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INTRODUCTION
History

The basic principle of prestressing concrete has been used in con=-
struction for many years. The purpose of the prestressing operation is to
reduce or eliminate tensile stresses produced in the concrete. In pre-
stressed concrete beams the concrete is initially stressed by the action of
forces applied in the end regions of the beam. The forces produce com-
pressive stresses on the beam cross-sections which counteract the tensile
stresses produced by loads on the beam. Thus, the entire cross-section of
the prestressed beam is effective in resisting deformation. In comparison,
cracking on the tension side of reinforced concrete (non-prestressed) beams
regults in the loss of resistance of approximately two-thirds of the cross-
sectional area. Consequently, the proper use of prestressing permits
extended use of concrete as a construction material.

The principle of prestressing was first applied to concrete arches in
1886 by P. H. Jackson, an American engineer, However, it was not until
1928 that Eugene Freyssinet, the French structural engineer, initiated the
modern development of prestressed concrete. Freyssinet demonstrated the
need for high quality concrete and high strength steel reinforcement to
counteract the prestress losses due to elastic deformation, shrinkage,

and creepe.

Even though the principle of prestressing concrete had been demon-
strated, practical application immediately became the major problem.
Finelly, in 1939, Freyssinet developed & system of prestressing which made
it possible to produce prestressed beams for use in construction. Progress

became more rapid as other systems of prestressing were developed.



Extended use of prestressed concrete first became evident in Europe near
the end of World War II. Almost all prestressing done in Europe was of
the linear type used for beams and slabs. In contrast, the first practical
use of prestressed concrete in the United States began in the 1930's with
ci:t"cula:c prestressing used mainly in storage tank construction. | In 1951,
the first major prestressed concrete bridge in the United States was com-
pleted in Philadelphia. Since that time, the use of prestressed concrete
has increased to the extent that, in many states, the number of new high-
way bridges built of prestressed concrete is greater than that of any
other type.

In Iowa, the first prestressed concrete bridge was built in Butler
County in 1953. It was a single span bridge, 30 feet in length, in which
channel-shaped sections were utilized. In 195k, the first standard pre-
stressed concrete bridge designs of the Iowa Highway Commission were
approved by the Bureau of Public Roads for use on the secondary highway
system. The designs were for bridges having spans of 50 and 42 1/2 feet.
The first such bridge was built in Franklin County in 1954 and was composed
of five equal spans, 42 1/2 feet in length. In 1956, prestressed concrete
bridges were first used on the primary highway system when five bridges
in Loulisa County were widened by adding prestressed beams to the existing
structures. In December, 1956, standard designs were approved for bridges
on the primary system. Prestressed beams with spans of 30, - Lo 1/2, 55,
and 67 1/2 feet were included in the designs. The first prestressed
concrete bridges constructed on the primary system were completed in

Warren County in 1957.

Use of prestressed concrete for highway bridges in Iowa has increased



rapidly since 1956. In 1957, 61 of the 109 bridges built on the primary
system and 31 of the 86 built on the secondary system utilized prestressed
concrete. As the number of producers of prestressed concrete has grown,
this type of construction has become a veluable and much-used construction
material in Towa as well as in most other states.

The development of a method of construction which minimized the need
for labor was necessary before prestressed concrete could become an eco=-
nomical construction material in the Unlted States. One of the most common
of the methods used in the United States is the long-line system developed
in Gérma.ny by Ewald Hoyer. In this system, high strength wires or strands
are stretched between two a.’bﬁ'tments » several hundred feet apart. Fonﬁs
for the concrete are then placed around the prestressing steel. After the
concrete has gained strength, the prestressing steel is released and the
beams are separated by cutting the steel exposed between adjacent beam
ends. This method, which is one of two general methods of prestressing
concrete, is called pretensioning since the prestressing steel is stressed
before the concrete is placad. In the pre-tensioning method, anchorage of
the prestressing steel is completely dependent upon bond developed between
the steel’ and the concrete at the ends of the beam. The other method is
called post-tensioning because the prestressing steel is stressed after
the concrete is placed. The prestressing steel is placed in tubes, coated
with non-bonding material, or placed outside the concrete. After the
concrete has gained strength, the steel is stressed and mechanically
anchored at the ends of the beam.

Almost all of the prestressed concrete construction in Iowa utilizes
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the pre-tensioning system. But, since post-tensioning can be done at the
site of the structure, some post~tensioned beams have been used for span
lengths greater than the maximum lengl;}u which 'can be transported on Iowa
highways.

Through the development of practical methods of prestressing
concrete, design problems have arisen which are distinctive to this new
method of construction. Research through the years has provided answers
_to some of the questions, but meny of the problems are still unsolved.
.S.ome of the problems related to pre~tensioned beams are centered around
the ends of the beam which make up the anchorage zones for the pre-
stressing steel. Since the stresses produced in this anchorage zone are
prdduced. by both internal and external forces, the problems ;i.nvolved in
a stress analysis are complex.

It has been common practice to provide end blocks as a method of
eliminating critical stress conditions which might exist in the anchorage
zone. The end block is normally a rectangular section having a length
of from one to two times the depth of the beam. The problem of forming
pre-tensioned beams in the long-line process is lessened measurably if
the end blocks are not required. In 1956, Prestressed Concrete of Iowa,
Inc., under the direction of J. H. Boehmler, constructed some building
beams having no end blocks. The apparent success of the design suggested
that the end block reguirement for highway bridge beams might be elimi-
nated. A design for bridge beams having no end blocks was developed by
J. H. Boehmler and P. H. Barnard, bridge design engineer at the Iowa

Highway Commission. This design was initially used in 1957 for



construction of the first prestressed bridges built on the primary
system in Iowa.

The shear strength or beams having no end blocks has  provoked
much thought and discussion among engineers with the result that at the
present time some states are using beams with no end blocks while othérs
are still requiring end blocks. Thus, t;ae controversy between engineers
has created a definite need for research concerning the anchorage zone
in pre~tensioned beams. One area of research which must, of necessity,
be concerned with the anchorage zone is a study of shear strength, since
shear strength is usually critical near the ends of the beams. Such a
study would certainly shed some light on the end-block controversy, and

yield shear strength information which, at present, is extremely limited.

The Problem '

It is the purpose of this paper to present a method for evaluating
‘the shear strength of pre-~tensioned I-beams having no end blocks. The
term shear strength, as used in this paper, refers to the resistance of
the beams to failure by shear. A shear failure is defined as a failure:
which is initiated by an inclined tension crack resulting from the
combined effects of cross shear and bending moment. Some writers refer
to shear strength as the ultimate strength of the beam when the failure
mechanism is started by the formation of inclined cracks. But, in this
paper, shear strength will be defined as having been reached vhen a
sudden, inclined tension crack completely traverses the web of the beamn,
and ultimate strength will be defined as having been reached when the

beam will support no more applied load.



As will be shown in the literature review, the approach to the
prcblém of determining shear strength has been through formmlation
of empirical. equations which most nearly agree with experimental findings.
However, it appears that because of the great number of variables which
might influence the shear strength, it would be very difficult to include
all pertinent variables in one . general expression vwhich could be spplied
to any prestressed beam. In contrast, & more general spproach will be
presented, involvfmg the determination of principal stresses produced
in the beam and a comparison of these stresses with limiting stresses
dictated by a theory of failure for the concrete.

In beams, the effect of cross shear is normally the dominant factor
in producing criticel stress conditions in the end portions. Thus, shear
strength of a beam depends meinly on its ability to withstand the effects
of cross shear et or near the supports. Since the prestressing steel is
anchored at the ends of prestressed concrete beams, the anchorage zone
is subjected to the effect of the transmission of the prestressing force
through bond between the steel and concrete, as well as the effects of
the dead load and the applied load.

An element of the beam in the anchorage zone is subjeéted to shearing
stress as well as normal stresses on.both the vertical and horizontel
planes. But, the exact mammer in which each stress is determined has
never b.een resolved. Probably the simplest effect to evaluate is the
primaery effect of cross shear and bending moment caused by the 'd;ead load
and the applied load. But, there exists a secondary effect &t or near

points of applicetion of concentrated loads. This secondary effect

results mainly in compressive stresses on horizontal planes, but is also
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responsible for normal stresses on vertical planes, and shearing stresses
on both planes. The effects produced by the transmission of the prestress
force are the most difficult to evaluate. Primarily, the prestress force
produces compressiw;e stresses on vertical planes. Bltzt, because of the
inadequacies of completed research, th.ew manner in which these compressive
stresses are built up in the anchorage i‘zone is known only for a few cases.
In addition to the compressive stresses on vertical planes, normal
stresses on the horizontal planes together with shearing stresses are

the result of the transmission of the prestress force in the anchorage
zone. Even though the prestress force undoubtedly causes stresses in
three directions, it will be assumed that the stress condition is two-
dimensionel and that the stresses ignored are small in comparison to
those recognized in the following analyses.

In this study, 33 pre-tensioned I-beams were tested to failure in
such a manner that the failure mechanism was initiated by a sudden
inclined tension crack which completely traversed the web. All of the
beams had the same cross-section and were prestressed with 3/8-inch,
seven wire steel strand. None of the beams had end ’blocks. The variables
introduced in the study were (1) amount of web reinforcement, (2) pre-
stress stress distribution, (3) length of shear span, (4) length of over-
hang at the supports, and (5) concrete strength at time of release of
the prestressing steel. A method which utilizes a theory of combined

stresses was used to evaluate the shear strength of the test beams.



LITERATURE REVIEW
The litereture pertinent to a study of the shear strength of
prestressed concrete beams can be divided into three general areas.
The first area concerns p;'evious studies of the shear strength of
reinforced concrete beams, the second is comprised of similar studies
of prestressed concrete beams, and the third presents the theories of
failure which have been used in describing the failure of concrete. A
comparison of the research completed on shear strength of reinforced
beams with comparable studies of prestressed beams will indicate a
definite similarity regerding variables considered and general approach
to the problem. The discussion of the theories of failure will reveal
the wide diversity of opinion concerning the mechanism of failure of con-
crete subjected to combined stresses.
Reinforced Concrete Beams
Studies of the strength in shear have always been an importent
aspect of research regarding concrete beams. The early research was
concerned with reinforced concrete beams since the use of prestressing
for beams had not yet been developed. ' According to Seiss (18), thé most
significant of the early. research was done during the periéd between
1903 and 1908 by Talbot at the University of Illinois and by Moritz and
Withey at the University of Wisconsin. The results of these studies
indicated that the ultimate shear strength of the beams was dependent
upon (1) the compressive strength of the concrete, (2) the amount of
longitudinal reinforcement, and (3) the ratio of length to depth for a

given type of loading. The effect of web reinforcement and the character



of the shear failure was recognized.

Later, in the 1920!'s, shear studies were aimed at determining the
relationship between the nominel shear stress, v = V/bjd, and the stress
in the web reinforcement. The recommendations for an expression for

ultimate shear strength were of the form

v = 0.005f__ + rf
5 Ng y
or v=C+xf
Y
where fy = yield point of the steel
and r = percentage of web reinforcement.

After 1940, research on shear strength was characterized by attempts
to evaluate the contribution of the various elements of a beam to its
" strength in shear. In 1945, Moretto (16) tried to determine the relative
contributions of the concrete and the’web reinforcement. Tests were
conducted in which the variables were concrete strength, amount of web
reinforcement, inclination of web reinforcement, and amount of longi-
tudinal reinforcemen‘t.' The expressions presented were of the form

- 4
v-Krfy+Cfc+5OOOP

where ¢ = inclination of web reinforcement
K = a function of
C = a constant
fé = concrete strength
and P = percentage of longitudinal reinforcement.

Later tests of rectangular 'beains were reported by Clark (2) in

1951. The variables involved were concrete strength, amount of web
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reinforcement, amount of longitudinal reinforcement, and the ratio of’

beam depth to shear span. The expression recommended by Clark was of

the form

1

v = 2500r + (O.lafc':)d/a + 7000p

where d/ e = ratio of beam depth to shear span.

It should be noted that the d/a retio is omitted in Morettot's expression,
while ¢ and fy do not appear in Clark's expression., The test beams used
by both Moretto and Clark were greatly over-reinf'orced against flexural
failure.

In 1953, Ferguson and Thompson ( 6) reported on a series of tests
performed on T=-beams having no web réinforcemen‘b. It was pointed out
that the effect of the end reaction was to strengthen the end portion
of the beam, and that the apparent effect of the depth-shear span ratio
was due mainly to this strengthening by the end reaction. It was further
stated that general significance is attached to the local effect of the
end reaction when shear strength is expressed aé a continuous functioﬁ
of d/a. Hence, the T-beams tested were designed to produce failure
outside this locally strengthened zone. The equation representing the

shear strength of the test beams was

In 1955, Leupa (12) presented a paper in which the object was to
correlate the results of previous research regarding shear strength of
reinforced beams, and to develop a genersl expression for the shear

strength of beams subjected to different loading conditions. An empirical
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equation, of a different form than the expressions reported in earlier
studies, was derived for the shear strength of rectangular beams having
no web reinforcement. The test beams were simply supported and subjected

to one or two concentrated loads. The basic equeation was of the form

Ms ( ( I, 5f;
= (k + np”’)(0.57 = )
bdzfé 10°
where M, = shear~compression moment,
and p’ = percentage of compression reinforcement.

Methods of modifying 'l;he basic equation were provided to ex'bénd use of the
equation to include beams with web reinforcement, T-beams, restrained
beams, and beams subjected to distributed loads.

In 1955, Moody and Viest (15) reported more tests in which the
purpose was to evaluate the shéar strength of reinforced beams. The
failure of the test beams was found to occur in two vhases. The first
phase occurred when diagonal tension cracks formed, and the second when
the compression zone in the concrete was destroyed. The equation which

represented the first stage of failure was of the form

v = 0.12(1 + 0.1)£(1 - 755055) -

This equation represents the shear strength as defined in this paper.
The second stage concerns the ultimate strength of the beams and will
not be discussed.

Ferguson (5) recently summarized the previous work concerning shear

strength of reinforced beams. The failure pattern of test beams is
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emphasized. The failure is considered to teke place in steps, each of
which is rationalized or explained in terms of the standard theory of
combined stresses. In conclusion, the author encourages use of a theory
of combined stresses in determination of shear strength. All of the
earlier gpproaches seem to emphasize an expression for the nominal shear
stress, v = V/bjd, in terms of dimensions of the beam, the shear span,
the strength of the concrete, and the strength and amount of the steel
reinforcement. But, Ferguson apvears to be one of the first to men-
tion a theory of combined stresses.

Prestressed Concrete Beams

Research concerning the shear strength of prestressed concrete has
been very limited to dete. The scope of the problem is broad due to the
many types of prestressing systems and the large variety of types of
sections used.

In 1942, Evens and Wilson (4) reported the results of tests designed
to investigate (1) the effect of horigzontal prestressing on the load
required to produce diagonal cracking in beams having no web reinforcement,
and (2) the effect of prestressing verticel stirrups on the load required
to produce diagonael cracking in beams having no horizontal prestress.
The specimens tested were I-sections having & depth of 10 inchés, a clear
span of 58 inches, and a shear span of 25 inches. Both top and bottom
flange widths were U4 inches, and the web thickness was 1 inch. The
horizontal prestressing steel consisted of one l-inch diameter high

strength steel bar located in the bottom flange. The beams had end

blocks at each end and a rectangular cross-section at the center under
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the applied ioads. Crack patterns were predicted in consideration of
a theory of failure for concrete. The maximum-normal-stress theory
was used, and it was assumed that the cracks would appear when the
principal tensile stress reached the ultimate tensile strength of 450
psi. The experimental results agreed closely with predicted crack
patterns, apparently confirming the conventional theory used.

By far ‘ghe most extensive shear studies of prestressed beams have
been cénducted at the University of Illinois. A report by Sozen, Zwoyer,
and Seiss, (20) published in 1959, describes the investigation of the
behavior of'prestressed beans with no web reinforcement, in resisting
failure by shear. Tests of 43 rectangular beams and 56 I-beams are
described and analyzed. The rectangular beams, some post-tensioned and
some pre~tensioned, were 6 x 1l2-inches in cross-section. The overall
measurements of the I-beams were 6 x 12-~inches, Web thicknesses were
either 3 or 1-3/4 inches. All of the I~beams were pre-tensioned and
had end blocks. The prestressing steel consisted of single, high
strength, steel wires. All but three of the I-beams had prestressed,
external stirrups to prevent propagation of the cracks into the en.d~
block. Thus, the beam failures occurred in a zone which was relatively
free from the effect of the end reaction. |

On the basis of test results, an expression was developed to
represent the load required to produce the inclined tension crack. The

expression is of the form

v
(o ()@ = 2 + 5
t o = ct
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where Vc = shear force required to provide an inclined crack,
F se = the effective prestress force,

‘ f‘t = the assumed tensile strength of the concrete,

and Ac = gross aree of the concrete.

A limitation is placed on the equation because of the nature of its
derivation. It is to represent only the loads which produce cracks
which éta.z’b in 'tl;.e lower por'bibn of the cross-section near the load.
It is also limited by the fact that the end blocks were prestressed
vertically.

Shear failures of the test specimens were placed in two categories,
(1) shear-compression and (2) web distress, to describe the mode of
ultimate failure. However, it is significant that the beams exhibited
different characteristics of behavior only after the formation of
inclined tension cracks. It was concluded that the useful ultimate shear
strength of prestressed beams without web reinforcexﬁent should be limited
to the load which produces inclined cracking, unless definite measures
are teken to prevent web distress.

Because of the wide range of variables which might influence the
shear strength of prestressed beams, the tests reported to date represent
only & tiny portion of the work required to provide a knowledge of shear
failure.

Theories of Failure

Theories of failure for structural materials have been developed

as aids in determining the load capacities of structural members in which

biaxial and triaxial conditions exist. Each of the theories is based on
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the assumpfion tha% when. a specific stress, strain, or combination of
stresses and strains is reached, a limiting condition is attained.

The maximum-normal-stress theory is based on the assumption that
the material will fail when the meximum normal stress at any point in
the member reaches the value of the critical stress. The maximum-
normal-strain theory is based on the assumption that the material will
fail when the maximum principal strain at any point in the member reaches
the critical strain. Likewise the maximum-shearing-stress theory is
based on the assumption that the meterial will fail when the maximum
shearing stress at any point in the member reaches the critical shear-
ing stress.

The internal-friction theory advanced by Coulomb represents a
different approach. This theory is based on the concept that failure
occurs when a sliding ection tekes place within the material. The
resistance to sliding is considered to be a combination of the shearing
resistance and the frictional resistance of the material. It is assumed
that failure occurs when the maximum shearing stress on any plane exceeds
this combined resistance. The internal-friction theory is illustrated in
in Figure 1lb. As indicated, the theory assumes a straight-line re-
lationship between the total shearing resistence and the normal stress.
A generalization of the intermal-friction theory was given by Mohr,
whose concept did not limit the shape of the limiting curve to a straight
line. The Mohr theory is illustrated in Figure la. It is assumed that
failure occurs when a Mohr circle for stresses at any point touches or

extends beyond the limiting curve. All circles shown represent stress
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conditions which would be critical.

The other theories of failure mentioned can also be illustrated
graphically, since each of them is a special case of the Mohr theory.
The meximum-normal-stress and meximumm-normel-strain theories are shown
in Figures lc and le. In both theories, the limiting curves are repre-
sented by vertical straight lines, indicating that the shearing strength
of the material is not critical. The maximum-shearing-stress theory is
illustrated in Figure 1ld. In this case the limiting curve is repre-
sented by horizontal straight lines, indicating that the normal stresses
have no influence on the shearing resistance of the material. Therefore,
these three theories represent the two extremes of the Mohr theory.

There are varying opinions as to which of the theories most nearly
represents a theory of failure for concrete. Of the theories of failure
mentioned, the maximum-normal-stress theory appears to give satisfactory
results with brittle materiels, while the maximum-normal-strain and
maximm-shearing-stress theories indicate better agreement with the
results of tests of ductile materials.

Kesler and Seiss (11) suggest the use of the Mohr theory for the
interpretation of results of tests of concrete. Guyon (8) also recommends
‘the Mohr theory and presents a method for obtaining the'limiting curve,
A report published by the Bureau of Reclamation (22) describes tests of
6 x 12-inch cylinders subjected to triaxial compressive stresses. A
method of enalysis is developed which leads to & curved envelope for the
Mohr diagram. Data from these testsipresent evidence that a straight

line does not define the relationship between the stresses nor accurately



18

describe the Mohr envelope in general. The experimental results support
curvilinear analysis of this envelope.

Bresler and Pister (1) believe that the Mohr theory is not satis-
factory when applied directly. As a result of experimental work in
which the test specimens were plain concrete hollow cylinders, a theory
was proposed which was similar to the Mohr theory but which included the
effect of the third principal stress. It was stated that the maximum-
normael~stress theory is uansatisfactory due to a lack of agreement with
test results, and further that the maximum-normal-strain theory is not
readily applicable,

Richart, Brandtzaeg, and Brown (17) published results of a study
of the feilure of concrete under combined compressive stresses. Experi—‘
mental data indicated that the meximum-normal-stress theory was not
representative of the failure of the specimens. But, the results of a
number of the tesfs were in near agreement with the internal-friction
theory. However, the large lateral deformations of the specimens did
not follow the physical concept of failure which takes place through a
sliding on plane surfaces continuous throughout the material. It was con-
cluded that no theory based on the assumption of failure by sliding on
continuous planes of least resistance could give a correct representation
of failure of concrete in compression. The theory vhich seemed to give
a reasénable picture of the process of failure was a concept advanced
by Brandzaeg. This theory was developed considering the material to be
made up of a number of non-isotropic elements which yield plastically

through a sliding action in directions which vary arbitrarily throughout
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the materisl. The concept involved consideration of the internal-
friction theory applied to individual elements of the material rather

than to the member as a whole. However, sliding failure was not considered
to be the c;nly type of failure possible. A splitting failure was assumed
to occur whenever the principal tensile stress reached a limiting value.

Tests performed by Co.wa.;z and Armstrong (3) on a series of rec-
tangular reinforced concrete beams resulted :-!.n another contribution to
knowledge regarding failure of concrete. The proposed theory, which was
in close agreement with experimental results, was a combination of the
meximum-normal-stress theory and the internal-friction theory of Coulomb.
The combination implies that the maximum-normal-stress theory is valid
for a given range of ratios of normal stress to shearing stress while the
Coulomb theory is valid for another range of ratios.

According to Cowan and Armstrong (3), Fisher performed a series of
tests on plain concrete. The test resﬁl‘bs indicated satisfactory agreement
with the maximum-normal-stress theory. Grassam (7) suggests use of the
maad:mm-noz'ma;-stress theory with a modifica.tion-to include the effect of
plasticity. In tests made on plain concrete subjected to bending and
torsion, results indicated that the material could be expected to fail
when the maximum normal tensile stress reached a value equal to 1.2 times
the measured tensile strength. Thus, the modification was introduced
simply by extending the limiting curve in the maximum-normal-stress theory
to a value of 1.2 times the tensile strength. |

smith (19) proposed & theory of failure in the form of & simple

stress-ratio equation based upon the ultimate compressive strength and
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the modulus of rupture of the materiel. The theory showed correlation
with results of tests performed on plain concrete rectangular beams,

It appears that no further material has been published favoring this
aﬁprOach.

| In the reviéw of literature presented, it can be seen that opinion
is divided on the subject of a theory of failure for concrete. Two
theories, the Mohr theory and the maximme-normel-stress theory, or
nmodifications of these theories stand out as being favored by most

researchers.
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DEFINITIONS, SIGN CONVENTION, AND NOTATION
Definitions

Shear strength

The shear strength of a beam is reached when a sudden, inclined
tension crack completely traverses the web of the beam.

Ultimate strength

The ultimate strength is reached when the beam continues to deflect
with no increase in applied load or when collapse occurs.

Anchorage length

The anchorage length is the length required for a strand to
attain its maximum stress.

Anchorage zone

The anchorage zone extends from the end of the prestressed beam to
the point where the compressive stress distribution due to the prestress
force is essentially the same as the distribution at the center of the
beam.

Stress

In this paper, stress will refer exclusively to unit stress.

Sign Convention

Normal stress

Compressive stresses will be positive and tensile stresses will be
negative.

Shearing stress

Shearing stresses will be positive when the direction of the

shearing force is upward on the left face of a differential element of



the material.

Notation

Cross-sectional constants

Loads

Ac

Ar
[«]

A
s

c.g.c.

c.g.c.”’

c.g.s.

-bi

om 0g ::4 o‘<:

Gross area of concrete section

Area of transformed section

Total steel area

Center of gravity of the concfete section

Center of gravity of the transformed section
Center of gravity of the steel area

Width of flanges

Width of web

Effective depth of the section

Total depth of the section

Distence from any fiber to c.g.c.’

Eccentricity of c.g.s. with respect to c.g.c.”’
Moment of inertia of transformed concrete section
with respect to c.g.c.”’

First moment of an area of the section with respect

to c.g.c.”

Applied shear at inclined tension cracking

Applied shear at ultimate load

Applied bending moment at inclined tension cracking
Total applied load at the end of the straight-line

portion of load-strain curves for SR-4 gages at the



Stresses

Concrete

£
(]

Cx
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bottom of the test beams.
Potal initial prestress force before release

Total effective prestress force at time of load test

Compressive strength determined from 4-1/2 x 9

inch control cylinders

Modulus of rupture determined from 6 x 6 x 36-inch
flexure specimens

Tensile strength determined from 4 x 4 x 36-inch
tension specimens

Tensile proportional limit of the concrete,

measured from flexure specimens

Modulus of elasticity of concrete

Stress at any fiber due to initial prestressing only
Stress at‘any fiber due to effective prestressing
only

Stress at bottom fiber at mid-span due to initial
prestressing only

Stress at bottom fiber at mid-spen due to effective
prestressing only

Stress at any fiber due to bending moment caused by
applied load

Normeal stress on a verticel plane due to local effect

of applied load
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Steel

fsi

£
se

By

Other quantities

n

L

2L

Normal stress on a horizontal plane due to

local effect of applied load

Normal stress on & horizontel plane in the
anchorage zone due to effect of the prestress force
Shearing stress due to cfoés shear caused by the
applied load

Shearing stress due to local effect of the

applied load

Shearing stress due to the effect of the

prestress force

Total normal stress on a vertical plane at a point
Total normal stress on 2 horizontal plane at a point
Total shearing stress on horizontal and vertical
planes at a point

Principel compressive stress

Principal tensile stress

Angle between horizontal and plane on which one

of the principal stresses acts

Steel stress due to initial prestressing
Effective steel stress after deduction of all losses

Modulus of elasticity of the steel strand

Ratio of E. to E
S c

Span of the test specimen
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Length of the shear span
Length of overhang at the éuppor‘b

Length of the anchorage zone
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EXPERTMENTAL INVESTIGATIONS
Test Beams

The test beams for this study had an I-shaped cross~section with
proportions which would be typical of beams commonly used in building
and bridge structures. Certainly, many other shapes have been used, but it
was thought that the I-shaped section would be most representative of the
prestressed beams used in Iowa. All of the test specimens had the same
cross~section. The section was symmetric with respect to both horizontal
and vertical eaxes. The d.é:éth was 18 inches, the flange width 9 inches,
and the web thickness U4 inches. The cross-section is shown in Figure 2a.
The beems were prestressed with 3/8-inch, seven wire, steel strand. All
of the strands were straight for all of the test beams. Possible locations
of the strands in the cross-sections are shown in Figure 2b. All of the
beams had an overall length of 9 feet 6 inches with the exception of
specimens 27-29 vwhich were 6 feet 6 inches in length.
Variables

The variables considered in the study were (1) amount of vertical
web reinforcement, (2) prestress stress distribufion, (3) length of shear
span, (4) length of overhang at the end supports, and (5) concrete
strength et time of release of the prestress force.

Web reinforcement The first ten specimens were used to determine

the effect of vertical web reinforcement. Specimens 1, 3, 5, 7, and 9
had vertical stirrups uniformly spaeced at 12, 6, 18, 9, and 15 inches
respectively. Specimens 2, L4, 6, 8, and 10 had no web reinforcemert.

Specimens 11-33% all had vertical stirrups. Location of stirrups for all
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FIGURE 2, CROSS-SECTION OF TEST BEAMS
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‘test beams is shown in Figure 3.

Prestress stress distribution Specimens 1-10 and 19-33 hed a

nominal initiel prestress stress distribution of 0 at the top and 2400
psi compression at the bottom. Specimens 11 and 12 had & ndminal distri-
bution of O at the top and 1800 psi compression at the bottom, while 13
and 14 had e distribution of O at the top and 1150 psi compression at
the bottom. Further, strand patterns were used which produced tensile
stresses normally limited to small values by design codes. In specimens
15 and 16, the nominal stresses were 300 psi tension at the top and 2500
psi compression at the bottom, and in 17 and 18 the stresses were 700
psi tension and 2500 .psi compression. In ell, six different patterns

of the steel strand were used to prestress the 33 test beams. Thé
patterns, together with the properties of the transformed sections and
nominal initial prestress stress distributions are shown in Figure L.

Length of shear span The length of shear span was varied from

one to three feet as shown in Figure 5.

Length of overhang The lengbh of overhang was vearied from 3 to

27 inches. ILoading arrangement for all specimens is shown in Figure 5.

Concrete strength The compressive strength of the concrete at

the time of release was nominally 5000 psi for specimens 1-29. The
prestressing force was released in specimens 30 and 31 when the strength
reached 3000 psi, and in specimens 32 and 35 when the strength reached
4000 psi. The concrete mix was the same for all specimens.

Construction of the test beams

The test beams were fabricated in a prestressing bed located at
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NOMINAL fF-
i

I. = 4340in?
n=7
A,=0.875in’

8.83"

~F3200

STRAND PATTERN 1
o)

NOMINAL fg.

9.12" !
I.'=4290in?

n=7
A=0.636in°
8.88"
+ 1800

STRAND PATTERN IT
FIGURE 4. STRAND PATTERNS AND

PROPERTIES OF TRANSFORMED SECTIONS
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NOMINAL fFi

+ 1150
STRAND PATTERN III

-300
|

NOMINAL f
9.19

2B ' in4
L I. =4300in.

c.g.c! — 1ot n=7
..:».L' '..'. . 2
y 5| e'=alfre” A;=0.895in.

CREFOAFT NIRRT
- 0,0 - 0r09) @ 5
LI T SR

- @, 0 P @y
‘ b. ’.' 0'.0' '- '.: A-.- :‘ -.'-

SRy A

c.g.s. s.8i"

+ 2500

STRAND PATTERN I

FIGURE 4.(continued) STRAND PATTERNS AND
PROPERTIES OF TRANSFORMED SECTIONS
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=700

9.21"

I'=4270in
n=7 5
Ag =0.636in.

c.g.c.

8.79"

[

+2500
STRAND PATTERN X

I'=4270in.
n=7 >
A, =0.875in.

8.83"

+ 2400
STRAND PATTERN X1

FIGURE 4. (continued) STRAND PATTERNS AND
PROPERTIES OF TRANSFORMED SECTIONS
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1

Fh"—:r* L
BEAM Lg,!NCHES Lo,INCHES L,INCHES
| 36 3 108
2 36 3 108
3 36 3 108
4 36 3 108
5 36 3 108
6 36 3 108
7 36 3 108
8 36 3 i08
9 36 3 108
10 36 3 08
i 36 3 108
12 36 3 108
13 36 3 108
14 36 3 o8
I5 36 3 108
6 36 3 108
\7 36 3 108
I8 36 3 108
19 24 3 108
20 24 3 08
21 24 15 84
22 36 15 84
23 12 27 60
24 36 21 72
25 36 3 108
26 36 15 84
27 36 3 72
28 12 3 72
29 |18 3 72
30 36 3 108
3] _ 36 15 84
32 36 15 84
33 36 3 108
FIGURE 5. SPAN DIMENSIONS FOR TEST BEAMS
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the Jowa Engineering Experiment Station Laboretory. The initial step
in the fabrication process consisted of threading the steel strand first
through the steel templates which formed the ends of the beams and then
through the anchorage plates at the ends of the bed. The anchorage
plate at one end was stationary, while the plate at the other end was
moveble. Next, Steelcase Strandvise grips were slipped over the ends of
the strands to provide anchorage for febrication. Load cells were
inserted between the grip and the movable anchorage plate on four of the
strands to provide a means for measuring the initial érestress force in
the strands. A description of the prestressing bed and the load cells
was given by Monson (1k4).

Each strand vas- tensioned individually to a force of 500 pounds to
set the grips and to insure that all strands would have essentially the
seme force. A hydraulic jack was then used to pull the movable head to
the position required to tension the strands to the desired initiel
force. When the strands had reached the proper tension, movable nuts
were tightened to secure the movable head, thus allowing removal of the
jack. After the strands had been tensioned, the vertical web rein-
forcement and lifting hooks were wired into place. The greased side
forms were then bolted into place and spacers were instelled et the top
of the forms. The test beams were cast in pairs, except specimens
27-29 which, because of their shorter length, were cast at the same
time.

The concrete was placed in the forms and consolidated with an

internal vibrator. At intervals during the placing procedure, samples
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of the concrete were used to cast a total of fifteen 4-1/2 x 9-inch
compression cylinders, five 6 x 6 x 36-inch flexure specimens, and four
4 x 4 x 36-inch tension specimens. To cure the concrete, wet burlap
was kept in contact with all exposed surfaces until the time of release
of the prestressing strands.

After the concrete had attained the req,uired.- strength, the side
forms for the test beams were removed and the presiressing strands were
released slowly with the hydraulic jack. At the time of release, initial
and final readings were taken on the load cell strain gages to measure
the actual initial prestressing force. Also, at the time of release,
the cylinders, flexure specimens, and tension specimens of the concrete
were removed from the forms. The test beams and concrete specimens were
then set aside until the load tests were performed.

Materials

Concre‘t;e The concrete mix for all of the test beams was a
typical mix used in the production of prestressed bridge beams in Iowa.
Quantities of materials required for one cubic yard of concrete are:

35 gallons of water

8-3/k sacks of cement

1175 pounds of fine aggregate

1763 pounds of coarse aggregete
The maximum size of aggregete was 3/L4 inch. The nominal slump for each
batch was two inches. All concrete was provided by Ames Concrete, Inc.
Sixteen one-yard batches were required to produce the 35 test beams and

the concrete specimens.
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Prestressing steel strand All of the steel used for prestressing

wes 3/8-inch, stress relieved, seven wire strand. The strand was the
same type used in commercial beams, and had a specified minimum ultimate
strength of 250,000 psi.

Web reinforcement and-lifting hooks The vertical web rein-

Porcement was fabricated from ordinary No. 3 structural steel deformed
bars. The shape and general dimensions of the stirrups are shown in
Figure 2b. The lifting hooks were formed from short lengths of strand and

are shown in place in Figure 3.

Testing Procedure

Test beams

A1l of the beams were loaded to ultimate failure in one load cycle
in an hydraulic testing machine, The load was applied in 5-kip increments,
either as two symmetrically placed vertical concentrated loads or as &
single concentrated load at the center of the span. The beams were simply
supported on 1 x 6-inch steel plates which extended across the entire
width and served to distribute the reaction. A condition of no-lateral-
restraint was provided by supporting each plate on & 2-inch diameter steel
bar. Each load was transmitted by a l-inch diameter steel bar acting on
a 1 x 6=inch steel plate which served to distribute the load. A thin
layer of plaster of Paris was placed between each of the 1 x 6-inch
plates and the surface of the beam. The manner of supporting and loading
the beams is shown in Figure 6.

The primary quantities measured during the load test were (1) fhe

load at which shear strength was reached and (2) the location of the
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inelined tension crack which indicated the atteimment of the shear '
strength. Other measurements taken during the load test were (3) the
loed at which the first flexural cracks occurred at the bottom of the
beam, (U4) ultimate load, (5) the deflection of the beem at mid-span,
and (65 flexural strain d:i.stribution around the cross-section at mid-
span; Measuring the load at which the sheear strength was reached
consisted of recording the load on the testing mechine at which the
inclined tension crack appeared. The location of the inclined tension
cracks were measured immediately after the cracks appeared.

Measurement of the load at which the first flexural cracks
occurred at the bottom of the beam was a problem of a diff'erent type.
A line of SR-4 strain gages, A-9 type, was placed along the bottom of
the test beams covering the region exposed to the maximum moment. The
gages were overlepped slightly to give a continuous line. As the load
was applied in the lower load range, the strain readings on each gage
exhibited a uniform change in strain for each load increment. As the
load reached higher values, the concrete at the bottom of the beam was
subjected to high tensile stresses resulting in the formation of tiny
cracks. When the cracks formed, some of the strain gages exhibited
either a larger or a smaller change in strain than the change shown for
loads in the lower range. At the first sign of non-uniformity shown by
the bottom gages, the cracks were too small to be detected by the
unaided eye. But, as the loads were increased, the cracks Tirst appeared
under the gages which had first shown the non-uniform gain in strain.

Measurement of the ultimate load consisted of recording the meximum
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Joad that the beam would accept. Mid-span deflections were measured
with dial gages located on each side of the beam at the end reactions,
and én each side at mid-span. Also during the load test, strain measure-
ments were recorded from SR-4 gages, A-9 type, placed around the cross-
section at mid-span. Location of the dial gages and all of the SR-L
gages is shown in Figure 6.

Concrete specimens

Cylinders The 4-1/2 x 9-inch cylinder specimens were loaded to
failure by direct compression. During the load test of each cylinder,
a compressometer was attached for xpea.suremen’c of longitudinal strain.
The compressometer had a gage length of five inches and a multiplication
ratio of two. A dial gage with a least count of 0.000L inch was used to
measure the total strain. As the load was applied in 5-~kip increments,
strain readings were taken up to the ultimate load. The rate of loading
was approximately one kip per second. At least three cylinders were
tested (1) at the time of release of the prestress force and (2) at the
time thé test beam was loaded to failure. V

Flexure specimens The 6 x 6 x 36-inch flexure specimens were

used to determine (1) the modulus of rupture of the concrete and (2) the
stress-strain charé.cteristiés of the concrete subjected to 'be,ndiné. The
beams were tested with third point loading over a 30-inch span. Two
SR-4 strain gages, A-9 type, were cemented to the bottom side of each of
the specimens between the load points. The load was applied in 500-
pound. increments until the specimen was frectured. Readings of the SR-4

gages were taken at each load increment. The rate of loading was approxi-



mately 200 pounds per minute.

Tension specimens The tension specimens (10) were 4 x 4-inches

in cross-section and had a length of 36 inches. The cross-section was
consrba.nti over a l6-inch portion of the specimen and was enlarged into
bulb~-shaped ends for gripping. The specimens were loaded to fracture
at a rate of approximately 100 pounds per second. The ultimate load

was determined, but no strain measurements were teaken.
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THEORETICAL ANALYSIS

The problem of predicting the susceptibility of a prestressed
bean to a shear-type failure can be approached through two methods.

In the first method, experimentally determined empirical egquations can
be used, provided that the properties of the given beam fall within
the restrictions imposed in the derivation of the equations. In light
of the research work completed and the egquations now available, it
appears that the use of this method is very limited. The second meﬁhod
involves the determination of principel stresses produced in the beam
plus a comparison of these stresses with limiting stresses dictated by
a theory of failure for the concrete. In this study, the theoretical
analysis will be focused on the determination of the principal stresses
produced in the test beams.

The test beams were loaded to determine the load at which the
sudden inclined tension creck completely traversed the web. For each of
the test beams, principal stresses were computed at a number of points
in the web section, considering the applied load as the load which
produced this sudden crack. To identify the points at which principal
stresses were determined, a grid system was used as shown in Figure 7.

The principal stresses at & point in a condition of plane stress

are given by:

s =X_ Y4 Z2—I| +s (1)
c 2 L 2 J s
S +8 S. -8 72
- X ¥ _ X ¥ 2
Sg 3 —3 ] *5; (2)
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The angle between a horizontal plane and the plane on which one of
the principal stresses acts is represented by 6. The angle © can be
found from the expression:

Sx - Sy

tan 26 = o 5 (3)

The stresses Sx and Sy represenf the totel normal stresses and
Ss represents the total shearing stress on vertical and horizontal planes
at a point in the beam.

Stress Analysis

The several factors which produce the stresses are (1) the cross
shear and bending moment caused by the dead load and the applied load,
(2) the direct compressive force produced by the prestressing steel,
(3) the stress conditions in the anchorage zone caused by build-up of
the prestressing force through bond, and (4) the local effects of the end

reactions and applied concentrated loads.

Stresses due to cross shear and bending moment

Since the effect of the dead load is very small as compared to the
effect of the applied load, dead load stresses will be ignored. Thus,
the shearing stresses which result from the effect of cross shear are
gliven by:

ch'
VL T T (%)

L = 7 (5)



Direct prestress stresses

For cross-sections of the beam which are in the center portion
between the ends of the anchorage zones, the initial direct prestress

stresses are given by:

F. _ Fie'y’
T =57 * T — (6)
1 (o4 (o]

The effective direct prestress stresses are given by:

, .’
. =F.,. + Eg.,z_ (7)
F Ay 2

For cross-sections of the beam which are in the anchorage zone,
the manner in which the direct prestress stresses develop from the end
of the beam to the end of the anchorage zone must be known. In Monson's
study (14), tﬂe manner in which the prestress stresses develop was
determined for a beam having the same cross-section used in 'thié study
and having strand pattern I. The results of Monson!s study are shown
in modified form in Figure Ba. The stresses are presented as fractions

of the stress at the bottomi fiber at mid-span, f_, due to effective

B
prestressing only. The procedure used to determine the value of f_ for

B
each beam is explained in the Results section.
From the results presented in Figure 8a, the graph in Figure 9a
was developed.. The graph represents the build-up of the effective
prestress stress along horizontal grid lines 2, 3, and 1+ from the end

of the beam to mid-span. The abscissa represents the distance from the

end of the beam, while the ordinate represents the effective prestress
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stress as a fraction of fB. Values of stress at grid lines 2, 3, and 4
were plotted for the four sections shown in Figure 88., and smooth curves
were drawn through the plotted points. Figure 9a was used to develop |
Figure 10a which shows the stress distributions for cross-sectiomns A, B,
C, D, and E. ‘.I’hus? the stresses fF at the grid points can be determined
by mltiplying the coefficients in Figure 10a by the stress £_,. However,

B
the results of Monson's study refer only to beams prestressed with strand
pattern I, which would include beams 1-10, 19-24, and 27-35. The follow-
ing assumptions were used to determine effective prestress stress distri-
butions for the remaining beams. Since the general shape of the prestress
stress distribution was essentially the same for strand patterms I, II,
and III, the results of Monson's study were assumed to apply to beanms
11-14., But, because tensile stresses were produced by patterns IV and V,
and because pattern VI differed from pattern I, assumptions were made to
cover beams 15-18 and 25-26. The assumptions, which were made by modifying
the results given in Figure 8a, are presented in Figures 8b and 8c and
represent patterns IV and VI. In assuming the distributions given in
Figure 8b, the same general shapes of the distributions in Figure 8a were
retained, since the majority of the cables were located in the bottom
flange in patterns I, II, and III. But, due to the distribution of
strands through the web in pattern VI, it was thought that straight line
distributions given in Figure 8c would be eppropriate. An assumption
was not made for pattern V because tensile cracks which formed at the
time of release of the prestressing force made it impossible to complete

a theoretical analysis for beams 17 and 18. The development of
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Figures 9b, 9c, 10b, and 1lOc paralleled the previous development of
Figures 9a and 10a.

Stresses caused by build-ug of the prestressing force

In consideration of the information presented in Figures 9a-10c,
the length of the anchorage zone, I'a.z » was taken as 30 inches for all
test beams. In Figure 11b, consider the free body diagram of the
section of the beam indicated by the dotted line in Figure lla. On the
right face of the free body, a pressure, fF

prestress stress and a tensile force, F, is produced by the prestressing -

, 1s exerted by the effective

steel. To maintain equilibrium, a shear, V, and 2 moment, M, must exist
on the bottom face.

In the determination of the menner in which the shearing stress
caused by V is developed, consider the free body diagram in Figure 1lld.
The pressure distributions, (fF)B and (fF) g’ can be evaluated from
Figure 10 for any of the tes{: beams. With reference to Irelan's study
(9), assumptions are made regarding the anchorage length for the strands
ﬁhich appear in the free body diagrams. The strands which are located
in the top flange are assumed to attain their effective stress uniformly
in a 30-inch length. Likewise, for all strands located in the web, the
length is assumed to be 21 inches. The force, v, which is required to
preserve equilibrium, is a part of the total force, V. The shearing
stress, vF, is assumed to be uniformly distributed over the bottom
surface of the free body diagram shown. The shearing stress was de=-
termined similarly for the other free body diagrams bounded by the

verticel grid lines and grid line 2.
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The shearing stress distribution from the end of the beam to the
end of the anchorage zone was then obtained by plotting the stress values
at their respective locations. The distribution of shearing stress along
grid lines 3 and 4 was determined in the same manner. The results of the
determinations for beams having strand patterns I and II are shown in
Figure 12a. Similar stress variations for patterns III, IV, and VI are
given in Figures 12b, 12c¢, and 12d. Thus, from Figure 12, the shearing

stress at each of the grid points can be expressed as:

vp = Cfy (8)

Values for the constant Cl are given in Table 1. It is emphasized that
the shearing stresses discussed here are due solely to the build-up of
the prestress force in the anchorage zone.

Magnel (13) presents an assumption regarding the distribution of
fiber stressés produced by the moment, M, in Figure 1lb. The assumption
is shown in Figure llc. Values of M, expressed in texrms of fB’ were
computed for each of the strand patterns, and the stress distribution
given by Magnel was used. Thus, the normel stresses produced at the
grid points by the moment, M, can be expressed as:

F 2°B

£ = C.f (9)
y .

vValues of the constant 02 are given in Table 2.

Stresses caused by local effects of concentrated loads

A local effect is produced in a beam at the point of application

of a concentrated load. To evaluate the effect, consider the theory
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Teble 1., Values of Cl

Vg = G g
Grid Patterns I Pattern III Pattern IV Pattern VI
point and II

A2 +0.112 +0.155 -0.175 +0.200

3 +0.192 +0.230 -0.225 +0.200

L +0.350 +0.375 -0.125 +0.225

B-2 +0.010 +0.062 +0.008 +0.018

3 +0.085 +0.135 +0.055 =0.130

L +0.177 +0.225 +0.,150 -0.268

C-2 ~0,050 0.000 +0.040 +0.005 .

3 0.000 +0.050 +0.,098 =0.170

l‘l- +0.055 ‘*'00102 +00155 "'00320

D=2 ~0.090 -0.038 +0.020 0.000

3 -0.073 -0.018 +0.048 -0.090

L -0.060 0.000 +0.078 ~0.200

E-2 -0.085 -0.048 -0.035 0.000

3 -0.085 =0.045 -0.022 0.000

ll' “0.075 —O.OLI-O -0.005 0.000

Taeble 2. Values of 02
ny = csz
Grid Pattern I Pattern II Pattern III Pattern IV Pattern VI
point

A-2 -0.0670 -0.0192 4+0.0027 -0.0700 +0.0214
3 -0.0660 ~0.0L67 +0.0573 -0.0811 +0.0368
) -0.0094 +0.0400 +0.1682 -0.0386 +0.0030
B-2 +0.0135 +0.0039 -0.0005 +0.0141 ~0,0043
3 +0.0133 +0.0034 -0.0115 +0.0163 -0.0074
L" +O. 0019 "'00 0081 "'0. 0337 'l'Oo 00?8 -00 0006
c-2 +0.0344 +0.0099 -0.0014 +0.0360 -0.0110
L +0.00L49 -0.0205 -0.0859 +0.0199 -0.0015
D-2 +0.0223 +0. 0064 -0.0009 +0.0233 -0.007L
3 +0. 0220 +0.0056 -0.0191 4+0.0270 ~0.0122
L +0.0032 -0.0133 -0.0557 +0.0129 -0.0010
B-2 +0.0036 +0.0010 ~0. 0001 +0.0037 -0.001L
3 +0.0035 +0.0009 -0.0030 +0.00L43 ~0.0020
Ll' "'00 0005 -0.0021 -0.0089 +0t0(21 "000002
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presented by Timoshenko (21) concerning the effects of a concentrated
force at a point of a s‘bi‘&.igh‘b boundary. With reference to Figure 13,
the load, P, is distributed uniforml& along the thickness of the plate.
Since the thickness of the plate is teken as unity, P is the load per
unit thiékness. The stress functign which represents the stress

distribution is of the form:

d

4)1 = — rpsing (10)

a

Therefore, the only stress which is produced at a point in the material

is a radial stress given by:

- =g§_cosﬁ
r ® T

(11)

The circumferencial stress, Oy’ and the shearing stress,: 7.g> BT€ O.

The stresses produced on horizontal and vertical planes are given by:

_ep L
oy = 7a cos B (12)
o, = i—z sinaﬁcosaa (13)
Ty = i—z- sinBcos5B _ (14) |

The limitations imposed by the derivation of the equations should
be recognized before modifications are made to permit epplication to the
test beams. The derivations are made on the basis that the plate is
infinitely large and has a constant thickness. Consider first the

constant thickness. In an I-beam, the web normally carries the major



FIGURE 13. LOCAL EFFECT DEFINED BY STRESS FUNCTION ¢|
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part of a shearing force. If the shearing stress distribution due to
cross shear is considered, a rectangular part of the cross-section,
bounded by the top and bottom surfaces of the beam and the edges of the
web portion, carries T7.5% of the shear. Therefore, it was assumed

that 77.5% of a concentrated load epplied to the test beam would be
effective in producing local streéses in the web in the vicinity of the
load. Next, consider the infinite size stipulation. The bottom surface
of the beam crestes a finite boundary to the material, but since the
stresses produeed‘by the force diminish rapidly as the distance from the
point of epplication increases, it was considered that the expressions

apply to the rectangular section described. Thus, P is taken as:

(v,)(0.775)
- ==

P = (0.193)(V) (15)

The modified equations are of the form:

= v
£, = (0.386)("e cosha (16)
v na

_ (0.586) (Vo)

fC sin?ﬁcosas (17)
x na
\'
v, = (0.586)( c sinBcosBB (18)

na

Since the local effect diminishes rapidly, the effect was considered
for a distance of 18 inches on either side of & concentrated load. Thus,
the equations 16, 17, and 18 can be applied at 21l load points and at all

end reactions vhich act at or between cross-section C and mid-span of a
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test beam. Coefficients useful in solution of equations 16, 17, and
18 can be found in Figure 1lh.

For end reactions at cross-section A, another solution was required.
Consider Figure 15. The stress function which represents the stress

distribution for this case is:

4)2 _—'."‘(A-—Qé—'gg;_ﬁ [s-g-sins + 2(-’&)2cosﬁ + BcosB + ESinﬁ] (19)
°

The term Ao is given by:
A =2 [2 - &7 (20)

The normal and shearing stresses produced on horizontel and

vertical planes are given by:

A"
£, = 0'282)( c) [32‘- cc«sb's - sinBcos’ 5] (21)
y o

v —y - -

£, = (0'282)( c g cos2ssin2ﬁ - sin’Bcosp (22)
x o - =

v -

- 0‘282)( c) 12t- cos® Bsing - s:i.nzscosasT (23)

o . R -

Equations 21, 22, and 23 were used to determine the local effects
produced by an end reaction at cross-section A. It was assumed that the
3-inch overhang did not measurebly influence the derived effect of the
end reaction. Coefficients useful in solution of équations 21, 22, and
23 can be found in Figure 16.

After evaluating the various effects responsible for producing
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stresses in the beams, the stresses Sx, Sy, and Ss were determined at

each grid point by adding, algebraically, the normal and shearing

stresses produced by each of the effects. The principal stresses, Sc=

and St" and the angle © were then computed from equations 1, 2, and 3.
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RESULTS AND DISCUSSION
Results

Test beams

B
were computed in the following manner.

The stress f_, and the prestress loss for each of the test beams

l. The value of the tensile proportional limit of the

concrete, ,» was obtained from load-strain curves

fPL
for SR-~4 gages on the tension side of the flexure specimens.

2. Po was teken as the load at the end of the straight line
portion of the load~strain curves for SR-It gages at the

b

bottom of the test beams. The stress, f

.’ due to Po

was computed.

3. The value of f._ was computed from

B
b
fg =Ty - T

The determination of f£f_ is based on the assumption that

B
the actual resultant tensile stress at the bottom of the
beam loaded with Po is equal to the tensile proportional
limit obtained from the flexure specimens of the concrete.

L, The initial prestress force was measured for a number of
strands in each of the beams., The average of these
values was then multiplied by the number of strands to
obtain the total prestress force, Fi' Measured values

used to obtain the initial prestress force are shown in

Table 3.
5. The prestress stress fBi was computed, using the actual
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Table 3. Determination of values of Fi

Beams Force Avg. Fi Beans Force Avg. F

in force in force i

load cell k k load cell k k
1-2 14.9 17-18 14,2
14.9 14k
14.8 1k L

15.5 1500 165.0 - lh‘oB ]-]-)'l'oh'
3=l 143 19-20 13.9
k.1 14,2
14,3 14,3

14,6 143 157.3 - k4.1 155.1
5"'6 l)'l'.3 21"'22 13 . )"l"
14,0 13.6
4L 13.5

ERI 1k.3 157.3 - 13.5 148.5
T7-8 14,5 2324 13.7
13.9 13.7
14,2 13.6

14,7 14.3 157.3 13.7 13.7 150.7
9-10 1k4.5 25-26 1.2
14,2 1k.2
14,5 13.8

14,5 AR 158,k 14,1 1h.1 155.0
11-12 13,7 27-28-29  13.8
13,1 “1k.0
1307 1308

13.4 13.5 108.0 14,5 14,0 154.0
13-l 12,4 30~31 13.9
13.2 13.7
13.3 13.9

- 13.0 65.0 ikk  1hk.0  15k.0
15-16 1L4.3 32-33 14,0
14,0 13.6
1.1 14,0

1%.0 1k, 1.0 13.6 13.8 151.8
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value of the prestress force from step L.
6. The stress loss at the bottom of the beam was computed
as
Loss = fBi - fB
The loss was expressed as & percentage of fBi'
As an example, consider the computations for test beam i. Four
of the seven load-strain curves for gages at the bottom of the beam are
shown in Figure 17. The applied load which produced fPL at the bottom
of the beam was teken from the load-strain curves as 70 kips. J_::? the
load=strain curves shown in Figure 17, two of the gages show a deviation
at 70 kips while the others continue linearly to a higher load. For all
of the test beams, it was common for several of the gages to indicate the
same load at the end of the straight line portion. This load was normelly
the lowest load at which the‘ straight line portion ended, and was taken
as the applied load in computing f?.‘ In beam 1, the stress f}: produced
by the 70-kip load was computed to be -2560 psi. The stress-strain
curves for the flexure specimens for beam 1 are shown in Figure 18. The

'a.verage of the three values of £_. was =370 psi. Therefore, fB = 42190

PL
psi and the stress loss is 410 psi or 15.8%. Values of the prestressing

force, in addition to values of fBi’ f_, and the prestress loss are

B,
given in Table 4 for each of the test beams.

Theoretical analyses were completed for test beams 1, 3-16, and
19-33. Beam 2 was fractured before the load test and will be discussed

in a later section. Theoretical analyses were not made for beams 17 and

18 because of cracks which were caused by high initial tensile stresses
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Table 4. Initial prestress force and selected test results
Beam m.mm wwm. “mw % Loss <o v, w,w e
k psi psi k k psi
1 165.0 2600 2190 15.8 37.5 51.0 470 2.00 2.94%
2 165.0 2600 - - - - y70 - 2.94
3 157.3 2480 180 23.8 37.5 53.0 Lo 1.92 2.68
Y 157.3 2480 1860 25.0 U3.0 U43.0 490 2.19 2.68
5 157.3 2480 1830 26.2 32.5 42.5 510 1l.59 2.58
6 157.3 2480 1760 29.0 38.0 38.0 510 1.86 2.58
7 157.3 2480 1800 27.4 39.0 Lu45.0 520 1.86 2.53
8 157.3 2480 1800 27.4 37.5 37.5 520 1.80 2.53
9 158.4 240 1680 32.6 31.0 L45.0 545 1.43 2.4k
10 158.% 240 1760 29.4 35.0 35.0 545 1,61 2.4k
103.0 1685 1240 26.4 39.5 L47.0 545 L.69 1.66
108.0 1685 1240 26.4 L0.0 43.5 545 1.72 1l.66
65.0 1060 720 32.0 31.0 55.5 560 1l.33 0.97
65.0 1060 810 23.4 32.5 32.5 560 1.4  0.97
143.0 2510 1860 25.9 L40.0 55.5 570 1.80 2.07
i4.0 2510 1800 28.3 L40.0 51.0 570 1.80 2.07
1144 2480 1885 24,0 40.0 L40.0 590 1.63 1l.62
1ik.k 2480 1925 22.4 30.0 36.0 590 1l.23 1l.62
155.1 2440 1835 24,8 L40.0 51.5 495 1.35 2.62
155.1 2440 1695 30.5 37.5 55.0 495 1.25 2,62
48,5 2340 1800 23.0 55.0 99.0 505 1.81 2.46
148.5 2340 1800 23.0 E..mm 70.0 505 2.05 2.46
150.7 2370 1850 22,0 - 90.0+ 550 - 2.29
150.7 2370 1800 24.0 L45.0 T71.5 550 2.0h% 2.29
155.0 2h60 1835 25.4 37.5 56.0 535 1.70 2.k42
155.0 2460 1895 23.0 L47.5 T72.5 535 2.14 2.k
isk.0 2k20 1845 23.7 2.0 50.0 510 2.05 2.52
154.0 24%0 184 23,7 T0.0 85.0 510 1l.13 2.52
15h,0 2420 1845 23,7 52.5 81.5 510 1.28 2.52
154,0 2420 1870 22.7 37.5 Wb6.5 525 1.78 2.45
154.0 2420 1770 26.9 L43.5 69.0 525 2,06 2.45
151.8 23590 1875 21.5 U45.0 T76.0 520 2.16 2.4k
151.8 2390 1865 22.0 37.0 45.0 520 1.78 2.4k4
Spt 90.0 k, inclined tension crack had not formed
€. = <OH_m . = m.mm
1 20— 2 .
£,bd 4w| Af]
o
b=9
b= 4
D =18
A = 119.5
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produced by the prestressing at time. of release. Stress trajectories
which resulted from the theoretical anslyses are shown in Figure 19-48,
The inclined tension cracks, which formed when the shear strength was
reached, are shown, in addition to the principal tensile stresses
computed at each of the grid points.

-In addition, the results of the load tests are presénted. in another

form. Using the variables considered in Sozen's paper (20), and taking

chs
Ttl = -—-———2—-——'- (2)4')
ft'bd ,,E )
b
Fse
Ty = = (25)
Acft
:tl is plotted against :ta as shown in Figure 49, Values of :tl and 1r2

are given in Table L,

It was found that the information obtained from the deflection data
and the SR-4 gages located around the cross-section at mid~-span was not
necessary in eveluating shear strength of the test beams. Therefore,
this information is not presented.

Concrete specimens

Compression cylinders Results of the tests used to evaluate

f; are given in Teble 5.

Flexure specimens The results of the tests performed on the

flexure specimens are given in Table 6. An example of the stress-strain
curves for the SR-4 gages is shown in Figure 18.

Tension specimens. The values of fé are given in Table 7.
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FIGURE 20. STRESS TRAJECTORIES, CRACK PATTERN, AND
PRINCIPAL TENSILE STRESSES. BEAM 3
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FIGURE 23. STRESS TRAJECTORIES, CRACK PATTERN, AND
PRINCIPAL TENSILE STRESSES. BEAM 6
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FIGURE 3l. STRESS TRAJECTORIES, CRACK PATTERN, AND
PRINCIPAL TENSILE STRESSES. BEAM 14
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Table 5. Test results from compression cylinders

Beams f; Avg. £7 Age Beams £’ Avg. f; Age
¢ days ¢ days
1-2 5480 11-12 5860
5450 5950
5520 5480 T 6020
7150 6290 6030 7
6460 6950
6560 6280
7510 7100
6850 6910 130 6710 6760 169
3=k 6145 13-14% 5200
5680 - ) 5950
.521.0 5680 T 5320
7500 5400 5480 6
7250 7550
6610 T420
6380 7650
6760 6900 130 T620 7560 179
5-6 5125 15-16 4960
5320 5360
4900 5120 7 k900
6320 k780 5000 T
6670 7940
6940 7900
6915 6720 215 TokO
T9%0 7700 219
-8 5180
4875 17-18 5710
4900 4980 T 54140
T6k40 5730
7690 540 5580 T
7580 7880
7090 7800
7870 8010
8120  T670 240 8100 7960 211
9-10 5850 19~20 5590
5600 5780
5660 5700 8 6090 5820 T
7940 6550
7 6550
7420 7100
6790 6400 6660 256
7390 7380 231
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Beems £’ Avs. £ Age Beams £’ Avg. £’ Age
C [ da.ys Cc C da.ys
a1-22 5920 27-28-29 6800
5830 6250
7060 6160
5350 6050 7 6010 6300 T
T4O0 8900
- 8000 9250
7900 9120
7800 T780 242 9350 9150 128
23-2 5340 30-31 3030
_ 5780 2830
5690 3000 2980 2
5670 5620 7 7480
8200 7680
8500 6400
8100 7620 7300 116
8200 8250 109
32-33 3760
25-26 5150 3920
5240 4250 3900 3
5300 6600
521.0 5230 6 6710
7980 7200
T460 6480 6750 109
7900
T200 7650 136
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Table 6. Test results from flexure specimens

Beams £’  Avg. £__  Avg. Age Beams f’ Avg. f_. Avg. Age

T f; L fPL days T f; FL fPL days
1-2 700 L2o 17-18 900 335

695 350 905 350

670 690 350 370 130 880 895 320 335 211
3-4 750 535 19-20 860 335

T75 350 855 315

710 T45 335 3h0 130 835 850 320 325 256
5-6 T30 370 21-22 835 265

695 330 730 265

T30 720 Loo 370 215 805 790 310 280 2k2
7-8 860 o0 23-24 710 310

805 300 T65 280

815 825 300 330 240 830 770 280 290 109
9-10 880 300 2526 T30 280

870 300 765 265

785 845 300 300 2351 695 T30 310 285 136
11-12 800 250 27-28-29 620 - 280

900 350 695 265

800 835 350 315 169 : 765 €95 280 275 128
13-1h 835 270 30-31 765 325

695 350 765 325

785 T70 300 310 179 T70 765 315 320 116
15-16 915 280 32-33 760 300

890 310 ] 720 . 265

895 900 310 300 219 715 730 290 285 109
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Table T. Test results from tension specimens

Beams h iy _E Avg. Age . Beams £ 1’_' Avg. Age

f,g days f_é days
1-2 500 17-18 595
4o 560
k50 570

470 465 130 625 590 211
3l 470 i 19-20 495
505 525
480 k70

k90 k90 13¢ 485 o5 256
5-6 520 . 2122 Mo
475 525

490 550 :

550 510 215 535 500 2ho
-8 485 23-2L 530
540 545
560 580

500 520 240 545 550 100
9-10 555 25-26 545
545 540
500 500

580 545 231 560 535 136
11-12 560 27-28-29 500
545 ' 525
530 505

540 545 169 500 505 128
13-1k 580 30-31 570
565 515
520 500

570 560 179 510 525 116
15-16 530 32=33 530
560 TeTo}
610 , 505

580 570 219 550 109

520
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Discussion

Beam failures prior to load teé‘bs

» The need for stirrups in 4t1.1e é.nchora.ge zone of pre~tensioned
beams was emphasized by the performance of test beam 2. In this beam,
in which no stirrups were used, the lifting hooks were omitted, leaving
beam 2 with no web reinforcement of any kind. After release of the
prestressing force, the beam was removed from the sti'ess bed, and within
minutes, a longitudinal crack at about mid-depth had begun to form at
one end. Over a period of about one minute, the crack extended for
nearly two-thirds of the length of the beam. A view of beam 2 is shown
in Figure 50. The formation of the crack emphasizes the importance of
stirrups at the time of release. The other test beams were inspected
for similar cracks which might have been present but limited in size by
web reinforcement. Such cracks were noticed only in beams 4, 6, 8, and
10 in which the lifting hooks constituted the only web reinforcement.
The cracks were tiny and were visible only upon. close inspection. The
length of these cracks never exceeded two inches. Later, in the load
tests, it was noticed tﬁa:b these cracks closed upon application of the
load, due to the compressive effect of the end reaction. Hence, the
presence of the longitudinal cracks did not affect the load carrying
capacity. But, the fact remains that the absence of web reinforcement
was responsible for the failure of beam 2 before it could be loaded.

In beams 17 and 18, the theoretical initial prestress stress at the
top of the beam was -685 psi. The values of :E'; and f; were 590 and 895

psi respectively. When the prestress force was released, cracks formed



Figure 50. Beam 2 after release of prestress force
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at the top of both beams. The cracks appeared at about 24~inch intervals
along the beams and extended downward into the web. Therefore, theoretical
analyses could not be prepared for these two beams. However, the beams
were loaded to failure in the same mauner as were the other test beams.
With reference to Figure Y9, the points representing the two beams are
near the experimental curve shown. | i
Load tests
With one exception, the value of Vc was not difficult to obtain.
In the load test of beam 23, for which Ls = 12 inches and I‘o = 27 inches,
the load was applied until the magnitﬁde of the shearing force reached
90 kips. -At -bha:b point, an inclined tension crack had not formed but the
load beam had begun to deflect excessively and the test was stopped. The
theoretical analysis was completed considering Vc 'to be 90 kips. In the
other test beams, the formation of the inclined crack was definite.
- Velues of the ultimete shearing force, V> are given in Table L.
Observations of the ultimate failures were as follows:
1. PFor all of the beams with no web reinforcement, V‘u =V. .

c
For the beams with web reinforcement, V, = V .

2. For the beams with I'o = three inches, the ultimate load
was controlléd by the bond between the strands and the
concrete, After the formation of the inclined tension
crack, the applied load could be increased until the
strands began to pull into the beam at the ends. When
the strands began to slip, the beam would support no

more load.
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3« For the beams with Lo greater than three inches, the
ultimate load, as compared to the cracking load, was
increased measurably. For these beams, the ultimate
load was sometimes controlled by the crushing of the
concrete at the top of the beam at the end of the in-
clined tension crack, but no attempt was made fo cata=~
log the type of ultimate failure for each of the beams.

Results of the load tests and theoretical analyses

| In all of the test beains, agreement between the direction of the
inclined tension crack and the computed stress trajectories was excellent.
In 22 of the 30 beams for which theoretical analyses were completed, the
inclined tension crack passes through or very near to the grid point at
which the maximum principal stress was computed. The 22 beams were
numbers 1, 3-16, 19, 20, 27-30, and 33, For beams 21, 22, 24, 26, 31,
and 32, the principal tensile stresses near the location of the inclined
crack were less than the stresses computed at two or three of the other
grid points. In each case, the locations of the grid points having the
higher principal st:pess values were located along grid line 4 beneath the
load point. Flexural cracks which initially formed at the bottom of the
beam had progressed into the web at these points of maximum stress, and
it should be emphasized that the formation of these cracks would not
constitute a shear failure. In beam 25, which had strand pattern VI, an
inclined crack formed where the computed principal tensile stresses were
very low. Since the crack occurred in the anchorage zone, possibly

the a.ss_umptions regarding build-up stresses were inaccurate. This seems
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mofe probable than would the assumption thgt the comstruction.procedure
was poor or that the material was of poor quality. . As men;bioned before,
no shear crack formed in beam 23.

As can be seen in Figures 19-48, the maximum principal tensile
stresses along the location of the inclined tension crack fall between
the values of f

+
29, did not conform to this 'o'bserva:bion. Beam 25 has been discussed.

and f;. Four of the beams, numbers 23, 25, 28, and

Beams 23,.28, and 29 all had values of L = 18 inches, and the maximm
principal stresses were much higher. than the f; values. The complexity
of the .problem of considering the local effects of concentrated loads
is increased when the effects overlap, as was the case for these beams.
In Figure 49, a straight line was used to represent the date from
beams in this study. Another straight line, developed by Sozen (20), is
also shown. It is emphasized that the data shown represents a nﬁm‘ber of
beams in which the failure occurred in the end portions. Im contrast,
the beams represented by Sozen's line were constructed with end blocks
;a.ﬁd prestressed stirrups which forced the failures to occur in areas
ayay from the ends of the beam. A comparison of +he lines indicates that
lower values of Vc are responsible for shear failures when the failures
occur in the end portions. It appears then, that in pre-tensioned beams
having no end blocks and no prestressed stirrups, the shear strength is

critical in the end portioens.

Theories of failure

As stated previously, Grassam (7) suggests that concrete might be

expected to fail when the computed principal tensile stress reaches a
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value of (l.2)('f_g). However, the results of this study do not justify
'bhé use of “bhe‘fa'ctor 1.2 because, in a number of the beams, the inclined
tension crack fo:[med when the maximum principal tensile stress was nearer
the value of £ than (l.2)(f_t’;).

The use of the iz—zterné.lb-friction theories is very cumbersome due to
the work involved in development of the limiting curve and to the problem
of gpplication of the theory to members in which a number of locations
might be critically stressed. It has already been stafed that the maximum-
shearing-stress and thé maximum-normal -strain theory do not accurately
represent the failures of concrete.

Variables introduced in the test beams

In considering : tiae varia,bles introduced in the study, it was found
that:

l. The amount of web reinforcement had no gpparent effect
upon formation of the inclined tension cracks, but the
ultimate load was increased méasura.bly over the cracking
load for beams having stirrups. The stirrups greatly
reduce or eliminate the possibility of a horizontal
failure at time of release. During the load tests of
beams 1 and 3-10, the load was reduced slightly after

- formation of the inclined tension crack. For beams having
no stirrups, the cracks remained open when the load was
reduced. ﬁowever, the cracks closed partially when the
load was reduced on beams having stirrups. The degree

of closure varied with the amount of web reinforcement.
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As the amount inc‘rea.sed, closure of -the cracks was more
complete.

The variation of prestress stress distribution did not
affect the evaluation of the shear strength by the combined
stress method, but there was a change in the magnitudes

of Vc.

The length of shear span had no effect on the use of a
combined stress theory except when L_ = D. And, since
the possibility of a shear failure would be increased if
L > D, the loading of beams for vwhich Ls = D would not
constitute a critical condition for a shear failure.

As the length of overhang was increased, the magnitudes -
of Vv o and Vu were greater for a given Ls.

The strength of the concrete at time of release had no
measurable effect on either the use of the combined stress

theory or the values of Vc.
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CONCLUSIONS AND RECOMMENDATIONS
The fbllowing .conclusions and recommendetions are presented.

l. The combined stress method can be used satisfactorily
to eveluate the shear strength of pre-tensioned I-beams
having no end blocks. The method gave consistent re=-
sults for all beams except those in which L s< D. - There-
fore, it is recommended that the method be used when
Ls> D. .'.Eh:i.s- is not a serious limitation, however,
since smaller values of Vc were obtained as Ls was in=
creased, indicating that the critical condition for a
shear failure occurred when Ls> D.

2. The results indicate that the maximum-normal-tensile-
stress theory is a satisfactory theory of failure for
concrete, in evaluating shear strength of prestressed
beams. It is recommended that the limiting tensile
stress be taken as f_;.

3. 'The possibility of a shear-type failure is greater in
the end portions than in the center portion of pre-
tensioned I~beams having no end blocks.

The importance of the previous research concerning build-up of
the prestress stresses must be emphasized. It is obvious that knowledge
of the development of these stresses is a necessity in using the combined
stress method. Much more research is needed in this area before the shear
strength of all types of prestressed beams can be accurately evaluated.

Load tests of other types of prestressed beams should be made to
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further justify the use of the combined stress method.

Anothe_r' iml;orta.nt factor which merits consideration in future
reséarch is the effect of fatigue, since all research to date concerning
shear strength has been based on static tests.

It is also recommended that research‘be devoted to justification
of the assumptions regarding local effects of concentrated loads, even

though the assumptions used in this study gave consistent results.
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