 9 - 11, and shown in Figs. 2, 4 and 5) 

should be used only in the absence of specific creep and shrinkage data for 

local aggregates and conditions. However, the "time-ratio" part (right-hand 

side, except for Cu and (e: sh)u) of Eqs. (9) - (11) appear to be applicable 

quite generally. 

Values from the standard Eqs. (9) - (11) of Ct/ Cu and Ce: sh) ti ( e: sh)u are: 

1 mth 3 mtb.s 6 mths 1-Y!:. .2_Es 
Ct/ Cu, Eq. (9)-- 0.44 0.60 0.69 0.78 0.90 

(e: sh)/(e: sh)u ' Eq. (lO)-- 0.46 0.72 0.84 0.91 0.98 

( e: sh)/ ( e: sh)u ' Eq. (ll)-- 0.35 0.62 0. 77 0.87 0.97 

Correction factors6 , 7, 8 

All correction factors are applied to ultimate values. However, since 

creep and shrinkage for any period in Eqs. (9) - (11) are linear functions of 

the ultimate values, the correction factors in this procedure may be applied 

to short-term creep and shrinkage as well. 

For loading ages later than 7 days for moist cured concrete and later 
than 2-3 days for steam cured concrete, use Eqs. (12) and (13) for the 

creep correction factors. These results can also be seen in Fig. 3. 

Creep (C.F.) = 1 25 t-0.118 LA . LA for moist cured concrete 

Creep (C.F.) = 1 13 t-0 : 095 LA . LA for steam cured concrete 

where tLA is the loading age in days. For example, 

when tLA = 10 days, Eq. (12)--(C.F.)LA = 
20 
30 
60 
90 

0.95, 
0.87 
0.83 
o. 77 
0. 74 

Eq . ( 13) -- (C • F • ) LA = 0.90. 
0.85 
0.82 
0.76 
0.74 

(12) 

(13) 
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Fig. 2--Creep coefficient versus time curves using Eq. (11), and comparisons 
with the data from Refs. 3 - 6, 15, 21. For each condition indicated, 
upper and lower limits and average values are plotted. All data were 
reduced to "standard conditions" using the corr. factors herein. For 
each set of data, (3,21) refers to Ref. 3, and 21 data pts., for example 
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Fig. 4--Shrinkage strain versus time curves using Eq. (12), and comparisons 

i:: 
•r-4\0 

I 
i::o 
•,-l~ 
cu 
1-,1 ~ 
.µ 
{/) ,.c: 

(J 
Q) i:: 
t)()•r-4 
cu ........ 

.!G {/) 
p Q) 

•,-l ,.c: 
)..I (J 

,.c: i:: 
Cl) •r-l 

with the data from Refs. 3 - 6, 16, 21. For each condition indicated, 
upper and lower limits and average values are plotted. All data were 
reduced to "standard conditions" using the corr. factors herein. For 
each set of data, (3,21) refers to Ref. 3, and 21 data pts., for example 

1200 Steam Cured Concrete 

t 
(s sh)t= 55 + t (1070) 

1000 '---t---+---t---r--~ I■ I 
□ 

800 I I 1a,-c:: I I n---l 

t 
+ t (730) 

• 
600 I N I =--I- ·1 • I 

( - t ■ 
£ sh)t- 55 + t ·(470) 

I ' * 'c I 4ool Q ~ I □ 
Nor. Wt. All-Lt.Wt. 

Tp. I cem., steam cur.- 0 ·(4,1) • (4,2) 

Tp. III cem., steaJl! cur.- a (4,1) (15 8) ■ (4,2) (15,42 
0 ....._ __ ,.__ __ ....__ __ ........_ __ --i... __ __,_ __ ......, __ ____., ___ .__, __ ..__ _ __. 

0 80 160 240 320 400 480 560 640 720 800 
Time in days after initial shrinkage considered (after age 2-3 days) 

Fig. 5--Shrinkage strain versus time curves using Eq. (13), and comparisons 
with the data from Refs. 4 and 15. For each condition indicated, 
upper and lower limits and average values are plotted. All data were 
reduced to "standard conditions" using the corr. factors herein. For 
each set of data, (15·,8) refers to Ref. 15 and 8 data pts., for example 
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For shrinkage considered from other than 7 days for moist cured concrete 
and other than 2-3 days for steam cured concrete, determine the differen­

tial in Eqs. (10) and (11) for any period starting after this time. For 
shrinkage of moist cured concrete from 1 day (can be· used to estimate differen­
tial shrinkage in composite beams, for example), Shrinkage C.F. = 1.20. 

For greater than 40% ambient relative humidity, use Eqs. (14) - (16) for 
the creep and shrinkage co~rection factors7,16,20. 

Creep (C.F.) = 1.27 - 0.0067 H, H ~ 40% 

Shrinkage (C.F.) = 1.40 - 0.010 H, 40% ~ H ~ 80% 

= 3.00 - 0.030 H, 80% ~ H ~ 100% 

where His relative humidity in percent. For example, 

when H ;g 40%, 
= so 

60 
70 
80 
90 
100 

Creep (C.F.) = 1.00, 
H 0.94 

0.87 
0.80 
0.73 
0.67 
0.60 

Shrinkage (C.F.) = 1.00. 
H 0.90 

0.80 
0.70 
0.60 
0.30 
0.00 

(14) 

(15) 

(16) 

For minimum thickness of members greater than 6", see Ref. 7 or 8 for the 
creep and shrinkage correction factors, as a function of loading period and 
length of drying period. For most design purposes, this effect can be neglected 
for creep of members up to about 10" to 12" minimum thickness, and for shrinkage 
of members up to about 8" to 9" min.imum. thickness. 

This method of treating the effect of member size was based on information 

from Ref. 3, 6, 7, 8, and 21. For large-thickness members, refer to the method 

of Ref. 21 and others for relating size and shape effects for creep and 

shrinkage to the volume/surface ratio of the members, etc. 

For slumps greater than 4", see Ref. 7 or 8 for the creep and shrinkage 
correction factors. This can normally be neglected, except for high slumps. 

Other correction factors for creep and shrinkage, which are usually not 
excessive and tend to offset each other, are described in Ref. 6, 7, and 8. For 
design purposes in most cases, these may normally be neglected (except possibly 
for ·the effect of member size and slump as discussed above). 
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LOSS OF PRESTRESS AND CAMBER 

Computed loss of prestress and camber6 , 22- 31 

Non-composite beams at any time, including ultimate values 

The loss of pres tress, in percent of initial tensi.oni.ng stress, is 

given by Eq. (17). 
(2) (3) (4) 

PLt = 

~ 
[<n fc) + L\Ft. fsi ]100 

(n fc)Ct(l - ZF) + (Esh)t Ei(l + npks) + 100 1.5Logl0t ~ 
0 S1 

where: (17) 
Term (l) is the prestress loss due to elastic shortening= PLel• 

F• F• e2 Mn e 
fc =A~+ ~t - T, and n is the modular ratio at the time of prestressi.ng. 

Frequently F0 , Ag, and. lg are used as an approximation instead of Fi, At, and 
It, where F0 = Fi(l - n p). Only the first two terms for fc apply at the ends 
of simple beams. For continuous members, the effect of secondary moments due to 
prestressing should also be included. 

Term (2) is the prestress loss due to concrete creep. The expression, 
Ct(l - 6 Ft), was use.d in Ref. 22 and 25 to approximate the creep effect 

2 Fo 
resulting from the variable stress history. See the section on required calculations 
and sunnnary of gen.~1!.!_parameters for approximate values of A Ft/F0 (in form 
of L\ Fs/F0 and L\ Fu/F0 ) for this secondary effect (expression in parenthesis) 
a.t 3 wks to 1 mth, 2 to 3 mths, and ultimate values. 

Term (3) is the prestress loss . due to shrinkage.31 • The expression, 
( e: sh)t Es, somewhat (approx. 1% loss differential for the brfdge girder ultimate 
, ,aJ.ue fo the example herein) overeFtJmc:.tef::. (on se.fe side) Term (3). The 
denominator represents the stiffening effect of the steel. 

Term (4) is the prestress loss due to steel relaxation. This assume·s a 
Max. value= 7.5% (at or above 105 hrs= 11.4 yrs)6,29,30. In this tenn, tis 
time. af ler initial stre.ssing in hours. This expre.ssion applies only when fsi/fy 
is greater than or equal to 0.55, in which fy is the 0.1%-offset yield strength. 

The camber is given by Eq. (18). It is suggested than an average of the end 

and midspan loss of prestress be used for straight tendons and 1-pt. harping, 

and the midspan loss of prestress for 2-pt. harping (bridge girders herein) 6 . 

(1) (2) (3) (4) (5) 
,-----A---,. ,------A------, [ • F ] . ,--"---, ~ 

ll t = ( ll i)Fo - ( ll i)D + - ~:t + (l - 2"' F;)ct ( ll i)Fo - C/ ll i)D - L\ L (18) 

where: 
Term (1) is the initial camber due to the initial .prestress force after 

elastic loss, F
0

• See Appendix B for common cases of prestress moment diagrams. 
with formulas for computing camber, ( t::. • )F . Here F = F. (1 - n f /f i), where 

1 0 0 l. C S 
fc is determined a.s in Term (1) of Eq. (17). For continuous members, the effect 
of se~ondary moments due to prestressing should also be included. 



Term (2) is the initial dead load deflection of the beam. (6i)F = 
KM L2/Eci Ig. Ig is suggested instead of It for practical reasons. o 
See Notation for Kand M formulas. 

Term (3) is the creep (time-dependent) camber of the beam due to the 
prestress force. This expression includes the effects of creep and loss of 
prestress; that ls, the creep effect under variable stress. 6Ft refers to 
the total loss at any time minus the elastic loss. It is noted that the 
term, 6Ft/F0 , refers to the steel stress or force after elastic loss, and 
the prestress loss in percent, PL (as used herein), refers to the initial 
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tensioning stress or force. The two are related as: 6 Ft = _l_(PLt- PL 1)fsi 
6 F F O 100 e f 0 ' 

and can be closely approximated by __ t = - 1- (PL - PL 
1

) 1 
F0 100 t e -1 - - n p 

Term (4) is the dead load creep deflection of the beam. 

Term (5) is the live load deflection of the beam. 

Unshared and shored composite beams at any time, including ultimate values 

Subscripts 1 and 2 are used to refer to _the slab (or effect of the 

slab such as under slab dead load) and precast beam, respectively. 

The loss of prestress, in percent of initial tensioning stress, for unshared 

and shored composite beams is given by Eq. (19) • 

PLt 

(1) 
~ 

. (2) · (3) 

= [<n fc) + (n fc)Cs2<1 - 26;s) + (n fc)<ct - C )(1 - 6Fs + 6Ft) ~ 
o · 2 s2 2 F I · 0 C 

(4) (5) (6) (7) (8) 

+ ( e: sh) t Es/ (1 + npks) 

. , - - - --------,,. ,---A---.. ------ ~ 

fsi I2 ]100 + 100 1.5Log1ot - (m fcs) - (m fcs)Ctl I - PGDS -f-
c si 

where: 
Term (1) is the prestress loss due to elastic shortening. See 

Term (1) of Eq. (17) for the calculation of _fc. 

Term (2) i~ the prestress loss due to concrete creep up to the time of 
slab casting. Cs 2 is the creep coefficient of the precast beam concrete at the 
time of slab casting. SeeFTerm (2) of Eq. (17) for comments concerning the 
reduction factor, (1 - ~). 

2 F0 

(19) 

Term (3) is. the prestress loss due to concrete creep for any period follow­
ing slab casting. Ct2 is the creep coefficient of the precast beam concrete at 
any time after slab casting. The reduction factor, (1 - 6 Fs + 6 Ft), with the 

2 F 
incremental creep coefficient, (Ct 2 - Cs2), estimates the effe8t of creep 
under the variable prestress force that occurs after slab casting. The reduction 
factor term was modified from previous references here. The expression, 12/Ic, 
modifies the initial value and accounts for the effect of the composite section 
in restraining additional creep curvature (strain) after slab casting. 

Term (4) is the prestress loss due to shrinkage. See Term (3) of Eq. (17) 
for connnent. 



Term (5) is the prestress loss_ due to steel relaxation. In this term 
tis time after initial stressing in hours. See Term (4) of Eq. (17) for the 
maximum value and limitations. 

Term (6) is the· elastic prestress gain due to slab dead load, and mis 
the modular ratio at the time of slab casting. 

fcs 
M3 Die = ~ 

lg 
MS,Di refers 

to slab or slab plus diaphram dead load, and e, lg refer to the precast 
beam section properties for unshared construction and the composite beam 
section properties for shored construction. 
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Term (7) is the prestress gain due to creep under slab dead load. Ct
1 is the creep coefficient for the slab loading, where the age of the precast 

beam concrete at the time of slab casting is considered. For shored construc­
tion, drop the term, 12/Ic· 

Term (8) is the prestress gain due to differential shrinkage. PGns = m fed, 
where fcd=Q Ycsec/Ic, and fed is the concrete stress at the steel c.g.s. See 
Notation for additional descriptions of terms. Since this effect results in a pre­
stress gain, not loss, and is normally small (see Table 2), it may usually be 
neglected. 

The camber of unshared and shored composite beams is given by Eqs. (20) and 

(21), respectively. 

tit 

Unshared construction: 

(1) (2) (3) 
~ ~ ,-----, 

[ 
ti F s 

= (ti.)F - (ti.)2+ --F-+ 
1 0 1 0 

(1 - 2ti ~ s)Cs2] ( I:::. i)F 
O 0 

(4) 

+ [-

(5) 
r---1'-.. 

!:::.Ft - !:::.F 

Fo 
s + (1 - !:::. F + I:::. F ] 12 

; Fo t) (Ctz - Csz) ( t, i)F o le - Csz ( t, i) 2 

(6) 

I2 
- (Ct - C )(!:::.•)2-2 s2 1 I 

C 

(8) (9) (10) 
~ 12' ~ ~ 

- ( I:::. i) 1 - Ctl ( ti i) 1 Ic - ti DS - ti L 

(7) 
~ 

(20) 

where: 
Term (1) is the initial camber due to the initial prestress force after 

elastic loss, F
0

• See Term (1) of Eq. (18) for additional comments. 

Term (2) is the initial dead load deflection of the precast beam. ( tii)2 = 
K M2 L2/Eci lg. See Term (2) of Eq. (18) for additional comments. 

Term (3) is the creep (time-dependent) camber of the beam, due to the 
prestress force, up to the time of slab casting. See Term (3) of Eq. (18) and 
Terms (2) and (3) of Eq. (19) for additional comments. 

Term (4) is the creep camber of the composite beam, due to the prestress 
force, for any period following slab casting. See Term (3) of Eq. (18) and 
Terms (2) and (3) of Eq. (19) for additional comments. 

Term (5) is the creep deflection of the precast beam up to the time of slab 
casting due to the precast beam dead load. Cs? is the creep ·c.oefficient of the 
precast beam concrete at the time of slab cascing. 



Term (6) is the creep deflection of the composite beam for any period 
following slab casting due to the precast beam dead load. See Term (3) of 
Eq. (19) for additional comments. 
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Term (7) is the initial deflection of the precast beam under slab dead 
load. ( 6i)l = K Mi 1 2/Ecs lg. See Notation for Kand M formulas. When dia-
phrams are sued, add to ( 6 i) 1: Mio 1 2 2 

( 6 i) 10 = E I (8 - : ) , where M1o is the 
moment between diaphrams, and a is 1/ 4, 1/ 3~s ett, for 2 symmetrical diaphrams 
at the quarter points, third points, etc., respectively. 

Term (8) is the creep deflection of the composite beam due to slab dead 
load. Ct1 is the creep coefficient for the slab loading, where the age of the 
precast beam concrete at the time of slab casting is considered. See Term (3) 
of Eq. (19) for comment concerning I2/Ic. 

Term (9) is the deflection due to differential shrinkage. For simple spans, 
80s=Q Ycs12/8Ecsic, where Q=O A1E1/3. See Notation for additional descriptions 
of terms; The factor 3 provides for the gradual increase in the shrinkage force 
from day 1, and also approximates the creep and varying stiffness effects27 • 
This factor 3 is also consistent with the data herein and elsewhere. See Table 
3 for numerical values herein. In the case of continuous members, differential 
shrinkage produces secondary moments (similar to the effect of prestressing 
but opposite in sign--normally) that should be considered32 • 

Term (10) is the live load deflection of the composite beam, in which 
the gross-section flexural rigidity, Ee le, is normally used. 

Shored construction: 

8t = Eq. (20), with Terms (7) and (8) modified as follows: (21) 

Term (7) is the initial deflection of the composite beam under slab 
dead load. ( 6 i) 1 = K M1 1 2 /Ecs Ic. See Notation for K and M formulas. 

Term (8) is the creep deflection of the composite beam under slab dead 
load = ct

1
_( 6 i)1·· The composite-section effect is already included in Term (7). 

It is suggested that the 28-day modulii of elasticity for both slab and pre-

cast beam concretes, and the gross I (neglecting the steel), be used in computing 

the composite moment of inertia, Ic, in Eqs. (19) - (21). 

Special case of "ultimate" loss of prestress and camber 

For computing ultimate values of loss of pres tress and camber,_ Eqs. 

(22) - (26) correspond term by term to Eqs. (17) - (21), respectively. 

Loss of prestress for non-composite beams, as per Eq. (17): 
(l) (2) (3) (4) 

,--A--, F ~ 

[ £\ u ]1°0 (22) P Lu = ( n f c) + ( n f c) Cu ( 1 - ---) + ( E sh) u E8 / ( 1 + np ks) + 0 . 0 7 5 f 8 i -f -
2 Fo si 
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Camber of non-composite beams, as per Eq. (18): 

(1) (2) (3) (4) (5) 
r-"----. 

,--A---, ,------A----, [ 6 F 6 F ] ~ 
!). u = ( ·f::. i)Fo - ( f::. i)D + - F

0 
u + (l - 2 F:)Cu ( f::. i) F

0 
- Cu ( f::. i)D - f::.L (23) 

Loss of prestress for unshored and shored composite beams, as per Eq. (19): 

(1) (2) (3) 
~ 

PL = [ ( n f ) + ( n f ) ( a C ) ( 1 -
2
6 

F s) + ( n f )( 1 - a s) Cu ( 1 - 6 F s + 6 Fu) ~ 
u c c s u F c 2 F Ic 

. 0 0 

(4) (5) (6) (7) (8) 
~ ~ ~ 

+ (c 8 h)u E/(1 + npk8 ) + 0.075 fsi - (m fcs> - (m fcs><flsCu) ~
2 

- PGos);O~ 

Camber of unshored composite beams, as per Eq. (20): 

(1) (2) (3) 
,--A---, ,------A----, 

6 u = ( 6 i) F - ( 6 . ) 2 + [- 6 F s + ( 1 - 26 F s) a s Cu] ( 6 i) F o 
O 1 ~ ~ 

(4) 

C S1 

(5) 
,----A.-. 

+ [-
f::. Fu - f::. Fs f::. Fs + f::. Fu 

Fo + (l - 2 F
0 

)(l ] 
) 12 -_ a s) Cu ( f::. i F o le Cl SCU ( f::. i) 2 

(6) (7) (8) ~ (10) 
~ I 2 . ~ , I 2 

- ( 1 - a s) Cu ( f::. i) 2 1 - ( f::. i) 1 - S s Cu ( f::. i) 1 1 - f::. ns - f::. L 
C C 

Camber of shored composite beams, as per Eq. (21): 

6u = Eq. (25), except that the composite moment of inertia is used in Term (7) 

(24) 

(25) 

to compute ( f::. i)1, and the ratio, Iz/Ic, is eliminated in Term (8). (26) 

It is noted that Eqs. (17) - (26) could be greatly shortened by combining 

terms and substituting the approximate parameters given in the next section, but 

are presented in the form of separate terms in order to show the separate effects 

or contributions to the behavior (such as due to the prestress force, dead load, 

creep, shrinkage, etc., that occur both before and after slab casting). 

Grossly approximate equations: 
f::. Fu 

Non-composite beams-- f::. u = f::. i + f::. icu (1 ·- --) , f::. i = ( f::. i)F - ( f::. 1 )D (27) 
2 F0 o 

Compos'ite beams--PLu = [n fc ,<l + ~u) - n fcs + ( e: sh)uEs + 0.075 fsi]lO~ (28) 
fs1 

6 u = f::.i + f::.i Cu (I2/Ic), f::.i = (f::.i)F
0 

- (f::.i)2 - (t::.1\· (29) 



14 

Required calculations and summary of general (average) parameters 

Continuous time functions are provided for all needed material parameters 

(and for different weight concretes, moist and steam cured), so that the equations 

herein readily lend themselves to computer solution. Certain other read-in data 

(such as for the effect of behavior before and after slab casting-- as, Bs, m, and 

6Fs/F
0

) are also included. The parameters related to material properties are 

summarized below, so that for composite beam hand calculations for example; in 

addition to the section properties, prestress force, F0 , and concrete stresses, 

fc, fcs' the only calculations needed for computing prestress loss and camber 

are the initial camber, deflections -- ( 6i)F , ( 6 .) 2 , ( 6 1) 1 , and 6 , 
o 1 DS . 

6 • 
L 

The following loss of prestress ratios at the time of slab casting and 
ul-timate are suggested for most calculations: 

6Fs/F
0 

for 3 wks to 1 mth between prestressing and slab casting= 
0.11 for Nor. Wt., 0.13 for Sand-Lt. Wt., 0.15 for All-Lt. Wt. 

6Fs/F0 for 2 to 3 mths between prestressing and slab casting= 
0.15 for No'r. Wt., 0.18 for Sand-Lt. Wt., 0.21 for All-Lt. Wt. 

6Fu/F0 = 0.22 for Nor. Wt., 0.25 for Sand-Lt. Wt., 0.29 for All-Lt. Wt. 

Note· that these are defined as the total loss (at slab casting and ultimate) 

minus the initial elastic loss divided by the prestress force after elastic 

loss. The different values for the ~ifferent weight concretes are due primarily 

to different initial strains (because of different E's) for normal stress levels. 

' The following average modul~r ratios are based on fci = 4000 to 4500 
psi for both moist cured (M.C.) and steam cured, (S.C.) concrete and 

' type I cement; up to 3-mths fc = 6360 to 7150 psi (using Eq. 2) for 
moist cured and 3-mths f~ = 5610 to 6310 psi (using Eq. 4) for steam 
cured, and for both 250K and 270 K prestressing strands: 

Sand- All-
Modular Nor. Wt. Lt. Wt. Lt. Wt. 

Ratio (w = 145) _(w = 1_20_} (w _:= _].OJ)) 
M.C. S.C. M.C. S.C. M.C. S.C. ---- ---- ----

At release of prestress n = 7.3 7.3 9.8 9.8 12.9 12.9 

For the time bet- = 3 weeks, m = 6.1 6.3 8.1 8.4 10.7 11.0 
ween prestressing 1 month, .... 6.0 6.3 8.0 8.3 10.5 10.9 
and slab casting: 2 months, 5.9 6.2 7.9 8.2 10.2 10.8 

3 months, 5.8 6.2 7.7 8.1 10.2 10.8 

Es= 27 x 106 psi for 250 K strands, Es= 28 x 106 psi for 270 K strands, 

· as refers to the part of the total creep that takes place before slab casting 
0.60 

.( a = t , as per Eq. 9), and Ss (= the avg. Creep (C.F.)LA from 
s 10 + to. 60 



Eqs. 12 and 13) is the creep correction factor for the precast beam concrete 

age when the slab is cast (under slab dead load). See Eqs. (9) - (11), and 

the correction factors herein, f6r suggested values of Cu and ( Esh)u. 
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The following may be substituted for normal weight, sand-lightweight, and 
all-lightweight concrete (using both moist and steam curing, and types I 
and III cement), based on the standard conditions given with Eq. (9): 

For the time bet- = 3 weeks, a = 0.38, S = 0.85 s s 
ween prestressing 
and slab casting: 

Sam£1e calculations 

1 month, 0.44, 0.83 
2 months, 0.54, 0.78 
3 months, 0.60, 0.75 

The following numerical substitutions for ultimate loss of prestress at mid­

span, using Eqs. (24), (28), and ultimate midspan camber, usi~g Eqs. (25), (29), 

with the general parameters given herein, are made for the sand-lightweight, steam 

cured, composite bridge girders (with moist cured slab) of this paper6,33. 

Parameters and ·terms for interior girders 

Span= 86 ft, girder spacing= 7 ft, 2-point harping at 0.4L-pt. from 
end, e (mids~an) = 14.3 in, e (end)= 6.2 in, fsi = 190,000 psi, Fi= 867 kips, 
As= 4.56 in, Ag= 520 in2, p = 0.00883, lg= 108,000 in4, Mn (precast beam)= 
410 ft-k, le= 334,100 in4, (using slab width divided by a factor of EstemlEslab= 
3.42/3.41 = 1.00), Ms,Di (slab plus diaphram moment at midspan)= 630 ft-k. 

Modulii of elasticity (using Eqs. 2, 4, and 6 for concrete): 

Es= 28 x 106 psi, as suggested for 270 K grade strands herein. 

Slab Ee= 3.41 x 106 psi, for f~ = 3500 psi, w = 145 pcf. 
Precast beam -- (see description of m and n in the section 

on parameters for the concrete properties) 
Eci = Es/n = 28 x 106/9.8 = 2.86 x 106 psi. 

Ecs = Es/m = 28 x 106/8.2 = 3.42 x 106 psi. 

Using Fi, At, and It, as per Term (_1) of Eq. (17) or (19) or (24), fc = 
2567 psi. As per Term (6) of Eq. (19) or (24), fcs = 1006 psi. These concrete 
stresses refer to the midspan section. As per Term (1) or Eq. (19) or (20) or 
(25), for camber calculations, F0 = Fi(l - n fc/fsi) = 758 kips, using fc=2467psi. 

From the parameter section: n = Es/Eci = 9.8; for 2 months period 
between prestressing and slab casting -- m = Es/Ecs = 8.2, as= 0.54, 
Bs = 0.78, D.Fs/F0 = 0.18; llFu/F0 = 0.25. 

From Eqs. (9) and (11), for H = 70%, Cu= 1.88, ( Esh)u = 510 x 10-6 in/in. 
From Eq. (10), for diff. shrinkage, ( Esh)u = 1.2(560) = 670 x 10-6 in/in. 

Initial camber and deflection, and differential shrinkage deflection: 

( 61)F = 4.09 in, as per Term (1) of Eq. (18) or (20) or (25). 
( 6 1)z° = 1.74 in, as per Term (2) of Eq. (18) or (20) or (.25). 



( bi)l = 2.26 in, as per Term (7) of Eq. (20) or (25). This 
deflection is due to the slab and diaphram dead load. 

bDS = 0.49 in, as per Term (9) of Eq. (20) or (25). 

Solutions for interior girders 

Ultimate loss of prestress at midspan using Eq. (24): 

(1) (2) (3) (4) (5) (6) (7) (8) 
PL = 12.7 + 11.7 + 2.8 + 6.5 + 7.5 - 4.3 - 2.0 - 1.6 u = 33.3%. 

(9) 
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Ultimate midspan camber using Eq. (25) minus 6 1 : 
(1) (2) (3) (4) (5) (6) (7) (8) 

b = 4.09 - 1.74 + 3.05 + 0.80 - 1.77 - 0.48 - 2.26 - 1.06 0.49 = 0.14 in. u 

Ultimate loss of prestress at midspan using the approximate Eq. (28): 

PLu = 24.6 - 5.2 + 7.5 + 7.5 34.4%. 

Ultimate midspan camber using the approximate Eq. (29): 

bu= 0.09 + 0.05 = 0.14 in, where b. . = 4. 09 - 1. 7 4 - 2. 26 = 0. 09 in. 
1 

The prestress loss and camber results by the more reliable Eqs. (17) - (20) 

and (22) - (25), and the approximate Eqs. (27) - (29), are also tabulated in 

Table 1 for all 5 of the bridge girders, and using both experimental parameters 

and general or average parameters. Although the agreement above is good (note 

the camber is near zero due to the slab effect) by these methods, the approximate 

method may be suitable in many cases for rough calculations only. Also, the cal­

culations needed by the approx. methods are not significantly fewer than by the 

other methods. The more reliable equations should be preferable for computer use. 

Experimental results for a sand-lightweight unshared composite _bridge (Fig. 6) 6 ,
33 

The measured and computed (using the general Eq. 20 with experimental para­

meters) midspan camber versus time curves for 5 bridge girders are shown in Fig. 

7. The results are reasonably good, but not precise, and probably indicate the 

nature of the correlation that might be expected, at best, for this type of behavior. 

Computed ultimate loss of prestress and camber results by the general Eqs. 

(19), (20), with experimental parameters (see footnotes of Tables 1 - 3), the 

ultimate-value Eqs. (24), (25), with general parameters (given herein), and the 

approximate Eqs. (28), (29), with general parameters are shown in Table 1. These 

results, along with the more extensive comparisons summarized in the next section, 
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serve to substantiate the generalized procedure presented for predicting loss of 

prestress and camber of non-composite and composite prestressed structures. The 

approximate equations may be suitable for rough calculations only in some cases. 

The computed (using the general Eqs. 19, 20, with experimental parameters) 

ultimate values of loss of prestress and camber are shown term by term in Tables 

2 and 3 as an illustration of the separate contributions to the total effect. 

The ultimate loss of prestress for the sand-lightweight concrete bridge girders 

was 29% to 31% (see Fig. 7 and Tab l e 1). It was determined that loss percentages 

for bridges under similar conditions using normal weight concrete will normally 

be of the order of 25%; and using all-lightweight concrete will normally be of 

the order of 35% or higher. Higher losses for the lighter concretes, for example, 

are due primarily to the lower modulus of elasticity (higher elastic strains for a 

given stress level ), and not, necessarily, to greater creep and shrinkage behavior. 

I 
152 

7' 

17' 

86' 

16' 

8" diaphrams 
@ 29' fr om 
s upports 

7' 

153 

L 15'Y 

_L_~~ 
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2 25" 
l 45" 

52 

aE ~I :--'- 8" 

2" ~ 
7 II 
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Fig. 6-- Sand- lightweight c oncre te composite prestressed bridge 
girders with norma l weight concrete deck slab? ~ 33 
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TABLE 1--COMPUTED ULTIMATE LOSS OF PRESTRESS AT END AND MIDSPAN 
AND MIDSPAN CAMBER FOR 5 SAND-LIGHTWEIGHT BRIDGE GIRDERS 

Computed Ultimate Prestress Loss Computed Ultimate Midspan Camber 
Girder Gen Eq. Ult. Eq. Approx.Eq. Gen. Eq_. Ult. Eq. Approx.Eq. 

No. (19) with (24) with (28) with (20) with (25) with (29) with 
experimen. general general experimen. general general 
parameters parameters parameters parameters parameters parameters 

End Mid End Mid End Mid 
152 29.4 29.6 30.4 34.0 30.5 35.0 0.43 0.51 0.53 
153 30.2 30.0 30.3 33.3 30.5 34.4 0.16 0.14 0.14 
154 30.2 30.0 30.3 33.3 30.5 34.4 0.16 0.14 0.14 
155 29.3 28.7 30.3 33.3 30.5 34~4 0.01 0.14 0.14 
156 30.5 31.0 30.4 34.0 30.5 35.0 0.50 0.51 0.53 

TABLE 2--COMPUTED ULTIMATE LOSS OF PRESTRESS AT MIDSPAN FOR THE BRIDGE GIRDERS, 
BY TERMS, USING THE GENERAL EQ. (19) WITH EXPERIMENTAL PARAMETERS 

Creep Creep Elastic Creep Gain Total 
Girder Elastic Loss Loss Shrink Relax Gain Gain Due to Loss, 

No. Loss Before After Loss Loss Due to Due to Diff Eq. 
Slab Slab Slab Slab Shrink (19) 
Cast Cast 

152 11.5 9.8 2.1 4.5 7.5 -3.7 -1.5 -0.6 29.6 
153 12.0 10.3 2.2 4.5 7.5 -4.2 -1.7 -0.6 30.0 
154 12.0 10. 3 2.2 4.5 7.5 -4.2 -1.7 -0.6 30.0 
155 11. 5 9.6 2.2 4.5 7.5 -4.3 -1.7 -0.6 28.7 
156 12.3 10.3 2.3 4.5 7.5 -3.8 -1.5 -0.6 31.0 

TABLE 3--COMPUTED ULTIMATE MIDSPAN CAMRER FOR THE BRIDGE GIRDERS, BY 
TERMS, USING THE GENERAL EQ. (20) WITH EXPERIMENTAL PARAMETERS 

Initial Initial Creep Creep DL Creep Bm. DL El. Creep Defl. Total 
Girder Camber Defl. Camber Camber Defl. Up Defl. Defl. Defl. Due to Cam-

No. Due to Due to Up to After to Slab After Due to Dtie to Diff. ber, 
Prestr. Beam DL Slab Slab Cast Slab Slab Slab Shrink Eq. 

Cast Cast Cast DL DL (20) 

152 3. 71 -1.56 2.33 0.65 -1.42 -0.36 -1.96 -0.78 -0.18 0.43 
153 3.87 -1.64 2.39 0.68 -1.49 -0.38 -2.21 -0.87 -0.19 0.16 
154 3.87 -1. 64 2.39 0.68 -1.49 -0.38 -2.21 -0.87 -0.19 0.16 
155 3.72 -1. 57 2.28 o. 71 -1.40 -0.37 -2.26 -0.91 -0.19 0.01 
156 3.96 -1.68 2.38 0.73 -1.50 -0.39 ..:.2.01 -0.81 -0.18 0.50 

Footnotes for Tables 1, 2 and 3: All losses are expressed in percent of initial 
stress, and all camber values are in inches. The girders were prestressed at 
age 2 to 3 days. Tables 2 and 3 are arranged in the order of terms in Eqs. 
(19) and (20), respectively. The experimental material parameters are given in 
Ref. 6. The experimental creep and shrinkage factors used (after correction 
factors for H = 70% and 8" web thickness were applied) were: 

Precast beam creep-- Cu= 1.62. 
Precast beam shrinkage-- ( Esh) =- 352 x 10-6 in/in. 
Slab shrink., from day 1, for d~ff. sh.-- ( Esh)u = 330 x 10-6 in/in. 

See the Sample calculations for a comparison with the general-parameter results. 
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Additional comEarisons with data from four other studies22 , 23 , 26 , 6 wi th 34 

For each of the four studies cited, the midspan loss of prestress and camber 

predicted by Eqs. (17) - (20) at various times, and using both experimental 

material parameters from the papers and general (average) parameters given herein, 

are compared with the experimental prestress loss and camber from the papers. 

These tests and comparisons are described in Figs. 8, 9, Table 4, and below. 

The University of Florida22 tests involved ten post-tensioned normal weight 

concrete laboratory beams of 19' - 6" spans. The cross-sections were 8" by 12" 

with 5 composite slabs, 2' - 2" by 3", cast on half of the ten beams. The test 

period was 5 months. The experimental creep and shrinkage parameters were 

slightly larger than the general creep a nd shrinkage parameters. 

The University of Illinois23 specimens consisted of two pret·ensioned non­

composite rectangular beams (4" by 6") of normal weight concrete and 6' spans. 

The beams were observed for two years under laboratory conditions. The experi­

mental creep and shrinkage parameters were somewhat larger than the corresponding 

general parameters. This is reflected in the results in Figs. 8, 9, and Table 4. 

The measured modulus of elasticity was also greater than the computed value 

(based on the compressive strength), and this tended to compensate for the smaller 

general creep and shrinkage parameters when used to obtain computed results. 

The Texas A & M University26 tests involved five non-composite pretensioned 

Type B Texas Highway Department bridge girders (4 lightweight and 1 normal 

weight) of 38' to 45' spans. The girders were observed in the field - for a period 

of one year. The experimental creep and shrinkage parameters were slightly 

smaller than the general creep and shrinkage parameters. 

The University of Iowa6 , 34 specimens consisted of fifteen pretensioned labora­

tory beams (6" by 8") of 15' spans. Twelve were sand-lightweight concrete and 

three were all-lightweight concrete. Nine of the beams were non-composite and six 

were composite (slabs 20" by 2" and 20" by 3"). The test period was 6 months for 

12 of the beams and 1 year for 3 beams. The experimental creep and shrinkage 

pa rameters were slightly sma lle r than the corresponding general paramete rs. 
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TABLE 4--SUMMARY OF COMPARISONS BETWEEN EXPERIMENTAL AND COM­
PUTED (USING EQS. 17 - 20) MIDSPAN LOSS OF PRESTRESS 
AND CAMBER AT VARIOUS AGES,· FROM FIGS. 8 AND 9 

23 

Reference 

Using experimental material 
parameters from the papers 

Using general (average) material 
parameters given herein 

Midspan loss' Midspan 
of prestress camber 

Midspan loss I Midspan 
of prestress camber 

U. of Florida22 + 15% ! 15% I -10% to +25% + 30% 

U. of Illinois23 + 15% -10% to +20%1 0% to +15% +5% to +40% 

Texas A & M u.26 + 15% + 1sz I ± 2oz + 20% 

U. of Iowa6,34 : 15% : 1s% I : 2s% + 25% 

Footnotes: The ranges in the table refer to most, but not all, of the results 
in Figs. 8 and 9. ± 15% refers to experimental loss of prestress 
and camber results 15% gI~:~er than the computed results. 

Concluding remarks 

Experimental and computed loss of prestress and camber are compared in Figs. 

7 - 9 and Tables 1 - 4 for non-composite and composite prestressed structures 

constructed of normal weight, sand-lightweight, and all-lightweight concrete. 

Some 37 laboratory specimens and actual structures are included. 

It appears from these results that the procedures presented herein for pre­

dicting loss of prestress and camber will normally agree with actual results 

within± 15% when using experimentally determined material parameters. The use 

of the general or average material parameters herein predicted results that 

agree with actual results in the range of± 30%. With some knowledge of the 

time-dependent behavior of concrete using local aggregates and under local 

conditions, it is concluded that one whould normally be able to predict loss 

of prestress and camber within about± 20%, using these procedures. In each case, 

it is noted that most of the results are considerably better than these limits. 
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Ap 1 

Appendix A 
Notation 

1 

2 

Ag 

As 

At 

C 

C.F. 

Cs 

ct 

Ctl 

ct2 
cu 
D 

DS 

Eci 

Ecs 

Es 

ec 

eo 

F 

Fi 

Fo 

6F 

6Fs 

6Ft 

L\Fu 

fc 

fed 

fci 

fcs 

= subscript denoting cast-in-place slab or the effect of the slab 

= subscript denoting precast beam 

= area of gross section, neglecting the steel 

= area of prestressing steel 

= area of transformed section 

= creep coefficient defined as ratio of creep strain to initial strain 

= correction factor 

= creep coefficient at time of slab casting 

= creep coefficient at any time 

= creep coefficient of the composite beam under slab dead load 

= creep coefficient due to precast beam dead load 

= ultimate creep coefficient 

= differential shrinkage strain. Also used to denote dead load 

= subscript denoting differential shrinkage 

= modulus of elasticity of concrete at the time of transfer of prestress 

= modulus of elasticity of concrete at the time of slab casting 

= modulus of elasticity of prestressing steel 

= eccentricity of steel at center of beam--see Appendix B. Also used 
to denote eccentricity of steel in composite section 

= eccentricity of prestressing steel at end of beam--see Appendix B 

= prestress force after losses 

= initial tensioning force 

= prestress force at transfer (after elastic loss) 

= loss of prestress due to time-dependent effects only (such as creep, 
shrinkage, etc.). The elastic loss is deducted from Fi, to obtain F

0 

= total loss of prestress at slab casting minus the initial elastic loss 

= total loss of prestress at any time minus the initial elastic loss 

= total ultimate loss of pres tress·. minus the initial elastic loss 

= concrete stress such as at steel c.g.s. due to prestress and 
precast beam dead load in the prestress loss equations 

= concrete stress at steel c.g.s. due to differential shrinkage 

= concrete stress at the time of transfer of prestress 
' 

= concrete stress at steel c.g.s. due to slab dead load (plus 
diaphram, etc., dead load when applicable) 

fsi = initial or tensioning stress in prestressing steel 

(f~)t = compressive strength of concrete at any time 

(f~)u = ultimate (in time) compressive strength of concrete 

H = relative humidity in percent. Also subscript denoting . ~elative humidity 



11 

12 

le 

lg 

It 

K 

ks 

L 

LA 

M 

Ml 

M2 

m 

n 

PG 

PL 

PLel 

PLt 

PLU 

p 

Q 

t 

w 

Yes 

a. s 

= moment of inertia of slab 

= moment of inertia of precast beam 

= moment of inertia of composite section with transformed slab. The 
slab width is divided by Ee /Ee 

2 1 
= moment of inertia of gross section, neglecting the steel 

= moment of inertia of transformed section 

Ap 2 

= deflection coefficient. For example, for beams of uniform section and 
uniformly loaded: 

cantilever beam, K = 1/4, Also (-) M = q 12/2 
simple beam, K = 5/ 48, (+) M = q 1 2 /8 

hinged-fixed beam (one end continuous), K = 8/185, (-) M = q 1 2/8 
fixed-fixed beam (both ends continuous), K = 1/32, (-) M = q 1 2/12 

= 1 + e2/r2, where e is the steel eccentricity and r 2 = lg/Ag 

span length. Also used as a subscript to denote live load 

= subscript denoting loading age 

= bending moment. When used as the numerical maximum moment, for beams 
of uniform section and uniformly loaded, see K above for values 

= maximum bending moment under slab dead load 

= maximum bending moment under precast beam dead load 

= modular ratio, Es/ECS' at the time of slab casting 

= modular ratio, Es/Eci' at release of prestress 

prestress gain in percent of initial tensioning stress or force 

total prestress loss in percent of initial tensioning stress or force 

= prestress loss due to elastic shortening 

total prestress loss in percent at any time 

= ultimate prestress loss in percent 

= steel percentage, As/Ag 

= differential shrinkage force= D A1 Ei/3. The factor 3 provides for 
the gradual increase in the shrinkage force from day 12 and also 
approximates the creep and varying stiffness effects6, 7 · 

= time in general, time in hours in the steel relaxation equation, 
and time in days in other equations herein 

= unit weight of concrete in pcf 

= distance from centroid of composite section to centroid of slab 

= ratio of creep coefficient at the time of slab casting to 

S s = creep correction ratio for the precast beam concrete age when slab cast 

~ = maximum camber (positive) or deflection (negative) 

(~ i)l = initial deflection under slab dead load 

(~ 1)2 = initial deflection under precast beam dead load 

(6 .)F = initial camber due to the initial prestress force, F0 1 0 
6 t = total camber, de flection, at any time 

6 u = ultimate camber , def lee tion 

(£ ) = shri nkage s train in inches/ i nch or cm/cm, e tc., a t any t i me 
sh t 

(s sh)u= ultimate shrinkage strain in inches/inch or cm/cm, etc. 
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Appendix B 

COMMON CASES OF PRESTRESS MOMENT DIAGRAMS WITH FORMULAS FOR COMPUTING CAMBER 

Fo 
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Prestressed Beam 

F0 e Moment 

Diagram 

Midspan Camber 
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