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ABSTRACT

A new procedure for predicting the strains and deflections of the
beams in simple-span beam-and-slab bridges of the usual proportions has
been developed. It divides the calculations into two primary steps:

1. Temporary reactions are assumed at the beams to prevent deflections
of the beams, and the loads are distributed to these reactions by the
slab acting as a continuous beam.

0o

The temporary reactions are removed and the consequent effects on
the beams are computed.

Since no deflections or moments are produced in the beams in step 1, the
entire effect on the beams is found in step 2. This effect on a beam is
assumed to be that of a loading consisting of :

1. a concentrated or narrowly distributed force, the temporary reaction
reversed, and

2. a widely distributed force produced by the resistance of the slab to
deformation.

Part 2 of the beam loading has been assumed to be sinusoidal, but any
other form could be assumed. For the bridges tested the effects of part
2 are relatively small; so the precision of the predictions of maximum
strains and deflections is not sensitive to changes in the form assumed.

It is suggested that, pending further study, the use of the procedure
be limited to bridges having a ratio of span to beam spacing of 2 or more,
and also a ratio of beam to slab stiffness, H, of 2 or more.

To obtain checks on the predictions by the proposed procedure, by
the present (1953) AASHO specifications, and by the tentative revisions
(T-15-50), four bridges were tested. Two are full-size bridges in use on
a highway; their spans are 41.25 ft. and 71.25 ft., and their roadways are
30 ft. wide. The other two were built in a laboratory. They include ecrown,
curbs, and diaphragms; their spans are 10 ft. and 25 ft., and their road-
ways are 10 ft. wide. Each of the four bridges has four beams equally
spaced, has the interior beams larger than the exterior, and is of composite
construction. Among the four bridges the span to beam spacing ratio varied
from 3.1 to 7.8, and the beam stiffness to slab stiffness ratio varied from
3.0 to 10.7. The loads on the laboratory bridges were either single-axle
or tandem-axle trucks; either one truck, alone, or, two, side by side. The
load on the highway bridges was a single semi-trailer truck having tandem
rear axles.

Strains and deflections were measured at a number of locations at
each bridge for various positions of the loads. Of these test results, those

vi




of most interest to designers and those directly comparable to the pre-
dictions under the specifications are the maximum strains caused by a
given loading when it may be placed in any position. Comparing the pre-
dicted maximum strains with those observed, the ranges in percent of
error for all the beams, both interior and exterior are:

proposed procedure + 11 to —10
AASHO +87to -8
T-15 +106 to +5

It is concluded that the proposed procedure provides improved pre-
dictions under a much wider range of conditions than does either specifi-
cation method. To understand and use it requires no special training, and
the time required for its use is only about one hour per analysis; so it
should be practical for practicing engineers to use it. It lends itself readily
to refinement through further research, and a number of subjects for
further research are recommended.

It is further concluded that the present AASHO specifications provide
what may be regarded as acceptable predictions of the effects of two trucks
side by side, +30 to —8 percent error, but may be grossly in error in pre-
dicting the effects of a single truck, +87 to +5 percent error. The ten-
tative revisions are grossly in error in predicting the maximum effects
of two trucks on an exterior beam, +106 to +51 percent, as well as in
predicting the effects of a single truck, +90 to +34 percent error.

vii



DISTRIBUTION OF LOADS IN BEAM AND SLAB BRIDGES 1

I. INTRODUCTION

A. Description of the Type of Bridge Considered

Highway bridges composed of longitudinal steel beams or stringers
carrying a reinforced concrete slab are widely used for individual spans,
L', of from 20 to 100 ft. as well as for the floor systems of truss bridges
of longer spans. In these “beam-and-slab bridges” the slab is supported
by the beams and is continuous across them. It may, also, be supported at
the ends by the abutments. The beams, in turn, are supported at the
abutments or at floor-beams transverse to the roadway. The beams are
often essentially simply supported, but may be continuous over several
spans. They may in theory consist of the steel sections alone, assuming
a frictionless surface between the steel and concrete. However, in practice
it is found there is substantial bonding between the steel and concrete even
when no special attempt is made to secure it. This results in a composite
beam composed of the steel and of the concrete contiguous to the steel.
In many bridges “shear lugs” are provided at the common face to insure
the occurrence of this composite action, and the beams are designed as
composite sections.

The number and spacing of longitudinal beams in a bridge varies, of
course. One common current (1956) practice is to use a spacing of nearly
10 ft. The corresponding number of beams for a two-lane roadway is
three or four. Many designers use a smaller spacing, down to about five
ft, and a correspondingly greater number of beams. Also, some of the
older bridges still in service may be found to have even smaller spacings.
The spacing of the beams is ordinarily the same throughout the width of
the bridge. The edge beams may be smaller than the interior beams or
they may be made the same size as the interior ones.

The longitudinal beams are usually connected by crossbeams, com-
monly called “diaphragms,” at the ends and at intermediate points. These
are likely to be of much smaller section than the longitudinal beams and
the tops of the interior diaphragms are often below the concrete; hence
they are not composite beams. The end diaphragms are likely to be com-
posite and much stronger than the interior ones, the slab being turned
down at the ends and partially encasing the steel. The diaphragms are
often provided primarily for temporary use during construction. When
they are left in place, as they usually are, they also affect the behavior of
the bridge in use.

The reinforced concrete slab is from 6 to 10 in. thick, either uniform

'Definitions of symbols are repeated in the Glossary, p. 143, for convenient ref-
erence,
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DISTRIBUTION OF LOADS IN BEAM AND SLAB BRIDGES 3

or variable in thickness. The use of a uniform thickness requires the
minimum amount of concrete; hence provides the minimum dead load on
the structure. If the slab is uniform in thickness, however, the transverse
“crown” and longitudinal “camber” of the roadway must be provided by
proper fabrication of the steel. Some designers, therefore, provide crown
and camber by using a minimum thickness of concrete at the corners and
increasing the thickness in both directions toward the center. Even when
this is done the usual practice is to assume a uniform thickness equal to
the minimum in computing the strength of the slab or beam.

The concrete is usually reinforced by steel bars in both directions near
both faces of the slab. The primary reinforcement is perpendicular to
the longitudinal beams and provides for positive moment (tension in the
bottom) in the center portions of the panels between beams and for nega-
tive moment over the beams.

The general features described above are illustrated in Fig. 1 which
shows, in particular, the type of bridge tested as part of the project re-
ported herein. These are characterized by four equally spaced beams, by
minimum curbs, by exterior beams smaller than the interior, by slab thick-
nesses that vary so little they may be assumed to be uniform, and by heavy
end diaphragms.

B. Loads

The vertical loads that must be considered in the design of bridge
floors are the weight of the structure itself, the dead load; and the forces
arising from the passage of highway traffic, the live load and impact.

The determination of the magnitude of the total dead load is relatively
easy after a preliminary design has been set up for analysis. Its effects
on the individual beams, however, are not readily determined because the
construction procedure is not the same for all bridges. One common con-
struction procedure includes supporting the wet concrete on forms built
up from the bottom flanges of the steel sections. These forms act as simple
beams spanning between the longitudinal beams, with the form for the
curb cantilevered from the edge beam. In the construction of the shorter
spans the concrete may be placed in such a short time that the last of it
is placed before the first part placed has gained appreciable strength.
Under these conditions the dead loads carried by the beams are often as-
sumed to be simply the reactions of the simple-beam forms. Also, under
these conditions the dead load is assumed to be supported by the steel
beams alone, with no composite action possible because the concrete is wet.
These assumptions would be entirely correct except for the subsequent
effects of such things as shrinkage and plastic flow.

Alternate methods of construction involving partial or complete shor-
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ing of the forms or placing the concrete in segments over a period of days
or weeks would lead to much more complicated behavior under dead load.
Some designers arbitrarily divide the total dead load equally among all
the beams to avoid this complication. A study of the many possibilities
arising under differing construction procedures is beyond the scope of
the project reported herein.

The actual live load occurring on bridges consists of a mixture of
vehicles of various sizes and weights, having different characteristics,
traveling at different speeds at variable spacings. The determination of
the proper static and dynamic loads to use on bridges of different spans is
another problem beyond the scope of the current project. Current design
practice as established by the specifications of the American Association
of State Highway Officials (AASHO) is to design for either (1) a rep-
resentative heavy truck in each lane, or (2) an equivalent lane load con-
sisting of a uniform load plus a transverse line load in each lane (1, pp 159-
163).

The individual design trucks can be regarded as composed of pairs of
wheel loads, each pair constituting an axle load. Thus, the three basic
types of loading are: (1) axle loads, (2) uniform lane loads, and (3) trans-
verse line loads. Whatever future changes may be made in the specified mag-
nitudes, arrangements, and combinations of these, it seems likely the three
basic types will remain. Hence, a generally useful method of analysis must
be adaptable to all three types.

Current specifications provide for two different arrangements of axle
loads in the individual design trucks and for a choice of magnitudes for
each arrangement. The “HN,-44" trucks consist of two axles 14 ft. apart
having a total weight of “N,” tons, of which .2N, tons are on the front
axle and .8N, tons are on the rear. The number, 44, indicates the year,
1944, in which this particular loading was first adopted. The “HN,-SN.-
44” trucks are the same, but they have another axle load of N.—.8N, tons
following the rear axle. These are shown diagrammatically in Figs. 2 and
3 for H10-44 and H10-S8-44 trucks, respectively. Trucks of other weights
have the same arrangements. The axle loads, moments, etc., are increased
proportionately as the total weight is increased.

In computing the maximum moment, M, caused in a simple beam by
these trucks the number of wheels on the span changes as the span in-
creases. The resulting maximum moment curve for the “H10-44” loading
is shown in Fig. 2, and that for the “H10-S8-44” loading is shown in Fig.
3. It will be noted that the “equivalent lane load” governs spans above
56 ft. when the “H” trucks are used. The equivalent lane load does not
govern until a span of 140 ft. is reached when “H-S” trucks are used.

Further consideration of Figs. 2 and 3 will reveal that the same maxi-
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mum moment versus span diagrams could be obtained by using a single
axle-load at the center of the spans and varying the magnitude of this
load as the span varies. Formulas for this variable load, P., are shown in
the figures. The use of such a variable “equivalent” concentrated load
in place of the currently specified axle arrangements would probably sim-
plify the work of the designer, particularly when relatively complex anal-
yses are undertaken.

C. Design and Analysis Problems

For complex structures a direct design procedure is not to be expected.
Instead, it is customary to arrive at a final design by a series of successive
trials. A trial design is set up, analyzed to find the critical stresses and
stress distribution, and revised in the light of these stresses. Analysis
and revision are repeated until satisfactory stress patterns are obtained.
Thus, if methods for analyzing the structure are available, a design is
possible. The remainder of this discussion will, therefore, be concerned
only with analysis, with the understanding it is to be used as part of the
design procedure.

In the analysis of simple span beam-and-slab bridges the critical
stresses are normally those in the bottom flanges of the beams at or near
the centerline. The variation of stress along the beams is of interest only
if the size of the beams is to be varied; as with cover plates. The maximum
shear stress in the web of the beam near the supports must be investigated,
but experience teaches that it seldom controls the design, particularly when
steel stringers are used. Similarly, the maximum compressive stresses
in the concrete are of some interest but are seldom critical.

As indicated in the discussion of loads, the usual design loading con-
sists of a truck or lane loading in each lane. The basic problem in analysis
is to find the maximum stresses caused as these loads are moved laterally
and longitudinally on the bridge.

In addition to determining the effects of the standard loading it is
often necessary to determine the effects of a single non-standard vehicle;
in particular, of an overweight one. These do occur, even though illegal,
and it must be assumed they will pass through the positions at which their
effects will be greatest. There are, also, the legal “permit” loads operating
under controlled conditions. They can be required to cross bridges in the
most favorable lateral position; for instance, along the centerline.

D. Present Methods of Analysis

In the analysis of beam-and-slab bridges it has been the convenient
practice to consider the slab and the beams as separate members even
though the material of the slab may also be part of the material of the
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beams. When composite action is assumed, each beam is considered to be
composed of a steel section and of the contiguous concrete within specified
limits (1, p. 250). Curbs and sidewalks may or may not be included as
part of exterior beams depending on their dimensions, the construction
procedure, and the judgment of the designer. Actually, of course, the
structure acts monolithically with no division into parts as assumed. How-
ever, analysis as a monolith seems to be a desirable goal beyond practical
reach at present. Therefore, the practice of referring to the “beams” and
the “slab” as though they were discrete entities is continued herein. As-
suming such separate action, the basic problem in the analysis of a beam
becomes that of determining the load that will be carried by the beam or
of determining some equivalent load known to cause essentially the same
effects as the true load. Once the load is determined; the moments,
stresses, and other effects can be computed by ordinary methods.

When a load is applied to one of these bridges the slab distributes
most of it to the beams but may carry part of it directly to the abutments.
As the load is distributed to the beams it is spread longitudinally as well
as laterally so that the effect on a beam becomes that of a non-uniform
distributed load even when the applied loads is uniformily distributed or
is concentrated. Under the assumption of separate slab and beam action,
the loads on the beams are the reactions of the slab. The division of the
total load among the beams and the distribution along the beams would
seem to depend on many different variables. Among these are the:

arrangement of the applied loads,

longitudinal location of the applied loads,

lateral location of the applied loads,

span of the beams,

number of beams,

spacing of the beams,

elastic constants, EI, of the beams,

variation of these constants along the beams,
thickness of the slab,

variation of slab thickness, if any,

elastic properties of the materials used in the slab,
width of the roadway,

number of lanes of traffic assumed,

dimensions of the curb, and

size, spacing, and manner of connecting the diaphragms.

In spite of the many variables involved, the current AASHO specifi-
cations provide for determining the loads on beams by greatly simplified
procedures. Both interior and exterior beams are to be loaded with con-
centrated loads in the same longitudinal pattern as those in the standard
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trucks. For interior beams the amounts of these loads are specified as
S/5 times the standard truck wheel load if two or more lanes of traffic
are acting, S being the average beam spacing in feet. If only one lane is
acting, the formula is changed to S/6. For exterior beams the amounts
are to be determined as the reactions of the slab when it is assumed to be
simply supported by the beams and longitudinal bending in the slab is
ignored. No provision is made for unusual loadings, for loads restricted
to a particular lateral position, for changes in the relative size of the
beams, or for variations in the slab thickness. Nothing is said about the
position of the curb with respect to the outer beam.

It seems that little is gained by having different rules for the interior
and exterior beams. As shown in Fig. 4 the S/5 formula gives results that
differ only slightly from those that would be obtained by assuming simple
beam action for the interior beams, as is done for the exterior.

No discussion of the reasons for either of the regulations is given in
the specifications. Presumably the simple-beam provision for exterior
beams follows the old rule that if something is designed as though stat-
ically determinate and then built continuous it will be safe. Presumably,
also, the S/5 provision recognizes that in a fully loaded bridge of infinite
width the average load per beam would be S/5 wheel loads because the
average lateral spacing of wheels of the standard trucks is 5 ft. This, of
course, ignores longitudinal bending and torsion in the slab.

Applying the AASHO provisions to bridges having the dimensions
of those tested (Figs. 14 and 15) results in designing the exterior beams
for approximately 55 percent as much live load as that for which the in-
terior ones are designed. A recently proposed revision of the specifications
(unpublished) would require that the exterior beams be designed for at
least as much live load as are the interior ones. The required size of the
exterior beams would thereby be increased without a compensating de-
crease in the size of the interior ones.

As an alternative to the simplified analysis provided by the specifi-
cations the general differential equations of flexure of elastic slabs and
beams are available. As discussed in more detail in the chapter reviewing
the literature, solutions of these equations for some particular conditions
are available. These solutions, in general, yield results in the form of
equations that are complex and cumbersome even though simplifying as-
sumptions are made in their derivation. A general method for obtaining
numerical solutions to particular problems is also available. It, also, seems
to be too cumbersome for ordinary use in that it has not been adopted
in engineering practice or even to any great extent as a research tool.
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E. Objectives of the Project

As indicated in the foregoing discussion there is not available at
present a generally satisfactory method of analysis for the beams of beam-
and-slab bridges. A method is needed that is simple and brief enough for
understanding and use by busy practicing engineers having no special
training and that yields results with a precision consistent with that of
the loads, dimensions, and the properties of the materials. Ideally the
method should be capable of taking into account most of the variables found
in these bridges without undue complication. It should permit refinement
through increased time and labor in calculations and as experience, judg-
ment, or future research provide added information concerning the effects
of any assumptions made.

The primary objective of the project reported herein was to discover
such a method of analysis. Since no truly exact method of analysis is avail-
able as a standard, the value of a suggested method or procedure must be
decided on the basis of comparisons between predicted strains and de-
flections and those actually observed in tests. Such tests, then, became a
necessary part of the project, and were made.

A secondary objective was to determine through tests whether or
not bridges of the particular type tested are safe and well proportioned
when designed according to the current AASHO specifications. Another
secondary objective was to determine whether or not the proposed re-
visions of the specifications would provide a better prediction of the be-
havior of these bridges than do the current specifications.

F. Outline of the Project

The accomplishment of these objectives has been attempted through
the following main steps that were, in general, not distinct and separate.

1. A review of the pertinent literature.

2. The development and refinement of the proposed new analysis
procedure.

Applications of the method in analyses of the bridges tested.
Field tests of highway bridges 30 ft. wide.

Laboratory tests of bridges 10 ft. wide.

An analysis of the data from the tests.

Comparisons between predicted and measured results.

The preparation of this report of these activities.

0013 S IO s 00

The report developed in the subsequent pages will be seen to consist of
the following principal divisions.

1. A review of the literature.

2. The proposed analysis procedure.
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A description of the tests made.

The results of these tests including comparisons between predicted
and measured values.

The conclusions that may be drawn from the foregoing.
Recommendations for further research.

A list of references.
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II. REVIEW OF LITERATURE

The investigation of load distribution to the beams supporting a slab
constitutes a part of the over all study of slab behavior. This study is said
to have begun with Euler around 1766, and to have been advanced by such
savants as Lagrange, Navier, and Poisson. The history of this early de-
velopment of the subject has been reported by various writers including
Todhunter and Pearson (2), and Love (3). It was summarized in 1921 by
Westergaard (4) as part of a paper in which further advances were also
presented. Study of the latter reference reveals that at the time of its
publication the status of the problem was briefly as follows.

1. A theoretical foundation had been developed.

2. The general slab equations had been applied in a limited number of
specific cases and solutions yield-numerical results obtained.

3. A limited amount of physical testing had been carried on to yield
empirical equations for use in analyzing slabs of the particular
types tested.

While the development of the subject had not yet progressed to the
point where results useful to the present study were obtained, Westergaard
did point out the limitations of the theory (4, p. 423). These limitations are
equally applicable to the results obtained up to 1921 and to those that have
been obtained since or may be obtained in the future. They are, in brief,
as follows.

1. The plates are medium-thick, that is, they are not so thick in pro-
portion to the span that vertical stresses (shears, tensions, and
compressions) absorb an appreciable part of the energy of defor-
mation, nor so thin that the tension and compression in the middle
plane are significant.

2. The plates are homogeneous and of uniform thickness.

3. Hooke’s law applies to the horizontal strains, and the modulus of
elasticity is the same for tension and compression.

4. A straight line drawn vertically through the plate before bending
remains straight after bending.

Following the discussion of the theory summarized above. Wester-
gaard and Slater (4) presented numerical results obtained from the theory
as applied to slabs supported on four sides and to slabs supported on
column capitals. They also reported and analyzed extensive load tests of
such slabs. While none of the detailed results reported is directly related
to the present subject, one observation made is of general interest in slab
analysis and testing as follows (4, p. 512) :

The tests of slabs supported on four sides indicate that when

the deformations increase, certain redistributions of moments and
stresses take place with the result, in general, that the larger co-
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efficients of moments are reduced. The ultimate load is found to
be, in general, larger, and in some cases much larger, than would be
estimated on the basis of the theoretical moment coefficients and
the known strength of beams with the same ratio of steel.

Although the preliminary theoretical developments had been made,
many years were to pass before application of the theory to the solution
of the present problem were attempted. Meanwhile, however, physical
testing of bridge floors for the purpose of obtaining some immediate
answers of practical value had begun. Probably the first tests to determine
load distribution to the stringers of bridge floors were reported by Agg
and Nichols of Towa State College in 1919 (5). These tests were conducted
on bridges having steel stringers but having timber floors loaded with
flat steel wheels. They are, therefore, primarily of historical interest,
The detailed results are of little value now, but the testing procedures and
analyses of the data set the pattern for subsequent test programs.

Strains were measured along the lower flanges of the steel beams for
various positions of the loads. The strains were converted to equivalent
moments, and the moments were converted to equivalent numbers of
wheel loads per stringer. This was probably the first time the load car-
ried by a stringer was expressed in this way. One interesting observation
was that the strain increased uniformly from the ends of a beam toward
the load as it would in a theoretical simple beam. It, was, thus concluded
that the longitudinal distribution of the load was negligible. It will be
shown subsequently that the assumption of negligible longitudinal distribu-
tion has been carried in specifications to the present, and it is continued as
a first approximation in the method of analysis later presented herein.

The project at Iowa State College was continued under the direction of
Fuller, Caughey, and others (6, 7). Full-scale bridges were tested with the
primary objective of determining impact factors for the various compon-
ents of then typical bridges. As a part of the overall project, a study of
the static load distribution to the stringers was made, also.

The bridges tested had either timber or reinforced concrete floors
supported on steel stringers. Among those having concrete floors the
stringer spacing was constant within each bridge, and was either 28.5,
29.5, 30, or 36 inches. The spans were 14 ft. to 32 ft. 8 in., and the slab
thickness was either 6 in. or 8 in. Some spans had interior and exterior
stringers of the same size; others had exterior stringers somewhat smaller
than the interior ones.

Various loads were used, but among them was a loaded truck closely
approximating an “H15-44” standard truck. The results from tests in
which it was used are of the greatest present interest. The trucks used
hard rubber tires and were different in other ways from modern trucks.
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While these differences probably had a major effect in the impact tests,
it seems likely they were of little significance in the static load tests.

Strains were measured with an assortment of mechanical gages and
with a then newly developed electrical telemeter that had been reported by
McCollum, Burton, and Peters (8). One mechanical gage, the West ex-
tensometer, and the telemeter were judged most useful and adopted for
the major portion of the work. It is of interest to note that the operation
of the telemeter depended on the variations in resistance of a pile of carbon
plates. This variation was measured by means of a Wheatstone bridge cir-
cuit. Thus, this telemeter can be regarded as the predecessor of the now
widely used electrical resistance strain gages.

The observed strains were converted to equivalent stresses by means of
an assumed modulus of elasticity of 29,000,000 psi. The resulting stress
data were then summed up by means of diagrams similar to the ones re-
produced herein as Fig. 5.

The particular diagrams shown in Fig. 5 are for the 32 ft. 8 in. span.
In this bridge all nine stringers were of the same size (15 in., 43 1b. I-
beams) but the amount of concrete acting with the exterior beams was
smaller than that acting with the interior ones. Thus, the composite ex-
terior beams had smaller moments of inertia and section moduli than did
the interior ones. Fig. 5 shows, a) a typical stress distribution curve when
one truck was near a side of the roadway, b) a typical curve when one truck
was at the center, ¢) the maximum stresses (strains) observed in each beam
as one truck was moved laterally across the bridge, and d) the maximum
stresses (strains) observed when two trucks side by side were moved later-
ally across the bridge.

These typical diagrams show that when two trucks side by side were
moved laterally across the roadway the maximum stresses in all the interior
beams were essentially the same, Fig. 5d. The maximum stresses developed
in the exterior beams were substantially smaller than in the interior ones.
They also show the maximum stress caused by one truck was substantially
smaller than the maximum caused by two trucks. In addition, if the one truck
could be kept near the centerline, the maximum was reduced still more.

Further conclusions with respect to static load distribution to the
stringers were as follows. "In the bridges having concrete floors, with two
trucks side by side on the span, the maximum observed stress (strain) varied
from 0.60 to 0.69 times the total observed stress attributable to a single
wheel load. The 0.60 value was the average when the stringer spacing, S,
was 28.5 in., and the 0.69 value was for the 36 in. spacing. These values
are seen to be somewhat higher than the current AASHO specification of
S/5 (8, p. 168) would yield. By this specification the values would be 0.48
and 0.60, respectively. However, it was further stated that the observed
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stresses were far below those predicted by “usual” methods. Various reas-
ons for this difference were suggested, but data were not available for
substantiating the hypotheses.

Another historically important observation was that the steel beams
and concrete slab did act together as composite “T-beams” even though no
special provision had been made to insure such action.

It is believed the tests described above formed the basis for the first
formal specification as to distribution of wheel loads to stringers. This
was indicated by Fuller in one of several papers reporting new tests on the
same bridges after 25 years of service (9, 10, 11). He stated that “The
present AASHO distribution of load is changed slightly from the original
which (as far as the author knows) first appeared in the 1923 specifica-
tions of the Iowa Highway Commission.” (9, p. 8). During this period
there were, of course, many changes in the trucks in common use and in the
type of bridge commonly built; thus, more extensive changes in the speci-
fications might have been expected.

In the 1948 tests roughly the same procedures were followed as in the
earlier ones except that relatively few data were taken. A modern truck
having dual pneumatic tires and tandem axles was used, as were modern
strain measuring instruments. The thickness of the slab had been in-
creased from 6 in. in 1922 to 9 in, in 1948. Both visual observation and
test results indicated that in 1948 the 32 ft. 8 in. approach span still re-
tained full composite action but that the shorter span, part of the floor sys-
tem of a truss bridge, had lost practically all composite action.

Because of these various changes the observed load distribution fac-
tors (maximum fraction of a wheel load carried by one stringer) changed
between 1923 and 1948. However, it seems significant that the change was
essentially the same for both spans even though one had retained full com-
posite action and one had been reduced, very nearly, to separate beam and
slab action. As a specific example, for the side position of the loads (W
and Y) the averages were as shown in Table 1 (9, p. 7).

Table 1. Load distribution factors measured in 1925 and 1948

Distribution factor in

Bridge 1925 1948
West approach (32 ft. 8 in.)
(Composite throughout) 24 .19
West panel (18 ft. 9 in.)
(Composite-noncomposite) 245 185

This is interpreted as an indication that the distribution factor is not
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sensitive to the presence or absence of composite action, hence, is not sen-
sitive to the absolute size of the beams. As in 1923, the observed stresses
were substantially lower than predicted by “usual” methods.

It should perhaps be emphasized that the procedure used in determin-
ing the foregoing factors was simply to divide the observed stress for a
beam by the total of the observed stresses for all the beams. This, in ef-
fect, assumed that the longitudinal distribution of the load, hence of the
moment and stress, was the same for every beam. This assumption un-
doubtedly introduced errors which could have been evaluated only by much
more elaborate experimentation.

It was emphasized in the reports that “Practically all of the available
information on the behavior of bridge floors has been obtained in situations
where the load was inadequate to develop stresses which even approached
design values.” (9, p. 4), and that “Although these deductions may re-
flect correctly the small unit stresses developed by the available live load,
no information is available for extending the results to fully loaded struc-
tures.” (10 p. 402). This is a limitation that usually applies to present-
day test results, also.

Another early testing project of some interest was described by Davis
in 1927 (12). He reported extensive testing of two slabs simulating the
then proposed floor for the Delaware River Bridge at Philadelphia. In those
tests the behavior of the slab was the primary concern, but some deflec-
tion and strain measurements on the steel beams were made. The reactions
of the steel beams were measured, also.

There were no shear connectors between the steel beams and the con-
crete; the only diaphragms were at the ends of the spans, and they were
relatively flexible. Loading was limited to a single semi-concentrated load
and only two positions of the load were studied. A feature of the tests was
the repeated application of impact loads of various magnitudes. This im-
pact loading caused, among other things, changes in the properties of the
structures that were attributed to the breaking of the bond between the
slab and beams with a consequent decrease in the T-beam action. This
was in contrast with the behavior of one of the Iowa bridges re-tested
after 25 years of service and found to have retained its composite action
(9, 10, 11).

While the tests served the purpose for which they were intended, that
is, to determine if the bridge floor was adequate as designed; they were
too limited to support general conclusions, and no such conclusions were
drawn. Considerable pioneer work was required in instrumenting the tests
to obtain the data desired, and this work has undoubtedly benefitted sub-
sequent investigators. Also, the recognition of the problems created by
temperature changes, lapsed time during loading, and rotation of the steel
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beams about their longitudinal axes must have been helpful in later research.

The analytical study of bridge floors was advanced by Westergaard
in 1930 (13). His paper included, again, the derivation of Lagrange’s
fundamental equation for slabs, and went on to develop formulas for var-
ious arrangements of concentated loads or.of loads uniformly distributed
over small circular areas. In general his analyses were for single span,
infinitely long slabs simply supported on rigid supports. His analyses were
directed primarily at the determination of moments in the slab and of “ef-
fective widths” for moment. He did, however, include the derivation of a
formula for the distribution of the reaction along a supporting beam. It
was shown that this theoretical distribution took the form of a sharply
peaked bell shaped curve. The position of the resultant of one half of this
curve was shown to vary only slightly as the position of the load varied, re-
maining near 0.2 times the span of the slab from the peak. If this condi-
tion can be taken as qualitatively indicative of the distribution when the
slab is continuous over several beams, it provides some further indication
that the error introduced by disregarding longitudinal distribution along the
beam as small.

The analytical study was continued by Holl, who presented formulas
in complex infinite series form for slabs of finite width having free edges
(14). Except for the width, the conditions of his analyses were the same
as for those of Westergaard. The indicated distribution of the reaction
pressure remains essentially the same as that described above.

An experimental investigation of the reaction distribution has been
reported by Spangler (15, 16). The slabs tested were simply supported,
had free edges, and were of finite width. They ranged in thickness from
214 to 12 in., in span from 31% to 10 ft, and in width from 5 to 20 ft. The
distribution of the reaction was measured for many different positions and
magnitudes of applied load, and for a variety of sizes and types of contact
area. The measurements indicated the same type of peaked reaction dis-
tribution indicated by theory. Of the conclusions reached, the one of pres-
ent interest is that the effective width for shear at the edges (distribution
of the reaction) is essentially the same for loads in all positions along a
line perpendicular to the supports. This is, also, in accord with Wester-
gaard’s work described above.

Similar, more extensive tests conducted at the University of Illinois
and including reaction measurements gave reaction distributions of the
same general type (17). However, these results were not regarded as sat-
isfactory because of excessive deflections within the reaction-measuring
supports. It was shown both by the tests and by theory that this distri-
bution is extremely sensitive to slight deflections of the slab support (17,
p. 68). Spangler’s tests mentioned above were less subject to this error
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because of his methods of measurement. On the other hand, the slab
support in bridge floors is provided by relatively flexible beams, so the re-
sults of tests on rigid supports can only be qualitatively useful, at best.

A relatively extensive, long-range program of investigation of the be-
havior of slabs in general, including slabs supported by steel beams, was
undertaken at the University of Illinois in 1936. It has been continued
intermittently to the present (1956). Various phases of this program have
been reported in one or more of a number of papers, to one of which refer-
ence has already been made (17). Those most pertinent to the present dis-
cussion are reviewed as follows.

In a paper (18) discussing all the work done to that time (1954) New-
mark and Siess summarized the general method of attack thus: “First,
analyses were made to establish the variables and to aid in the planning of
tests. Next, tests were made on laboratory specimens, usually scale models
of highway bridges. And finally, recommendations for design were de-
veloped, based on the results of both the analytical and experimental
studies.” (18, p. 32).

In the first analytical study reported, by Jensen, analyses were made
by the classical procedure of obtaining solutions of Lagrange’s differential
equation for the deflection of a slab (19). Solutions for a number of spe-
cial cases were derived. Of these the most complex was a symmetrical
system composed of a slab and of three beams. The solution for this system
might be used directly in the design of such a bridge. The solutions were,
in general, presented in algebraic forms consisting of infinite series of
varying complexity. Even though the cases studied were not extended
to include structures of the usual complexity, it was stated that, “. . ..
by their very cumbersomeness, (they) indicate that other methods of
analysis should be applied . . . .””; and that, “. . . . the formulas are not
suitable for direct use in design. ...” (19, p.9).

In the next paper in the series, Newmark described a broadly ap-
plicable method of analysis primarily useful for obtaining numerical re-
sults in particular problems rather than general formulas (20). “The es-
sential features of the procedure are similar to, and derived from, the mo-
ment-distribution method of analysis . . . .” (20, p. 8). And, “The pro-
cedure . . . bears somewhat the same relation to other procedures and the
formulas derived thereby as the moment-distribution procedure for con-
tinuous frames bears to the slope-deflection method . . .” (20, p. 8).

In this procedure the first step is to divide the design load into com-
ponents varying sinusoidally along the longitudinal axis, that is, to express
it as a Fourier series. It was shown that each component, each term of
the series, can be handled separately and its effects found. The total ef-
feet, moment, reaction, or other function is, then, the sum of the compo-
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nent effects; as many components must be treated as is necessary to ob-
atin the desired precision. The method is not applicable if the beams vary
in section or if the slab thickness varies between beams.

The determination of the effects of each component is accomplished
through a distribution procedure using factors resembling conventional
stiffnesses, carry-over factors, and fixed-end moments, Derivations of these
constants by application of ordinary slab theory to a single panel were pre-
sented, as were extensive tables of such constants for panels of various
proportions. In each distribution procedure the number of “stiffness fac-
tors” needed for each panel is four, the number of “‘carry-over factors” need-
ed is three. The paper included a detailed description of the procedure and
numerical examples of its application.

A useful general relationship emphasized in the development of the
method is that each sinusoidal load component produces moments, reac-
tions, and deflections of the same sinusoidal form (20, p. 15).

In spite of the great ingenuity of the method described above and in
spite of its potential value as a research tool, it does not seem to be suited
to general use. This conclusion is indicated by the fact no instances of
its application have been reported except in connection with the Univer-
sity of Illinois project. As part of the Illinois project it was used in the
analysis of a series of 20 basically different bridges, as reported by New-
mark and Siess (21). Even though the method remains subject to the
usual limiting assumptions, it was stated that:

The detailed calculations for the effect of concentrated loads
in I-beam bridges are long and tedious, and would serve no useful
purpose if given here. The calculations were made by means of
infinite trigonometric series, with as many as 16 terms being con-
sidered for some of the structures analyzed . .. In certain cases
the slow convergence of the series made it necessary to estimate
the effect of the terms in the series that were neglected. (21, p.9).

The bridges studied by Newmark and Siess were all alike in that they
had five beams of the same size equally spaced, and in that the slabs were
of uniform thickness. Beam spacing to span ratios of 0.1, 0.2, and 0.3
were used, and for each of these ratios several beam to slab stiffness ra-
tios were analyzed. Moments were determined for each combination for
many positions of a unit load, providing data for the “influence surface” for
each moment. These influence values were then used to determine the maxi-
mum values of the various moments caused in each of over 50 structures
each having a particular span and width and subject to the standard high-
way truck loading. The resulting maximum values were plotted and the
plots used in arriving at simplified recommendations for design use. The
influence of interior diaphragms between the beams was neglected. The
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edge beams were assumed to be at the edge of the slab, and the effects of
curbs, sidewalks, and handrails were neglected.

A significant condition of the analyses was that the faces of the
curbs were assumed to be at the edge beams, though some supplementary
calculations were made with the curbs 2 ft. outside of the edge beams.
This gave recognition to a variable that seems highly influential in deter-
mining the loads carried by the edge beams. Among the maximum mo-
ments calculated, none was found to occur in an edge beam unless the face
of the curb was 2 ft. outside the edge beam, i. e., unless the outermost
wheel load could be placed directly over the edge beam (21, pp. 38, 39).

Moments were computed at midspan instead of at the theoretical point
of maximum moment, 1.4 ft. from midspan, and it was pointed out that the
error thus introduced was negligible (21, p. 41). An important conclusion
reached was that Poisson’s ratio could be disregarded without serious er-
ror (21, p. 14).

The resulting design recommendations neglected the portion of the
load that might be carried directly to the abutments by the slab, and were
as follows. The fraction, k, of a wheel ioad to be carried by one beam when
two or more lanes of traffic are present should be, when the outer load is:

more than 2 ft. inside the edge beam
S

k = 150 7 @r/aove) (L)
less than 2 ft. inside the edge beam,
Kk - 2)

= 240 + 21L/({0vR)

In these equations,
S = beam spacing in feet,
L = beam span in feet,
: : EI
H = ratio of beam to slab stiffness, TR
E = modulus of elasticity of the beams, Ib. per in.2,
I — moment of inertia of the beam, in.%,
E. = modulus of elasticity of the slab, 1b. per in.2,
I. =— moment of inertia of a one foot wide strip of the slab, in.* per ft.

These recommendations were based on the assumption that all the
beams, composite or otherwise, would be of the same size. They also in-
cluded the assumption that in T-beam structures the EI value for a beam
would be determined from the transformed section consisting of the steel
beam plus a full panel width of the concrete. It was emphasized that the
EI values for both the slab and beams, but particularly for the slab are
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uncertain because of the usual variability of the modulus of concrete, be-
cause of the lack of homogeneity in a reinforced slab, and, in particular, be-
cause of the effect of hair cracks in the slab.

To supplement the analytical investigation, an extensive series of tests
of model bridges was performed and reported by Newmark, Siess, and
Penman (22). “A principal object of the tests was to determine whether
the theoretical analysis, limited as it was by numerous assumptions, could
be used to predict the behavior of the slab and beams in an I-beam bridge.”
(18, p. 41). Fifteen quarter-scale models were tested, the span being
either 5 or 15 ft, the beam spacing 18 in., and the slab thickness 13/ in.
Shear connectors were used in some, omitted in others, and the natural
bond was deliberately broken in still others. The diaphragms used were
small compared to those in the bridges reported on herein. No crown was
provided in the roadway. The edge of the slab was located at the outer
edge of the flange of the outer beam, and no curb was provided. Thus, the
amount of concrete acting as part of an edge composite beam was consider-
ably smaller than that acting as part of an interior beam.

The loads were applied through steel disks cushioned by sponge rub-
ber. Strains and deflections were measured both before and after crack-
ing, the strains of most interest in the present discussion being the longi-
tudinal strains along the bottoms of the steel beams. These were compared
with those predicted by the analytical method, and it was found that “The
distribution of moments to the several beams as determined from measured
strains was in excellent agreement with the distribution predicted by the
analysis.” (18, p 41). The actual measured strains, however, were up to
39 percent greater than the computed (22, p. 115). These discrepancies
were largely attributed to unpredictable cracking of the slab and to the
fact that in composite bridges the calculations assumed beams of equal size
whereas they were actually not equal, as noted above.

Cracking of the slab was found to have only a small effect on the
distribution of the loads to the beams. And it was found that the effects
of composite action were quite closely predicted using only the simple as-
sumption that the beam stiffnesses were increased to those of the trans-
formed areas.

The principal conclusions and, in particuar, the design recommenda-
tions from the Illinois project have been repeated in several other papers
(23, 24, 25, 26). In one, the design recommendation previously given, Eq.
1, was further simplified to

k = S/5.5 (3)

for both interior and exterior beams in composite bridges in which the
outer wheel is assumed to come no closer than 2 ft from the edge beam (23,
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p. 160). In another, Newmark reviewed the project and emphasized sev-
eral points of present interest (24). One of these was that the slab acts
as a very effective diaphragm, so that it is unnecessary to provide addi-
tional diaphragms, except for construction purposes (24, p. 1002). An-
other was that the agreement between measured and computed beam strains
was much closer for the 15 ft models than for the 5 ft ones (24, p. 1003).

Also presented by Newmark was a discussion of the nature of the load-
ing on each beam when a concentrated load, P, is placed over one beam.
As shown in Fig. 6, the total load on the beam directly under the load con-
sists of the concentrated load and an upward distributed load. The load on
the other beams is distributed, only. It was stated that all the distributed
loads are approximately sine curves (24, p. 1001).

Another paper reviewed the program with particular emphasis on the
changes in the behavior of the bridges as their proportions were changed
(25), and still another particularly emphasized the design of the composite
type structure (26).

During the time since the University of Illinois project was started,
a few limited investigations have been reported by others. Hindman and
Vandegrift reported measurements of the deflections, only, of some full-
scale bridges that were not typical of the type under discussion (27). They
did emphasize the difficulties caused by temperature changes in actual
bridges exposed to the vagaries of the weather.

Lin and Horonjeff in one paper (28) and Clough and Schaffey in an-
other (29) reported tests on a full-scale three-girder bridge in which a cen-
ter span was suspended from cantilevered side spans. This bridge was
unusual in that when the outer wheel was placed 2 ft. from the curb it was
actually 1 ft. outside the edge beam instead of 2 ft. inside it as assumed
in the University of Illinois recommendations. Diaphragms were relatively
small and were not in contact with the concrete slab.

Difficulties in determining the modulus of elasticity of the concrete
were reported because it changed with the weather. Rapid changes of air
temperature and changes in the radiant heating effects of the sun were
found drastically to influence strain and deflection measurements so that it
was necessary to take “no-load” and “load” readings within a few minutes
of each other. Still another source of difficulty was that the local effects
of concentrated loads distorted the readings of gages near the loads.

In reporting the analysis of the data it was stated (29, p. 941) that,

The manner in which load is distributed to the girders by the slab
and diaphragms is indicated by the relative magnitudes of the
bending moments acting in the three girders at a given cross
section.
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This would seem to indicate that it was assumed the variation of load along
all the girders was the same. As discussed previously and indicated in
Fig. 6, Newmark has shown the variation of the load along different girders
to be quite different.

It was concluded that the effect of the diaphragms was relatively small.
It was also concluded that the AASHO specification method assuming
simple-span slabs predicted the load distribution to the edge beams quite
accurately.

Foster has reported measurements made on six different 60 ft. span
bridges having a 28 ft. roadway supported by seven equally spaced string-
ers (30). The slab thickness varied both laterally and longitudinally. As
result of this variation and of the typical difficulties encountered in full-
scale field testing, no quantitative conclusions were justified. The major
qualitative conclusion was to the effect that the type of diaphragm or
even the absence of diaphragms had no discernible effect on the load dis-
tribution.

Similarly inconclusive tests have been reported by Wise (31). No data
were published, but it was said (31, p. 180) that,

The measured stresses were in excellent agreement with the theo-
retical stresses. The basic elementary theory used for the static
stress analysis assumed that the diaphragms were rigid and dis-
tributed the load in any lane to all the girders. The diaphragms
were found to be completely effective.
This result and this theory are both in complete disagreement with the
results of all the other tests and analyses reviewed.

For the sake of convenient reference the complete AASHO specifica-
tions applying to load distribution to the beams are included as follows
(1, p. 167-168). As noted previously, these sections of the specifications
have remained essentially unchanged since around 1923. The section and
paragraph numbering and lettering are from the specifications:

Section 3 - DISTRIBUTION OF LOADS

3.3.1. - DISTRIBUTION OF WHEEL LOADS TO STRINGERS
AND FLOOR BEAMS.

(a) Position of Loads for Shear

In calculating end shears and end reactions in transverse floor
beams and longitudinal beams and stringers, no lateral or longi-
tudinal distribution of the wheel load shall be assumed for the
wheel or axle load adjacent to the end at which the stress is being
determined. For loads in other positions on the span, the distri-
bution for shear shall be determined by the method prescribed for
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moment, except that the calculations of horizontal shear in rec-
tangulax beams shall be in accordance with article 3.4.14.
(b) Bending Moment in Stringers

In calculating bending moments in longitudinal beams or
stringers, no longitudinal distribution of the wheel loads shall be
assumed. The lateral distribution shall be determined as follows:

(1) Interior Stringers

Interior stringers shall be designed for loads determined in ac-
cordance with the following table:

One traffic lane, Two or more traffic
Kind of fraction of a lanes, fraction of a
floor wheel load to wheel load to
each stringer each stringer
S s
Concrete 6.0 5.0
If S exceed 6.0 ft. If S exceeds 10.5 ft.
see footnote* see footnote*

S = average spacing of stringers in feet.

* In this case the load on each stringer shall be the reaction of
the wheel loads, assuming the flooring between stringers to act as a
simple beam.

(2) Outside Stringers

The live load supported by outside stringers shall be reaction
of the truck wheels, assuming the flooring to act as a simple beam
between stringers.

(3) Total Capacity of Stringers

The combined load capacity of the beams in a panel shall not
be less than the total live and dead load in the panel.

Section 9 - COMPOSITE BEAMS
3.9.2 - EFFECTIVE FLANGE WIDTH

In composite beam construction the assumed effective width
of the slab as a T-beam flange shall not exceed the following:

(1) One-fourth of the span length of the beam.

(2) The distance center to center of beams.

(3) Twelve times the least thickness of the slab.

For beams having a flange on one side only, the effective
flange width shall not exceed one-twelfth of the span length of the
beam, nor six times the thickness of the slab, nor one-half the
distance center to center of the next beam.
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An unpublished tentative revision of the AASHO specifications desig-
nated as T-15-50 has been considered by the Bridge Committee of the
AASHO. This revision would increase the denominators of the fractions in
the preceding table; S/5 would be changed to S/5.5, and S/6 to S/7. It
would also revise the article concerning outside stringers by requiring that
they be designed for a live load not less than that specified in the table for
interior stringers, i. e., S/5.5 or S/7. No provision was made in the tenta-
tive revision for variation of the load on the outside stringer in response
to variations in the position of the curb face with respect to the stringer
or to variations in any of the other seemingly significant quantities.
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IIT. PROPOSED ANALYSIS PROCEDURE

As indicated previously, the primary objective of the investigation
was to develop an analysis procedure more generally useful than those
presently available. It was mentioned that such a procedure should:

1. take into account more of the significant variables,

2. be understandable to practicing engineers without special training,
3. be brief enough for practical use,
4

retain accuracy consistent with the accuracy of the data going
into the analysis, and
5. Lend itself to future refinement.

A new procedure has been developed that seems to meet all these
requirements in the analysis of simple-span bridges, and that may be use-
ful in the analysis of continuous bridges. It is, therefore, presented on the
following pages and recommended for use.

A. Basic Procedure

If the usual assumption that superposition is permissible is made, it
follows that when a bridge is loaded it may be regarded as passing to the
fully loaded, stressed, and deformed condition in two distinct steps. First,
the loads are applied while the beams are temporarily prevented from de-
flecting. This gives rise to forces transmitted to the beams by the slab
and to temporary reactions under the beams that are everywhere equal
and opposite to the forces acting on the beams, Fig. 7Ta. No net load acts
on the beams and no moments are induced in them.

Second, the temporary reactions are removed and the effects on the
beams of this removal are calculated. These effects constitute, then, the
total effects of the original loads. The effects of removing a temporary
reaction are assumed to be the same as those of applying an equal and
opposite force. This entire procedure of superposition of effects is il-
lustrated in Fig. 7 for a group of concentrated loads applied along the
transverse centerline.

When concentrated loads are applied to the bridge, the temporary
reactions, R", may be assumed to be concentrated, uniformly distributed
over some arbitrary length, or distributed in any other way indicated
by present knowledge or future developments. When transverse
line loads are applied to the bridge the temporary reactions would
probably be distributed in the same way as are those for concentrated
loads. When a uniformly distributed load is applied to the bridge, the
temporary reaction, W”, would be assumed uniformly distributed along the
entire length of the beams.
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B. Assumptions

In expanding the basic procedure to the evaluation of moments and
deflections, various initial simplifying assumptions are made. It will be seen
that these are all either in accord with present practice or have been in-
dicated by previous investigations described in the Review of Literature.
In general, the assumptions are such that modifications can be made to
improve results without changing the overall procedure. Future research
and further experience with the method can be expected to provide the
information on which to base modifications that will improve the assump-

tions.

The assumptions are as follows.

1.

o

10.
i 1

12,

The beams and slab making up a bridge are regarded as separate
entities even though some material may act both as part of a
composite beam and part of the slab. The slab material included
as part of a beam extends to the center of each adjacent space or
to the edge of the bridge. Curbs are included.

When the beams are temporarily prevented from deflecting, step
1, the reactions of the slab are those of a continuous beam of
uniform width on rigid supports. The temporary beam reactions
are the same as the slab reaction.

There is no longitudinal distribution of the temporary reactions;
when the applied loads are concentrated, the reactions are con-
centrated, also.

The effects of the diaphragms are neglected.

When a concentrated load is applied at one beam, the resulting
distributed forces acting on all the beams are distributed sinusoi-
dally, as was suggested by Newmark (24, p. 1001), Fig. 6, and
by independent studies conducted as part of the current project.
When a uniform load is applied along one beam, the distributed
forces resulting on the other beams are also assumed to be dis-
tributed sinusoidally.

The EI values for the beams are those of the transformed com-
posite sections.

The EI value for the slab is that of the gross concrete section,
neglecting the reinforcement.

The slab carries no load directly to the abutments, i. e., longi-
tudinal bending in the slab is neglected.

Torsion of the slab and of the beams is neglected.

The Poisson effect is ignored.

The maximum moment in a beam is assumed to be the maximum
at the center of the beam.

The moment at the center caused by a load applied to the bridge
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at some other point, y, is assumed equal to the moment at y caused
by the load placed at the center.

13. To find the moment at y caused by a load at y, it is assumed that
the moment diagram is composed of straight line segments one of
which passes through zero at the end of the beam, passes through
the value of the moment at the center, and is extended to the
point y.

C. Limitations on the Use of the Procedure

The foregoing assumptions are believed to introduce relatively small
errors in the analysis of a bridge having a span, beam spacing, and slab
thickness within the usual ranges of these variables previously mentioned.
The close agreement between the predicted and measured results reported
subsequently tends to confirm this belief. However, unusual structures
may occur in which one or more of the variables or combinations of the
variables is substantially larger or smaller than usual. For some such
structures the use of the proposed procedure based on the assumptions
listed might yield analyses excessively in error. For others the use of
the method might yield results of acceptable accuracy, but a simplified
procedure might be found also to yield acceptable results. The ranges of
the variables within which the use of the procedure is necessary and with-
in which it yields acceptable results are by no means established. The
extreme conditions can, however, be qualitatively identified.

At one extreme, as the span decreases or the beam spacing increases,
thus as the ratio of the span to the spacing decreases, longitudinal bending
in the slab must become significant, contrary to assumption 8. If this
ratio should become one, for instance, roughly half the load would be
carried directly to the abutments through longitudinal bending. Among
the bridges tested and analyzed with good results the ratio was as low
as 3. Also, in the design of slabs supported on four sides it is common to
ignore bending in the long direction if the long side is as much as twice
the length of the short side. It is suggested that the use of the proposed
procedure be similarly limited to the analysis of bridges having slabs with-
in the ordinary range of thickness and having a span to spacing ratio of
2 or more. A very thick slab, hence a low value of H, would cause longi-
tudinal bending to become significant, also. Among the bridges tested
the value of H was as low as 3, and the agreement between the analysis
and test results remained good. Pending further study, it is suggested
the proposed procedure not be used in analyzing bridges having values of
H lower than 2.

It seems probable modifications of the procedure can be devised that
will adapt it to the analysis of the unusual cases outside the limits sug-
gested, but this has not yet been done.
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At the other extreme, as the span to spacing ratio becomes very
large, the effects of cross-bending of the slab between the beams must
become insignificent and the assumption of a laterally rigid slab would
be justified. The presence of a relatively thick slab in combination with
the large ratio would intensify this effect. Conversely, when the slab
becomes thin, particularly in combination with a small ratio of span to
spacing the effects of the beam deflections should become negligible and
sufficient accuracy be obtained by considering the effects of cross-bending,
step 1, only. Only added experience with the procedure can establish the
ranges of the variables within which these simplified assumptions could
be used.

D. Expansion of the Procedure
1. Sign convention

Throughout this discussion upward forces and deflections will be
considered positive; downward ones negative. Moments, therefore, will be
positive when they cause compression in the top of a simple beam.

2. The evaluation of temporary reactions

Under assumptions 2 and 3 above, the temporary reactions (step 1)
are simply those of a beam of uniform width continuous over rigid sup-
ports. They may be evaluated through the use of any of the methods
applicable to the analysis of continuous beams. Moment distribution will
probably be preferred in the general case; it is widely understood and used
and is readily adaptable to beams in which the cross-section varies or in
which the spans are unequal. On the other hand, reaction influence lines
are most convenient when dealing with a group of bridges having closely
similar proportions. For instance, all the bridges tested had slabs of con-
stant thickness and had four beams equally spaced. Influence lines for
the reactions were used in analyzing them, and are included in the Ap-
pendix for convenient reference. The corresponding table of influence
values is included, also.

For uniform or line loads it becomes necessary to determine areas
under the influence lines if they are to be used. The equations of the
various segments of the lines for use in determining areas are also in-
cluded in the Appendix.

3. Concentrated loads applied at beams

When the original loads are concentrated loads or line loads, step 2
of the basic procedure requires the determination of the effects of applying
a concentrated load at each beam in turn. The method suggested is de-
veloped as follows.
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a. Preliminary considerations. If y is used to designate a variable dis-
tance measured along a beam from one end, the ratio y/L appears frequent-

ly, and it is convenient to let

(4)

When a concentrated load, P, is applied at the center of a separate

simple beam of uniform section, the deflection is given by

PL.‘}
b= TR S
the maximum value, at r=14, being
4 s PL:%
Mex: 48 EI .
When a sinusoidally distributed load,
Wy = Wpg,Sinar,

(5)

(6)

(7)

is applied to a separate beam of uniform section, the resulting moments

and deflections are distributed sinusoidally, also.

9

M, = —Wpnax ———sinar,
= Mpax Siner,
in which, at r=14%,
L‘.’.
Mmax = —Wnax 5
m
And,
| 6
dr = W Yo sin =T,
= Apax 8in 7T,
in which,
L4
Amux — Wnax _7;4_ET-
It is convenient to let
L4
—4—— — 8.
~4EI

(8a)

(8b)

(9

(10a)
(10b)

(11)

(12)

This quantity is the maximum deflection of a beam when it is acted on
by a sinusoidally distributed load whose maximum value is unity. In
general it will have a different value, §,, 83, ete., for each beam.

When considering the slab the following substitution will, also, be

found convenient.

T - s
E.I °’
in which E.I; represents the product of the elastic constants for a unit

8 =

(13)
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width of the slab. Under assumption 7, for a unit width

Esh:'.
EL = —5—

in which h represents the thickness of the slab.

(14)

b. General discussion. When a concentrated load is applied at a beam
in a beam-and-slab bridge the beam deflects and pulls the slab along with
it. The resulting tensile force acting between the loaded beam and the slab
is distributed sinusoidally, according to assumption 5. The application of
this sinusoidal load to the slab induces reactions at the other beams that
are, also, distributed sinusoidally as was illustrated in Fig. 6. These slab
reactions constitute loads on the beams and cause moments and deflections
that vary sinusoidally, in turn.

Typical forces and deflections involved, those occuring when a con-
centrated load is applied at beam B, are shown in Fig. 8. It will be noted
in Fig. 8d that the final maximum deflection of the beam at which the load
is applied, 4gzg, is made up of two parts; whereas the corresponding de-
flection of the slab zys, is assumed to be purely sinusoidal. Thus, when
the deflections of the beam and slab are made equal at the center they
are not exactly equal at other points. This difference is an indication of
the error introduced by the assumption of sinusoidally distributed forces.

The typical system of Fig. 8 has, essentially, only two redundants.
Under the assumptions previously listed, removal of any two of the sinusoi-
dally distributed forces would leave a statically determinate arrangement.
The loaded beam would simply deflect under the concentrated load without
help from the slab. Since each such distributed force is removed is fully
determined by a single constant, the determination of two constants ren-
ders the complete system statically determinate, also. Bridges having a
larger number of beams would, of course, have more constants to be de-
termined, two less than the number of beams, to be exact.

These constants can be evaluated through consideration of the central
lateral strip of slab of unit width, Fig. 9. With the assumptions of no
longitudinal bending and no torsion, each lateral strip must be in equilib-
rium under the action of the parts of the distributed forces acting on it.
For the central strip these parts become the maximum values of the dis-
tributed forces, wig, Was, etc. The deflection of the central strip at each
beam must be equal to the maximum beam deflection, 4,5, 455, ete. These
forces and deflections, when the concentrated force is applied to each beam
in turn, are fully identified in Fig. 9.

Any valid procedure for the analysis of continuous beams on elastic
supports is applicable in the analysis of the slab strip. The use of relaxation
procedures leading to numerical solutions of one problem at a time may be
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preferred. At the other extreme it is theoretically possible to derive gen-
eral equations for the desired values, but such equations were found to
be unduly complex even for the relatively simple bridges considered.

For these bridges it is found convenient to carry the general deri-
vations only part way, as shown below. Complete solutions for a particular
bridge and loading are, then, obtained after the numerical values pertaining
to the particular case have been substituted into the partial general solu-
tion.

c. Partial general solution. The analysis of the slab strip is made by
reducing it first to a determinate condition by the temporary removal of
two of the distributed forces. For instance, if B and D are removed and
a concentrated force, P, is then applied to beam A it will deflect the full
amount, PL?/48EL,, unrestrained by the slab, Fig. 10a. The deflection
at C is zero, the slab is unstrained, and the deflections at B and D are
as shown. Similarly, if the load is applied at beam C, the deflections will
be shown in Fig. 11a.

Next, if a sinusoidal load whose maximum value is unity is applied
to the slab at beam B, Fig. 12a, it is resisted only by beams A and C, at
each of which the maximum reaction is —14. At A the resulting maximum
deflection of the beam and the deflection of the slab strip is §.,/2 and at
C it is 8./2. Applying the moment-area principles, the deflection at B, 2’3y,
and at D, z’ps, are obtained as shown, Fig. 12a. Similarly, if the unit
sinusoidal load is applied to the slab at beam D, Fig. 12 b, the force
at A is +1 and at C it is -3/2. The resulting deflections, z’s, and
z’vp, are as shown in Fig. 12b.

When the load P is applied at A, the final condition is as shown in
Fig. 10d, with initially unknown values of wu, and w;, superimposed on
the original condition, Fig. 10b, ¢. These values of wg, and wp,, induce
corresponding values of w,, and w.,. To evaluate wy, and w;,, the results
of the preceding analyses are superimposed in equations for the final de-
flections of B and D, as follows:

K _ pL3

Apa = -%p OB = gpgr; * "BA%EB * "DaZhp’ (15)
d = . _PL3

Apa = -"pa9dp 36 1, * "Ba%ps * “paZDD" (26)

Solving these equations simultaneously yields:

w.. = - _PL3 (z3p + Sp * 2dp) s 433}
BA 90 EI, (zp +dp)(zpp + dp)-zhpzhp
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S NG (245 * 9p * 2bp) R
DA~ 96 ET, (azpy + Sp)(zhp + Sp)-zhpzhp

By the reciprocal theorem, z’y,—=2",.,. Making this substitution, and letting

2
(ZéB + éB)(ZI')D + éD) - Z'BD =N, (19)

L3 z! +éD + z!

D B
Wek: 'P(uﬂ EIA)( . 2N s L (20)
U T gy
oA = _P(EEEET;)( BB 2NB BD), (21)
and, from Figs. 10 and 12,
. A
Tl bk b G
w 3w
oy = - 28 - Ik, (23)

When the concentrated load is applied at C the superposition of de-
flections, Fig. 11, yields:

pL3

Ape = ~wgc Sp = 56 BT "BcZ8B * "pcZBp (2h)
A = W G = % T L R . (25)
DC D¢ ©D ~ 32 B, « "BC"DB * “DCTDD

Solving and reducing, as before,

B3 Zp *Sp - 3

Wpe © ‘P(EB EIC)( oN ) » (26)
- L3 3apy +6p) - zén]. (27)
b+ B 'P(ue EIC)[ 2N i
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Woe — —

_ 3Wpe
2 2

(29)
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When the concentrated force is applied at B the results are obtained
by symmetry, as follows.

Wi =— Wpo,
Wgs — Wce
Weg — Wgo,
Wpg — Wao .

When it is applied at D,
Wap
Wgp
Wep
Wpp

= Wnpa,
— Wea,
= Wsza,
= Wja .

(30)
(31)
(32)
(33)

(34)
(35)
(36)
(37)

Thus, all the sinusoidally distributed reactions acting on the slab and

resulting from the application of a concentrated force to any beam are
evaluated. The corresponding forces acting on the beams are, of course,
opposite in sign. Also, in a bridge analysis the general force, P, is replaced
by the appropriate reversed temporary reactions, —R7™, in turn.

4. Uniform loads applied at beams

When the original loads are uniform along the length of the bridge,
step 2 of the basic procedure requires the determination of the effects of
applying a uniform load, W, at each beam in turn. Following an analysis

paralleling that for concentrated loads, corresponding formulas are ob-
tained, as follows.

WBA

YDA

YAA

Yo

bt o

=W(3B EI, 2N »
w. W,
- Ba 4 "ma

3 Zpp +dp - 384,
..1.11(—8%-—-3 EIC)( 55 ) A

w53 [388 *°p) -zx'an]
B N 5 N g

(38)

(39)

(4o)

(41)

(42)

(43)
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= "¢, "¢

ac il (Lh)
_ _ ¥ 3"p

Wee = - > " T35 ° (145 )

As in the equation for concentrated loads, in an analysis the general load,
W, is replaced by the reversed temporary uniform reaction, -W?*, in place
of —R7", Fig. 7.

5. Beams of varying section

The preceding derivations are directly applicable only to bridges in
which the beams are of constant cross-section. However, they can be ex-
tended to bridges whose beams vary in section quite easily by making the
following substitutions.

1. In the preceding derivations the quantity L?/48EI is the deflection of
a beam of uniform section caused by one pound acting at its midpoint.
For beams of varying section this quantity is replaced in each instance

by the appropriate numerical value of the deflection of the beam of
varying section, also for one pound at its midpoint.

2. Similarly, the quantity 5L?/384EI is the deflection of a beam of uni-
form section acted on by a uniformly distributed load of unit intensity.
For beams of varying section it is replaced by the corresponding nu-
merical values of the deflections of the beams of varying section under
the same load.

3. The quantity § is defined as the deflection of a beam acted on by a
sinusoidally distributed load whose maximum intensity is one pound
per unit of length. This definition is equally applicable to beams of
uniform and varying section. The formula §=L!/=*EI for beams of
uniform section is, of course, not applicable to beams of varying sec-
tion.

Some of the bridges tested contained beams of varying section, and
the substitutions listed have been made in analyzing them. In other words,
the variations in the beam cross-sections have been taken into account.

6. Final values

The final load on each beam consists of the reversed temporary re-
action for that beam, —R™ or -W", and of a sinusoidally distributed force
that is the sum of all such forces coming to the beam, Fig. 13. The mo-
ments in the beam and the deflections are those caused by this combination
of forces.
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E. Detailed Procedure

Summarizing the foregoing discussion, the successive steps in an-
alyzing a bridge are listed below. An actual analysis is presented as an
example in the next section, section F, and the various steps in the example
correspond to those listed below and are identified by corresponding num-
bers and letters.

1. For each bridge, all loadings

a.

b.

Compute the various constants for the beams and slab,

El,, 5., L3/48KE1,, 1., /c.,, ete., Calculation Sheets 1 and 2.

Compute the quantities occurring in the equations,

(z’ss + 1), Z'sn, (Zue + 8 + Z’wp), N, ete., Calculation Sheet 3.
Combine the preceding to obtain values of the sinusoidal loads
resulting from unit values of the concentrated force, P, or of the
uniform load, W.

_ L3 Zhp * 6D + 2hp
s = ~(1)(gEer,)( N ) (46)

ete., Calculation Sheet 4.

2. For each loading on a particular bridge

a.

Calculate the location, x, of each concentrated load within its
particular slab span; and calculate the ratios, x/S, needed in using
the influence lines, tables, or equations included in the Appendix.
Or, similarly locate line loads or uniform loads. Read (or com-
pute) the influence value for each temporary reaction caused by
each given load, Calculation Sheet 5.

Multiply the influence values by the corresponding load values,
and add all the resulting reaction values to get the total temporary
reactions, concentrated or uniform, caused by all the loads, Calcu-
lation Sheet 5.

Multiply the negative of each of the previously determined dis-
tributed load per pound values, w’;,, ete., by the appropriate tem-
porary reaction value reversed. Add all the resulting distributed
load values w’z,, ete., at each beam to get the total distributed
load, w,, ete., Calculation Sheet 6.

Compute the maximum beam moments and deflections resulting
from the combination loading, Calculation Sheet 6.

Compute moments and deflections at points other than the center
as needed, Calculation Sheet 7.
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Calculation Sheet /
Step /a

Dimensions ond properties of bridge: Bs AL
5
3/% ’fi /9/‘5;- 385 ! =]
| i \
: b CCUfb | ‘
3é @1 o @ Tﬁ-‘s/ab | Cslab i Y 1‘
£ 161 o b 1 (@ |
25 07 —, % @ | . mma ! ) I
=4 ‘-—55 n.a. l—if P, n.a._}%_é S Y, |,
2y o 8 | 2; 32 8 2;
s o —
dg._JL e
. Area 5.0/ Area 6.75
Stee/: o= _900 o= /6/.0
Depth = /1.0 Depth = 127

L= 25 ff O 1n.= 300 in ; L/4.=_75 in; 148 = 56250103
513/384 = 35.16(100 /n3; 1% e= 9.19000n%; %y ¥ = 832/5G0)7n?
S= 3 ft2%mn= 3863 /n. _ ¥

£ = 294 (0)¢ Dst.x nE @ ; E_= 268 (ro) - O87/

Seas; /in. wide strip: 1= 1(2.25)° /12 = 0.949 ;13
EZ = 3.68 (10)°(.929) "= 3.49(10)° 2
ds= 53/§Is = (Goc3 )3/3_49(,0)5 = /6.52(s0)

INTERIOR BEAMS, B aAnp C

WNo| Dimensions | Area| 4, £ | A g | g, na Io+,492
(re/)N(8) /1288
/ c.75(8) 54.0 o o | a4/ | 052
86.9 (z25)/r2 27
| 2| z25(3863) 86.9 7./6 | 622 274 | 653
/o07ALS /409 | 4.4/ 622 |7 .one= 3030
Lot =, 279
Elg= 368 (10)%(3030) = 17.14 (10)°
CS/ab. =_387 i Csf. = 70.57 /n.
Lohe = 28300l Isp/c .y = 258 in?



48 DISTRIBUTION OF LOADS IN BEAM AND SLAB BRIDGES

Calcul/ation Sheet 2
/o, continued Bridge: 25 £t

ExTER/IOR BEAMS, A Anp D

WNo| Dimensions |Area | G, £ | AgG | g, ~.A. [a*Agz
(90.0)8 & 2L 3 720
/| (s50/)8 0./ o o 4 38 769
23.5(2.25)/s2 /8
2 2.25(79.3/) ¢43.5 6.50 283 2.42 /795
12.5(2.43)%/12 5
3| z2/3(588) /2.5 6.56 &2 2./8 59
: s0.8(2.25)°/ 2 /0
4 | 7225(33/) /0.8 9.25 00 | 287 256
5| 05(3.25)0.5) 0.8 8.7/ 7 | #23 /5
JOo7ALS 107.7 4.38 472 ITeonc. 2047
Ist = 2se

El, = 3.68(/0)6(204-7) = zsz(/o)9

Cceurbd = 6.50 /. ;Cs/ab: 3.25 /n. 7 Cst= 9.88 /n.

]/Ccurb— 3/5. /n3 7 c/ s/ab, = —_630. /”";{?t/csi = 2597

L/46£I = 56. 25//o)/7 sz(/o) = _748(0) 3
503284 EL, = 35./600) /75200°= 4.68(10)°
da=dp = LYnPEL, =83.4500)/752(10)° = 1/.06 (10)">

L3/48 EIg= 56.25(10) /// /4 (10)° 3 5.05(70)"°
513/384 E£I5 = 35./6(10)/. 14(0)=  3.16 (10 e %
dg =de = LY7%EIg = 83.1500)F11.1800)° = _2.46(10)
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Calculation Sheet 3
Bridge:_25 ry

Step /b
Quantities occurring in equations 20-27

From Fig. l2: »

. ; -3 -3

i J_,_%g aéfs_ //.02(/0) o 746(/0)73, /6.55(/0) 5
=(2.76 +187+275)(10)-3 = 7.38(0) >

g 3 )3, 0)~2 16.52(10)73
Zap‘ 4A+ig _9s_ _/1.06(10) 3(7462( Sl CO)

T =(-276+559- 4/3)(/0)' = -/ 30(/0) 3

ds , 9J : -3 9¢7 = r3
Zop= f +TC+J5 = //046(/0) + 9(7§)(/O) -+ /6.52(/0) -

= (2.76 +16.78 + 16.52)(10) 3= 2¢.06 (10)~3

For subsequent use:

(2,5 76p) = (36.06 +11.06)(10)~7 = 4£7./2 (103
(265 +YSg) = (738 +7.46 10)"3 = r4.84 (10)~3
(2pp +dp +24p) = (47.12-1.30)(10)"° = 4582 (10)~>
(255 -dg -2,,) = (-/484+/.30)(10)"3= - /3.52(10)"7
(25p*9p 32 4,) = (#7.12 +3.90)(10)™ = 51.02(10) "3
3245 *+dp) —24p = (4952 + 1.30)(10)"? = 45.82(10)3

By equation [19:

N = (2pp+dp)(25s +dg) -z;ﬁ =[(e2712X12.82) -(0. 30)7(5’0)'3
= (699.3 -1.7)(/0)"€ = 697 6 (10)—6

2N = 2(697.6)(10)~% = 1395.2(10)"®
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Calculatron Sheet 4
Br/'dge: 25 FF

Step Ic
S/nusoridal loads orn slab cau,sed by P=1 applied:
At beam A,

2t )(z bo*Sp+2ep) _ _748(10) 45.82)(10) > _ -2.46(10)°

”BA 1461, 2N = 7395(0/0)-6
L? )-2gg-dp-25p)_ _ 248(10) 5-/3. 54)(/0) -3 -3
ad DA""' 48FZ, 2N 20 /395 (0)-6 221310

Wi = Lésa+_m (__ié 0. 73)(/0) 3= (123 +0. 36X10) 2+, 5909~

’
Wsa 3wpa_ [2.4 / -3_ -3 -3
We,y=— 2"4_2”“_ /22 - Z-Z 9)(/0) =(1.23~1.09)(10) = +0./4(r0)

At beam C,
+d, _ 5.05(10)"%(51. oz)(/a)‘ -3
Wec= (73 T } ?pﬂ /395(10)-6 =£85(/0) ©
-5
_ 3(z4 QJE )-280]__505(10) (¢5azl//ol 3
Wog = - GEIC )[ = 73950%0)-6 ——L66(/0) ~
/
wee =- g8 S 3woc_ ( 185 4 95}(/0) 2 (0.92+ 2.29)(10) 2 +3.4/ (10) >
At beam O, At beam 8,
Wip= Wha = +0.73 {/0)‘3 wig=whe = ~/. 66(10)” 3
Whp =W'cq= *0. /4(/0)' Weg =wec = +3.2/(10) 3
Wiep=Waa = —2.46(10)7  w!' ‘s = =Whe = —1.85(10)"
Wopp=w'aa = * 1.59 (10)77 wog = Whe = +0.09(10)"3

* The corresponding loods acting on the beams
ore equal/ /n mogri/fudes bu? opposite in signs.
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Cal/culation sheet 5

Bridaoe: 25 £+
lLoad: 2-4000 -/
Arranfgemenf of /Jood: o a and o /ines
3//% ) 327
25 Cf)‘/z ‘ /z_@ 8% 24 3
¥ il B K
A S )\ s }
RO . ) 3878 388
196 _|_19 Ve |
A 5] ’ C O
Step 2o
INFLUENCE ORDINATES
Loap| IN x INFLUENCE QOROINATE
No |Spanl X /3 Ra Rag Re Rp
/! \Bc | 73/ |.189 |*.062 | — 904 |-.188 | +.030
2 |BC |31 3/ .81/ |+.030 | -./88 | —. 904 | +.062
3 |cD | 869 | .225 |-.02/ |*.724 | =96/ | ~-.142
4 |cD |32.¢69 |.8¢26 |-.0/0 |+.060| -.244 |- 806
Step 264
TEMPORARY REACT/IONS
LoAD T T T T
No | AmountT Ra R g Rc Rp
/s B800 - /24 |+/808 |+ 376 |- ¢O
2 | - 2ooo - 60 |+ 376 |+* /1808| - 124
3 | - 2000 + 42 |~ 298 |+ /922 |+ 284
4 Lo 2000 +20 |- /20 |+ 488 |+ /6/2
TorALs +8000 |- /22 |+/816 |+4594 |+ 17/2
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Cal/culation sheet 6
Bridge:_ 25 £t
Lood: 2-4000-/
Step 2c a ond d _lines
SiNnusoroaAL FORCES on~n Beams; ppr, MAX.

- AMOUNT Wy wg W wWp
-RX +,22 | -0.19 | +0.30 | —0.02 | —0.09
-RY |-116 |-30/ | *+6.49 | ~3.36 |+o0.76
-RI -4594 |+04/ | -850 |#/5.67 |- 763

-R} |-1712 |+125 |+024 |- 4.21 |+2.72
7oTALS -,.54 |-177 |+808 |-48%
Step 2d

MOMENTS, STRESSES , STRAINS, AND DEFLECT/IONS
M=R'L/4 y Mo=-wl%/m2 ; M=M, + M,

fop = M/ Iy fCst § €sf = st/ Es

A,=-R7L/98ET ; Ay = +wd ;) A=A,+4,

Beam
A 8 €. 1%
x M, ip| - 9./ +136.2 | *744.6 |*+/28.4
"’QME Py +~s4.0 |+ 16./ | = 737 |+ 48./
M p| + 49 + (52.3 | ¥ 270.9|+I7E.5.
fst psil /90 4250 7560 | 6660
| est 10 6 /45 257, ‘a2z
4, m| +.009 | -,092 | -.232 | -./28
A, in{ - or7 -.0/3 | +.060 | — 054
A n|-.008 =. /05 =178 =~ 182




Locaotion of points for moment: Calculation sheet 7

1
: Step 2e Bndge . __25 f4
® | ’ Load: 2-4000-7
1 | MOMENTS, STRESSES, AND STRAINS aand d lines
a . I » e l T Acone tHE BEAMS
My = M, (2r) + Mpsin i A/l moments_in (0 in-tb. __All stresses in psi. ___All strains _in (0] ° in. per in.
& < Beam A Beam B Beam C Beam O
PONT |y |r=§/L| 2r |Sin7r|pmor) | Mg sin| M, fir_ | ext |M@r)|Mesin| M| £ st_IMer)Mpsin] My | G4 | est IM@r)|Mesin| Mr | o | est
£ 150 | 500 t000| r000| -9/ | w40 +29] 190 6 |rr362| +/61| #1523 ¢250| 125 |+3496 -73.7| +2709| 7560| 258 |+1284| g4/ ]| +1725| 6660| 227
L 22| 40| 280! ¢zel -26l rco0l +32]| 130 2 12382 + 45| /260 43 |+ 965 -3¢+ 65/ 1820 63 |+ 560| /89| + 598| 2//0 So
2 78 2601 520 -4z lsm02)| +55! z/0 z |+709| +/1.7| +826| 23/0 79 |»1792| -537|+s255| 3500| s15 |+66.8|+322|+990| 3820 130
3 L2 | 380) 760 | 9301 -g9lsy30| r6./ | 240 8 l+s037] +/50l418.7] 3350 113 |r261.9| -68.5+1934| 5¢00| 184 |+97.5|+410 |+1385| 53.50| 182

Location of points for deflection: @
C
J;.SJ _7s5 112.5

DEFLECTIONS ALONG THE BEAMS

e e

4y = 2,(3r-4r%) #4; sinmr A/) deflections in inches.
= sinme Beam A Beam £ Beam C Beam D
3r-4r Aax |Azsin| Ar |4, drsin| Ay | d,a |4xs5/n| Ar | A, |bo5/n| Ay

Pont| 4 r=yn| Ir 4r3

£ | /50 lo | 2.500] 0.500| 4000|4000} +0.009|-0.017]-0.008 - 0.092| -0.013|-0 05| -0.252 | +0.060|-0.172 |- 0.128| -0.05¢| - 0152 |
£ 375 I25 . 375 .008 267 3831 + 003| - 007 - 00¢|- .03%| - .005 A +0.023| - .062) ~ .0#7 |~ .02/ | - Qﬁ
5

_6

250 | 750, o6z e84\ 7071+ Q06|- . QI2|- Q064 - Q03 — 000 - Q72 LX) = llB8 3= .088 = 035| - IR6 ]
25| 375 | 1125] 21| 91| 924+ .008|-.016 |- .008|- .082| - 02 #0055\~ ./57 | -.117 | - os0| -./67

SADAIYT VIS ANV WVHd NI SAVOT A0 NOLLAdIMLSIA
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F. Example Analysis

The actual calculations for one of the bridges tested, the 25 ft. bridge,
for one particular loading, two 2000 pound axle loads side by side on the
“a” and “d” lines defined in Fig. 20, are reproduced on the following pages
as an example. Calculations for moments and deflections along the beams
are included, Calculation Sheet 7, though in practice these would seldom
be required. Also, it will be noted that the calculations on sheets 1 and 2
are essentially those that would be needed in the most simplified analysis.
Thus, Calculation Sheets 3, 4, 5, and 6 include the calculations that would
ordinarily be needed, and that are peculiar to the proposed method.

G. Effects of Crown and of Longitudinal Distribution

One effect of the crown of the roadway is to cause more than half
the load on a truck to be carried by the outer wheels and less than half by
the inner ones. While a relatively small effect, it is easily taken into ac-
count by adjusting the loads used in the calculations, and this has been
done in the analyses for which the results are reported subsequently.

Assumption number 3, that there is no longitudinal distribution of
the temporary reactions can, also, be improved upon rather easily. While
the exact extent of longitudinal distribution of these reactions is not
known, the assumption of a zero length seems to be at one extreme, and
any reasonable value would be an improvement. As a first approximation,
the effective slab width, Ly, currently specified for the design of slabs
for moment has been used (1, p. 170). For the highway bridges, using a
truck with tandem-axles,

Ly = .063S + 4.65. (47)
For the laboratory bridges the equations become::

with a single axle,

LH - .4S 'L 1.25, (48)
with tamden axles,
Lz = .063S + 1.55. (49)

In these equations S and Ly are to be measured in feet.

If the load, P, is assumed to be uniformly distributed over this length,

L, the maximum moment becomes:

PL Ly

x . Pl | ;

M= g W 2L

The distribution has no significant effect on the beam deflection, hence

has no effect on any of the calculations except that for M,. This distrib-
ution has, also, been taken into account in the analyses.

) (50)
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Calculation sheet 8
Bridge: 25 £t
Load: 2-4000-/

Arrangement of /ood: Corrected for crown
3/ % 32"%e

51

Do 2@afD .0 @

75 -
ol 57 50
L 387% ! 3878 1 8% | A
r 9% ' 19%e ']
A 8 C 52 o
Step 2la
INFLUENCE ORDINATES
Loap| IN x / INFLuENCE OQOROINATE
No |Sepan| X S Ra Ra Re Ro
/| sc 73/ | 0./189 |+0.062 |-0.904 | -0./88| + 0.030
2 | 8c| 313/ .81/ | +.030 |- ./188 | - .904|+ .062
J lcp 869 | .225|-.02/ |+ 124 |~ .96/|- ./42]
4 | co| 32.69| .846|-.0/0 |+ .060|- .2¢4|~ .806
Step 2b
TEMPORARY REACT/IONS
OAD 7 r - r
ﬁNo AmMoOUNT Ra RB Rc Ro
e AR LY L NS -/24 | +/808 |+ 376 |- 60
| & | -2000 ~60 |+ 376 |+/808 |~ /29 |
3 -/900 *40 - 236 |+/826 |+ 270
4 -2/00 +2/ - /26 |+ 5/2 |+/693
JToTALs -/23 + /1822 |+4522 |+ 1779
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Cal/culation sheet 9
Br/'dge ; 25 £+
LOOO'.' 2- 4000‘/

Step Zc Corrected for crown, aqand d /ines

S/nusoroar ForcEs o~ Beams; ppr, MmAx.
-RT _|Amount| wa | wg | we | wp
~R2 1+ j231-0.201 %2080 | ~002 ]| <008
~RE |-18231 -3.03 | 628\ =337 | vo.16
-R7 ~g522 |+ 0. 48 | ~8.87 |+ 1842 | - 7251
~Rg |-1779 #4130 |+025 |- 438 | +2.83
JoTALS -1.52 |-160 | +7.65| -4.61

Step 2d

MOMENTS, STRESSES , STRAINS, AND DEFLECTIONS
M=RTL/4% Mo=-w!lS/m2 ; M=M, + M,

fsp = M/ Iy /fCst 5 €sf = Fst/Es

A4,=-R7LYGEET ; Ay = +wd ; A=A,+4,

Beam
A B & D

x M, ip|l - 8.8 | +/129.8|+322.0|+126.7

Mz ip| +43.9 |+ 19.6 | - 69.8|+ 22.0

M pl + 5,/ |+194.4 |+252.2|+168.7

fst psi| e2oo | 4030 7050| 65/0

| esy 7058 7 /137 239 222

4, n|+0.009 |-0.092 | -0.228 |-0./33

4, my- 017 | - 012 | + .057 |- .05/

- A inl-.008 | -.10¢ |~ 171 | - ./18¢

€ orrec;/'ng for distribution, Lg= 30 /n.,
M, =B L(,-_Z_LZe) =R’(75)(/-6i-000) = R7(71.2)
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When these two refinements are made in the preceding example,
calculation sheets 5 and 6 are changed slightly, as shown on calculation
sheets 8 and 9. Calculation sheet 7 would not be changed except for mo-
ments at points within the length Lg.

IV. TESTS

As indicated previously, no truly exact method of analysis of beam
and slab bridges is available as a standard ; hence the value of any proposed
method can only be determined by comparing predicted strains and de-
flections with those measured in actual bridges. Such measurements have
been made on four bridges, two full-size structures in use on a highway,
and two one-third-size bridges in the laboratory. The highway bridges
were designed and built before the testing project was conceived; hence
they were not specially controlled. Also, the field tests were subject to
difficulties and errors resulting from the distance to them, the necessity
for setting up and taking down equipment each day, shortages of time and
personnel, the size of the loads to be handled, traffic, rapid changes in
temperature, and bad weather that could be eliminated or reduced in the
laboratory. Consequently, the laboratory bridges were designed, built,
and tested.

A. Descriptions of Bridges Tested

The bridges tested are all alike in some ways. Each has four longi-
tudinal beams equally spaced, the centerlines of the edge beams being ap-
proximately 6 in. from the faces of the curbs in the highway bridges and
2 in. in the laboratory ones. All have shear connectors welded to the upper
flanges of the beams to help produce composite action of the steel and
concrete, and all have relatively massive composite end diaphragms. In-
termediate diaphragms are relatively small and are not composite. Curbs
are of essentially the minimum permissible size. They either have no
handrails or relatively light handrails that are judged to have a negligible
effect on the behavior of the bridge.

All the bridges were built of the usual materials, mild steel in the
beams and reinforcing, and “class A” concrete in the slabs and integral
curbs. The usual average modulus of elasticity for steel, 29,400,000 psi,
has been used. A modular ratio, n, of 8 has been used, giving 3,680,000
psi as the modulus of elasticity of the concrete. For these materials it
is common practice in design to use a value of 10, reflecting the 28 day
strength of the concrete. The value of 8 was chosen because the concrete
was much older, 6 months to 3 years, than 28 days when tested. Aux-
iliary analyses have shown that the predicted maximum strains are not
sensitive to the assumed value of n.
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1. Highway bridges

These two bridges have the same roadway width, 30 ft., the same
curb dimensions, and the same crown, Fig. 14. The spans are 41.25 ft.
and 71.25 ft., and the beam sizes are different, accordingly, Fig. 14. The
beams rest on bearing plates that are curved to provide for rotation at
the ends. The plates at one end can slide to provide for expansion and
contraction. Partial length cover plates are welded to the lower flanges
of the beams; so their moments of inertia are not constant.

The slabs vary slightly in thickness in the transverse sections. In
the longitudinal sections the slab of the longer bridge is constant in thick-
ness, but that of the shorter one is varied to compensate for dead load
deflection, Fig. 14. An average thickness of 8.07 in. has been used through-
out for the 71.25 ft. bridge. An average of 8.63 in. has been used in com-
puting the §. quantities for the 41.25 ft. span, but the actual thicknesses
have been used in computing the moments of inertia of the beams. The
primary reinforcement of the slabs consists of 34 in. round straight bars
at 8.5 in. center to center in both the top and bottom. According to the
design drawings these bars were to have been placed at an average of
2 in. from the surfaces to the centers of the bars. Limited exploration
disclosed, however, that they are actually severely displaced in the com-
pleted bridges. Longitudinal reinforcement consists of 13 3/ in. round
bars in each space between beams. Of these, 7 are near the top surface
and 6 are near the bottom.

Visual inspection of the two bridges indicated a “built-in” condition
at the supports resulting from expansion of the approach pavements and
from pouring the concrete of the abutments against the edges of the
bridges. This condition, along with the sliding plate supports, was ex-
pected to cause end restraint in the beams and consequent reversals of
the bending moments.

The moments of inertia and other properties computed on the basis
of the foregoing data and of the assumptions listed in the preceding chap-
ter are given in Table 2. In this table the symbols used are those defined
in the preceding chapter. Also included are the equivalent slab widths,
Lg, computed by the AASHO specifications (1, p. 170).

The original calculations and design drawings for these bridges are
on file with the Iowa State Highway Commission, Ames, Iowa. The 41.25
ft. bridge is designated as de51gn no. 3845, file 11744 ; the 71.25 ft. one
is design 3645, file 11744.

2. Laboratory bridges
These two bridges have the same roadway width, 10 ft., the same
curb dimensions, and the same crown, Fig. 15. These dimensions are one-
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30'-0. Roadway >
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5'“0" /"4’6 'g e* \* Q;\: L /O”
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41.25’ 24 W~ 76 27 W~ 94 3
R 6x38x20"-0" R 8Y2 x(x29-0" 8.63|average
71.25/ 33 W~ 130 36 W= 194 #
R 10 x7/8 x44'-6" R 11x 178x47"-0" 8.07 |overage

>
For 7..25' and at ends of 4125’ |ncrease V6

Qt center of 4125

TRANSVERSE SECTION
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S pan
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17'- 772 18'-0 PR - s 7' =72 71.25
/3"‘6" 4;_3// 13’ _6” J4/25I
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Cut down |/
Y
’
25 Spon

Detarls of Exters/or Beams

LONGITUDINAL SECTION

SECTION AT END

LABORATORY BRIDGES
FIG, I5




Table 2. Properties of bridges tested

Bridge, span, ft. 10 25 41.25 71.25
Span, L, in. 120 300 495 855
Beam spacing, S, in. 38.63 38.63 116.25 116.25
Equiv. width, L
Single axle, in. 30 30 90 90
Tandem axles, in. 42 42 126 126
Slab thickness, h, in. 2:19 2.25 8.63 8.07
8s, = S3/EI, (10)-%in. 2/1b 17.90 16.52 7.98 9.75
Ratio, I int./I ext., b 1.33 1.48 1.68 1.65
B A B A B A B A
Beam Int. Ext. Int. Ext. Int. Ext. Int. Ext.
I at center, ¢ in.* 67.2 50.6 379 256 16,600 9,900 45,500 27,500
I at end, ¢ in.* — — — - 10,000 7,750 35,900 19,600
EI at center, (10)? Ib.-in.? 1.98 149 11.14 17.52 488 291 1,338 811
EI at end, (10) ° 1b.-in.2 — o — . 292 228 1,056 575
I.../cs.. at center in.? 820 6.54 358 25.9 620 395 1,450 928
L./c.:. at end in.? — — —_ — 372 311 1,105 633
H = EI/LEJ],," 5.1 39 107 T2 5.0 3.0 9.7 5.9
Deflection caused by:
1 1b. at center, L?/48EI, (10)-’in. 1.82 242 5.05 7.48 527 .898 1.64
(1)Sin =r 1b./in., §,. (10)-%in. 1.08 1.43 7.46 11.06 1.29 221 4.15 6.78

aAt center, varies to 8.00 at ends.
b at center.
cEquivalent all-steel section.

SHOAIYd dVvTIS ANV WVHE NI SAVOT A0 NOLLAFIYLSIA
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third the corresponding dimensions of the highway bridges. No other
dimensions of the laboratory bridges is scaled from the full-size. Instead,
they were independently designed for use as test specimens.

The two spans, 10 ft. and 25 ft., were chosen as being near the ex-
tremes for which this type of bridge might be used. The slabs were made
relatively thin, 2-3/16 and 2-1/ in., in line with a trend toward the use of
thinner slabs and to give a greater range of beam to slab stiffness ratios.
The relative size of the interior and exterior beams was intended to be
about the same as in the highway bridges, but the beams were made some-
what smaller than would be obtained by scale reduction. This was done
in anticipation of the possible use of less conservative specifications and
to increase the strains and deflections measured. The as-built sizes dif-
fered somewhat from design sizes. The as-built sizes are shown in Fig.
15, and the resulting properties are given in Table 2. These were, of course,
used in the analyses.

The primary slab reinforcement consists of 0.207 in. diameter smooth
rods at 2 in. center to center for both positive and negative moment. Every
third bar is straight in both the top and bottom. The two intermediate
bars are trussed. Longitudinal reinforcement consists of 6 bars per panel,
all near the bottom. The cover is 7/16 in. to the center of the primary
reinforcement at both faces. This arrangements of the reinforcing uses
only about one-half the weight of steel that would be required if it were
simply scaled down from the full-size bridges tested. ‘

The beams are constant in cross-section and are supported at the ends
by vertical steel rods having machined clevises and ground steel pins 5/8
in. in diameter at each end. They are thus relatively free to rotate and
expand without the accidental restraint of abutments and sliding plates.
By placing strain gages on the rods the reactions can be determined.
Longitudinal and lateral support are provided by similar hinged rods of-
fering minimum resistance to deformation.

The weight of one-third-scale models is reduced to 1/27 of that of
prototypes made of the same materials. To obtain the same dead load
strains and to obtain dead load deflections reduced by the scale factor, the
weight of the models should be 1/9 of that of the prototype. The models,
therefore, are only 1/3 as heavy as they should be for similarity of these
effects. Though no dead load effects were measured, the deficiency in
the weight of the laboratory bridges was approximately made up by hang-
ing concrete blocks from the slab. This was done to seat the reaction
rods and to increase all initial gage readings so that slight reversals caused
by the live load would not cause actual reversals but would leave each
net strain or deflection always of the same sign.
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B. Loads and Positioning of Loads
1. Flield test loads

The test loads for the highway bridges consisted of a single com-
mercial semi-trailer truck loaded with pig-iron to a total of 98,000 pounds.
Because it was not possible to move the fully loaded truck over the high-
way, it was necessary to load and unload it at each bridge. As a result,
the distribution of the weight was not the same for the two bridges. The
total load was determined by beam scale weighings of the partially loaded
truck and of another truck hauling pig-iron. Weighings of the fully loaded
truck at each site had to be attempted, however, to determine the dis-
tribution to the axles. This was done with calibrated hydraulic jacks.
The total loads obtained from the jacks, 100,000 lb. and 105,000 1b. did
not agree with that obtained from the scale weighings. The jack readings
were, then, reduced proportionately so that the totals did agree. The
resulting axle loads and the critical dimensions of the truck are shown in
Fig. 16.

The truck was positioned on the bridges by means of systems of let-
tered and numbered lines painted on the roadway. The lettered lines were
parallel to the direction of motion, thus they determined the lateral posi-
tion of the truck. When it was moving along the “a” line its outer tires
were tight against one curb, etc. The locations of these lines and of the
truck when in position along each in turn are shown in Fig. 17. The num-
bered lines ran across the roadway and represented longitudinal positions
at which the truck was stopped as it was moved along one of the lettered
lines. Normally the truck was stopped with the rearmost axle at a num-
bered line. Hence, its position at any such stop is fully indicated by a
letter and a number. For instance, “b-2” indicates the truck moving along
the “b” line and stopped with the rearmost axle at the “2” line.

On the 41 ft. bridge a few stops were made with the front tandem
axle at a line. These were indicated by the suffix “a”, as “b-2a”, ete.
Also on the 41 ft. span, most of the runs were made with the truck headed
North, but a few were made with it turned around. These were indicated
by the suffix “S”, as “b-2-S”, etc. The locations of the numbered lines and
of the various axles as the truck was stopped at each in turn are shown in
Figs. 18 and 19.

Because of the crown of the roadway the truck was not level in any
of the lateral positions used. Hence, more than half of each axle load was
carried on the outer wheels and less than half on the inner wheels. The
amount of the change from one-half depends on the difference in elevations
at the two wheels and on the height of the center of gravity of the load.
The theoretical differences in elevation have been determined from the
design drawings, and the height of the center of gravity was estimated to
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be 5 ft. The resulting divisions of the axle loads to the wheels in each
lateral position are tabulated as part of Fig. 17.

2. Laboratory test loads

Simplified model trucks were used to load the laboratory bridges.
Each of these trucks consists of a structural steel framework carried by
either one or two axles. Each axle mounts four 4.00-8 tires, two at each
end corresponding to the usual dual tire arrangement. Each of these tires
is very nearly a true one-third-scale model of a 12:00-24 tire, a size used
on very heavy trucks. The pressure used in the model tires is 100 psi,
approximately the same as in the full-scale, as it should be for similarity.

The distance center to center of the dual tires is 2 ft., one-third of the
usual full-size spacing of 6 ft. When two axles are used they are spaced
1 ft. 5 in. apart, one-third of the common full-size spacing of 4 ft. 3 in.

The model trucks were loaded by stacking steel bars (scraper blade
edges) on the framework until the desired weight was obtained. The
trucks were weighed empty and each bar was weighed as it was added
to the load. The total weight was thus obtained by adding the weights
of the truck and of the bars used. The capacity of the tires is such that
a load of 4000 1lb. per axle can be and was used. This corresponds to a
full-scale axle load of 36,000 Ib.

The model trucks were positioned by a system of lines entirely similar
to those used on the highway bridges, Figs. 20 and 21. As in the highway
bridges the crown caused more than half the load to be carried by the
outer tires. When a truck is loaded to 4000 lb. (one axle) the center of
gravity is estimated to be at 21 in. When it is loaded to 8000 Ib. (2 axles)
the center of gravity moves up to 24 in. The resulting distribution of the
axle loads to the wheels is tabulated as part of Fig. 20,

C. Instrumentation

Strains and deflections were measured at a number of points in each
bridge for each arrangement of loads.

“SR-4”, type A, electric resistance strain gages were used throughout.
At each bridge these were assigned numbers; the locations of these gages
by number are given in Figs. 22, 23, 24, 27 and 28. In the field tests speed
in taking readings was essential, so most strain gage readings were ob-
tained by means of a 48 channel automatic switching and recording unit.
A few gages were read by means of the usual Baldwin-Southwark “K”
unit. The numbers of these include the prefix “A”, Figs. 22 and 23. In
the laboratory all readings were made using a ‘“K” unit.

Deflection gages were all of the dial type, independently supported
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from the ground or floor. On those placed under the beams one dial division
corresponds to 0.001 in. deflection, whereas on those under the slab each
division corresponds to 0.0001 in. deflection. The deflection gages, also,
were assigned numbers at each bridge. Their locations were as shown
in Figs. 25, 26, and 29.

D. Test Procedure

The test procedure was essentially the same for all the bridges. After
the load was prepared and the instruments were in place and ready to
operate the truck (or trucks) was positioned along one (or more) of the
lettered lines, but just off the span. A set of “zero” or no-load read-
ings was taken or recorded on the automatic machine. Then the truck
was moved along the line, stopped at the various numbered lines, and for
each stop a new set of readings taken or recorded. Finally, the truck was
moved off the span and a final set of no-load readings (sometimes called
“re-zeros”) was made. In the laboratory, conditions were so stable many
of the zero readings were omitted.

After the readings were made they were converted into net strains
or deflections by subtracting the proper ‘“zero” readings from the various
readings taken with the load in place. On the charts from the automatic
machine this subtraction was performed simply by scaling the distance
between the mark made with no load on the bridge and that made when
the load was in place.
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V. RESULTS

The results to be reported consist of the predicted values of strains
and deflections and of the corresponding measured values. The two types
of results are described separately in the following pages, but they are
plotted together in the subsequent figures to facilitate comparisons. These
figures are of three types as follows.

1. Influence lines for the strains and deflections at the centers of the
spans. Each of these shows the variation of a particular strain or de-
flection as a particular loading is moved laterally across the bridge at
or near mid-span.

2. Deflection diagrams each showing the simultaneous deflections at the
center of the span of all the beams in a bridge when a load is in a par-
ticular lateral position at or near midspan.

3. Strain and deflection diagrams each showing the variation of the strain
or deflection along a beam when two trucks of a particular type are side
by side at or near midspan and in the AASHO specified lateral position.

In the AASHO specified position the two trucks are side by side, 10
ft. center to center with the outermost wheel 2 ft. inside the face of the
curb on the full-size bridges, and 3 ft. 4 in. center to center with the outer
wheel 8 in. from the curb on the laboratory bridges.

It should be noted that both the predictions and measurements include
truck positions in which the outermost wheel is against the curb. These
are outside the specified position and are not considered in subsequent
comparisons.

In the figures a solid line is used to connect points predicted by the
proposed method, a dashed line to show values predicted by the AASHO
specifications, and a dotted line to show values predicted by the T-15 speci-
fications. Points obtained from test data are circled, or if a correction has
been applied, are circled and starred. Where curves have been drawn
through observed points, a light solid line has been used.

A. Predicted Results

The proposed method of analysis described in Chapter III has been
used to calculate the strains and deflections to be expected in each beam of
each bridge tested for a number of different lateral positions of the loads.
Each bridge and loading has, also, been analyzed according to the AASHO
specifications and according to the T-15-50 tentative revision of these speci-
fications. The results predicted by the proposed method are presented first
in the form of influence lines each showing the variation of a particular
strain or deflection at midspan as the load is moved laterally across the
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bridge in a position at or near the center of the span, Figs. 31-54. Analysis
under the specifications does not, of course, provide results that vary as
the lateral position of the load varies. It provides only a single value for
each beam that is intended to be the maximum that can be expected in
that beam for any lateral position of the load. Results predicted by the
specifications are indicated in each figure by short dashes or dotted lines,
or are written in parentheses if they are outside the range of a particular
chart. These are comparable to the maximum values obtained by the pro-
posed method or by test as long as the outer wheel is 2 ft. or more inside
the curb on the highway bridges or 8 in. on the laboratory ones.

The 10 ft. and 25 ft. bridges have been analyzed and the influence
lines drawn for the following loads. The load positions, as defined by line
numbers and letters, are as shown in Figs. 20 and 21.

1. One single-axle truck weighing 4000 lbs. at line 5, Figs. 31, 32, 39,
and 40.

2. Two 4000 1b. single-axle trucks side by side, 40 in. center to center, at
line 5, Figs. 33, 34, 41, and 42.

3. One tandem-axle truck weighing 8000 lbs., at line 4, Figs. 35, 36, 43,
and 44.

4. Two 8000 lb. tandem-axle trucks side by side, 40 in. center to center,
at line 4, Figs. 37, 38, 45, and 46.

The 41.25 ft. and 71.25 ft. bridges were analyzed and influence lines
drawn for the following loading conditions. The load positions, as defined
by line numbers and letters, are as shown in Figs. 17, 18, and 19.

1. A single truck of the same dimensions and weights as the one used in
testing, at line 2, Figs. 47, 48, 51, and 52.

Two such trucks side by side and 10 ft. center to center, at line 2, Figs.
49, 50, 53, and 54.

In addition to the above, each bridge was analyzed for symmetrically
placed trucks, that is, for two trucks at various equal distances from the
longitudinal center line. Under no condition did the symmetrical arrange-
ment cause the largest strain or deflection; therefore the influence lines
are not included.

o

Some of the predicted deflections are presented in center-of-span de-
flection diagrams, Figs. 55-62. Each of these shows the simultaneous
midspan deflections of all the beams in a bridge caused by a load in a par-
ticular position. Analysis according to the specifications does not provide
for changing the lateral position of the loads, as previously discussed;
therefore no result predicted under the specifications is shown in these
figures.
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Finally, the variation of the strain and deflection along an interior and
an exterior beam of each bridge is shown, Figs. 63-70. The results pre-
sented are those obtained when two trucks at or near midspan are in the
AASHO specified lateral position with the outermost wheel 2 ft. inside
the curb on the full-size bridges or 8 in. on the laboratory ones. Reference
to the influence lines for two trucks shows that this position causes the
maximum strain and deflection in the exterior beams in every case and
causes either the maximum or very nearly the maximum in the interior
beams.

The AASHO does not specify tandem axles in the design of beams; a
single rear axle is assumed except in the design of the flooring. However,
the loads used in obtaining the test data presented in Figures 63 through
70 did have tandem axles and the proposed method of analysis does make
an allowance for the effects of tandem axles. Therefore, extra analyses
have been made in which the specifications were assumed to be modified
to include the effects of tandem axles. In this modification the distribution
of the wheel loads to the beams remained the same, but the two tandem
axle loads were not replaced by a single axle load equal to the sum of the
two. The deflections computed according to this modification do not differ
significantly from those computed under the present specifications for a
single load, so only one “AASHO” deflection curve and one “T-15" is shown
for each beam, Figs. 63, 65, 67 and 69. The strains computed according to
this modification do differ significantly from those computed for a single
load. Therefore, in each strain diagram the results of both analyses are
shown, Figs. 64, 66, 68, and 70.

B. Test Results

Strains and deflections were measured at a number of points in each
bridge when the loads were in each of a number of different positions, as
described in Chapter IV. These measurements provided data in the form
of inked charts from the automatic recording unit or of dial readings and
strain gage readings. The original data from all the tests will be found on
file with the Iowa State Highway Commission at Ames, Iowa.

The original data have been converted to usable form by scaling the
distances between lines on the charts and by subtracting the proper “zero”
readings from the readings taken with the loads in place. Of the resulting
strain and deflection measurement, those appropriate have been plotted in
the same figures in which the predicted values are presented. In the figures
relating to the full-size bridges there are shown, also, points from the tests
“as corrected.” The “corrections” applied and some other things considered
in using the test results are described as follows.




DISTRIBUTION OF LOADS IN BEAM AND SLAB BRIDGES 83

1. Differences in strains at a cross-section

On the tension flange of a beam, strain gages were, in general, placed
along the longitudinal center line. However, at a number of cross-sections
two gages were placed equidistant from the longitudinal centerline, Figs.
22, 23, 24, 27, and 28. The readings from such pairs of gages differ by as
much as 15 percent of the average of the two readings. It has been assumed
that these differences are caused by lateral bending of the tension flange,
and that the average of the two values can be used. This lateral bending
could be caused by initial crookedness of the tension flange. It could also
be caused by twisting of the beams as the bridges deflect and the beams
deflect different amounts, Figs. 55-62.

2. Use of average values

Two different circumstances occurring in the tests gave rise to sets
of results that theoretically duplicated other such sets.

First, the bridges tested were supposedly symmetrical about both the
longitudinal and transverse center lines. Thus, the results for a particular
beam and loading should be duplicated for the symmetrically located beam
and loading. In practice, of course, the theoretically equal results have been
found unequal as a result of accidental errors in construction, in placing
the loads, and in reading the instruments.

i

Second, ordinarily only one set of readings was taken with a given
load in a given location on a bridge. However, a few tests were repeated
giving results that should be equal to those previously obtained with the
load in the same position. These theoretically equal values have been
found in practice to differ somewhat, also.

Most of the differences between theoretically equal results of either
of the two types described have been found to be so small that plotting
separate points in the figures was impractical. Consequently, only the
average value has been shown, except in a few cases. The results from the
71.25 ft. bridge include some such discrepancies that seem too large to
average out, yet contain nothing to indicate which is more nearly correct.
In these cases both such values have been plotted, Figs. 51, 52, 53, and 69.

3. Corrections for end restraint

In the 10 ft. and 25 ft. bridges the strain in the beams approaches zero
at the ends as nearly as can be determined from strain diagrams such as
those in Figs. 64 and 66. This is taken to indicate that the moments in-
duced at the supports of these beams are negligible; the beams are
essentially simply supported.

In the 41.25 and 71.25 ft. bridges the strain does not approach zero
at the ends of the beams but reverses direction and reaches a substantial
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negative value, as in Figs. 68 and 70. The presence of these negative strains
is taken to indicate end restraint, which was expected because of the sliding
plate supports and because of the seemingly “built-in”’ condition observed
at the ends of these bridges. As a result of the end restraint, the observed
strains and deflections along these beams are assumed to be smaller than
they would be if there were no restraint.

The analyses, both by the proposed method and according to the speci-
fications, assume simple beam action, that is, a condition of no end
restraint. For comparison with the results of the analyses, the test results
have been corrected by a procedure in which the end moments are reduced
to zero, as follows, Fig. 30.

a) The observed strains, Fig. 30b, were converted to moment dia-
grams, Fig. 30c, by multiplying each strain by the modulus of elasticity
and by the section modulus of the beam at the section where the strain
was measured. (The use of cover plates on these beams and the variation
of the thickness of the slab cause changes in their properties.)

b) The resulting moment diagrams were extended to the support by
continuing the straight line segment connecting the two points closest to
the support. This yields an approximate value of the end moment, for in-
stance: —860,000 in.-lb. in Fig. 30c. The same moment was assumed to exist
at the opposite end.

¢) Corrected moment diagrams were constructed by moving the origin-
al diagram upward until the end moments were reduced to zero, Fig. 30d.
By this operation each original moment was increased by the amount of
the original end moment.

d) Corrected strains were computed by dividing the corrected mo-
ments by the appropriate section moduli and by the modulus of elasticity,
Fig. 30e.

e) Corrected deflections were obtained by computing the deflections
that would be caused by the end moments and by superimposing them
upon the measured deflections.

4. Superposition and interpolation

In the field tests only one truck was available. To obtain “measured”
strains and deflections reflecting the effects of two trucks side by side it
was, therefore, necessary to assume that superposition was permissible.
These results, then, have been computed by adding the two strains or
deflections at each point caused by two different lateral positions of the
truck. In testing the smaller bridges two trucks were available, but the
tests with two trucks were incomplete, so superposition has been necessary
in obtaining some of the results for two trucks on these bridges, also.
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Longituding) position of load: line 5 (See Fig.2/)™
Latera/ pos/tions of /oaod/: (See Frg.20)

v RO @O0 OOk

[ T : o : ]
iy l 1 L
Beorn: A | 8 C: O

A aed

) ®é }

C

- 02 \

.5 \ /ﬂ

T -04 .

v

N FiE e

L AASHO—+—

a) /nterior beom, C.

0.0

A
o
n

B
B

-04
AASHO —
7-/5|--—-1+

Deflection, in.

l

o

[\
|
]
|
T
]

1
o
Q

b) Exterior beam, O.
o Circled pornts ore from tesfts.
Computed by proposed merthod.
/10 FT BRIDGE
INFLUENCE LINES FOR DEFLECTIONS A7 MIDSPAN
ONE 4000 LB AXLE AT LINE §*
FIG. 3/




DISTRIBUTION OF LOADS IN BEAM AND SLAB BRIDGES 87

‘ : *
| Longi/tudina/ position of lood: /ine 5 (See Fig.2/)
\ Latera/ positions of foad: (See Fig.20)
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Longitudinal position of trucks: /ine 5 (See Fig. 2n*
Lateral/ positions of center of space between frucks,
One fFruck on each of [lines: (See Fig. 20)
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Longitudinal positionn of trucks:

89

line 5 (See Fig.21)*

Lateral/ positions of center of spoace between Frucks,
One Fruck on each of /ines:
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(See Frg. 20)
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Longitudinal position of Joad: /ine 4 (See F/'q.Z/)*
Lotero/ positions of /oad: (See Fig.20)
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» Longitudinal  position of load: line 4 '(See Fiq. 2n*
Lotero’ positions of /oad: (See Fig.20)
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Longrtudinal position of trucks: line4 (See Fig. ?I)*
Lalteral positions of center of spoce belween frucks,
One *ruck orn eoch of /ines: (See Fig.20)
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Longrtudinal position of trucks:

line 4 (See Fig. 2/)*

Lateral/ positions of center of spoce between rrucks,

One *truck or eoch of /ines:
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(See Frg.20)
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*
Longitudina/ position of lood: /ine 5 (See Fig.2/)
Lateral/ positions of /oad/: (See Fig.20)

RO 000  00F

i i ik
Bearm: A B8 C O
0.0
Q. =02 ~
A 04 p
C -.06 \
9 . Dl
\v .08 S
Y -0
<
O -2
Q
-4
(AASHO,=177) 715 1. G

-.16
a) /nterior beom, C.

+.02 \
O. 0 A 4
\

(]

1
o
[\

N
AN
%

K

\b
AASHO +—T\

1
.

Deflection, /n.
1
E3R88

(T-15,=214)

-./8
b) Exterior beam, O.
o Circled pornts ore from tests.
Computed by proposed merthod.

25 FT BRIDGE

INFLUENCE LINES FOR DEFLECT/IONS A7 M/IDSPAN

ONE 4000 LB AXLE AT LINE 5*

FlG. 39




DISTRIBUTION OF LOADS IN BEAM AND SLAB BRIDGES 95

Longitudina/ position of /ooco: /ine 5 (See F/'g.Z/)*‘
(See Frg.20)
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Longitudinal position of frucks:

/ine &

(See Fig.2/1) ¥

Lateral/ positions of center of space between frucks,

One Fruck on each of lines:

(See Fiqg. 20)
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Longitudinal position of trucks: line 5 (See Fig.2/)*
Lateral/ positions of center of spoce befween 'rucks,
One Fruck on each of [ines: (See F'/g. 20)
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Longitudinal position of /oad: /ine 4 (See Fig. 2/)*
Lotero/ positions of /ood: (See Fig.20)

L/ne@\gO e@C Q@/C) n

n = S I |
I T
Bearm: A 8 G O
0.0
q
S\ -/ \
.g ‘\‘N
w -2
v
Y
3
Q S =5 1
AASHO— ~+—
ALk -
a) /nterior beom, C.
—
0.0 ? <;\J\ l
. ~
<]
. -'/
AN 1»
g-.2
9 N
N N
g =3
S AASHO + —\8
A iy (7-15, -.428)

b) Exterior beam, D.

o Circ/ed pornts are from ftesfs.
Computed by proposed merhod.
e85 FTr BRIDGE

INFLUENCE LINES FOR DEFLECT/IONS AT MIDSPAN
ONE 8000 LB TANDEM-AXLE TRUCK AT LINE. 4*
FI1G. 43




DISTRIBUTION OF LOADS IN BEAM AND SLAB BRIDGES 99

Longitudinal position of load: line 4 (See Fig.21)*
Loterna/! positions of /oad: (See Fig. 20)
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Longitudinal position of trucks: line 4 (See Fig. 2/)*
Larteral positions of center of spoce between frucks,

One truck on eoch of /ines: (See Fig.20)
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Longitudinal position of frucks:

One truck orn eoch of /ines:
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Longitudinal position of truck: line 2 (See Fig. 19)*

Laterol/ positions of ftruck:
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Longrtudinal position of fruck: /line 2 (See Fig. /19)%*
Laterol/ positions of /‘nlck: (See Fi9.17)
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Longitudinal position of frucks: line 2 (See Fig./9)*
space beltween 7Frucks,
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Longitudinal position of frucks: line 2 (See Fig. 19)*
Lateral positions of center of space between trucks,

Oistance from €,/n. _gp-33 & 38 60
q\ -72 -34 34 72 f'rl
Beom: A 8 G 2]
500 T
g AASHO —~
? 400 7=/5 -- i
oo /’/ﬁ
9 x/&——\r\
. 200
: 2 |
S o0
B
o
o) /Interior beam, C.

(7-/5, 628)
s AASHO -+ —
;5 300 ﬁ;
f 200 ; /
|
Q 00 W
g Io) /’/
L
» —/00

b) Exterior beam, D.

Computed by proposed method.
© Pornts Ffrom 7Tests, os reod. 8y /nterpol/ation
X Points from tests, corrected./ ara syperposition,
F1.25 FT, BRIDGE
INFLUENCE L/INES FOR STRA/NS A7 MIDSPAN
TWO TRUCKS /0;;7(-; c_".)_ro C. AT LINE 2%
. (2}



106

Beam: A

a) /nterior beam, C.

Deflection, in.

DISTRIBUTION OF LOADS IN BEAM AND SLAB BRIDGES

Longitudinal position of fruck: /ine 2 (See Fig. (8) o
Loteral _positions of fruck: (See Fig:17)
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Longitudinal position of fruck: line 2 (See Fig. /8)%
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Longitudinal position of trucks: line 2 (See Fig. 18)%
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Longitudina/ position of trucks: line 2 (See Fig./8)%
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The AASHO specified lateral spacing of trucks is 10 ft. center to cen-
ter, full scale. The locations of single trucks used did not include all the
ones needed for the superposition process described above. It was, there-
fore necessary to interpelate between the points actually obtained by test
to find values for other lateral positions of the loads. This was done in in-
fluence lines such as the ones already described, Figs. 31 to 54. Curves
were drawn through the points from the tests and results at intermediate
points were read from these curves.

C. Discussion of Results

Both the tests and the analysis by the proposed method provided nu-
merical values of a great many different strains and deflections in each
bridge. Of these values the ones of primary interest to bridge designers
are the maximum strains (or the corresponding stresses). Other strains
and all deflections are ordinarily of secondary importance. Consequently,
the detailed comparison of results will be based on these maximum values.

In this comparison, Tables 3-8, the observed strains are either those
caused by a single truck or those caused by two trucks side by side, 10 ft.
center to center on the highway bridges or 3 ft. 4 in. on the laboratory
bridges. The maximum values of these strains have been taken from the
influence lines previously described by scaling the highest ordinate to the
curves within the extreme positions in which the outermost wheel is cor-
respondingly 2 ft. or 8 in. inside the curb. Still higher strains observed
when the outer wheel was outside this position have not been considered
in this comparison since they are not considered under the specifications.
For the full-size bridges the ‘“corrected” observed strains have been used.

The maximum strains predicted by the proposed method have been
obtained from the predicted influence lines in the same manner and with
the same limitations. The maximum strains predicted by the specifications
have been computed and are the same as those represented in the influence
diagrams by short dashed or dotted lines or by parenthetical notations. The
error in each predicted value has been computed by subtracting from it the
appropriate observed value, and the percent of error has been computed
by dividing this error by the observed value. Finally, these calculations
have been summarized by tabulating the percentages, only, including the
averages of those for the interior and exterior beams, Tables 9 and 10.

Referring to the tables, it is seen that for all the conditions tested
the ranges of the percent of error for the various methods are:

proposed method +11 to —10,
AASHO +87 to —8,
T-15 +106 to +5.
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Within these ranges the median percentages are:

proposed method +5,

AASHO
T-15

+24,
+52.

127

Table 3. Comparison of maximum observed and predicted strains in
stringers of laboratory bridges. One 4000 lb. truck at line 5*

10

ft. Bridge

Interior Exterior
stringers  stringers

25 ft. Bridge

Interior
stringers

Exterior
stringers

(Strains in (10)-%in. per in.)

Observed 262 255 136 192
Predicted by
Proposed Amount 287 284 144 192
method Error 25 29 8 0
Percent 10 11 6 0
AASHO Amount 418 337 236 212
Error 156 82 100 10
Percent 60 32 T4 5
T-15 Amount 360 477 202 272
Error 98 222 66 80
Percent 37 87 49 38
aSee Fig. 21.

These comparisons would seem to indicate that the proposed method is

superior to the specification methods on an overall basis.

It is seen to

be superior, also, on an individual percentage basis. In Tables 9 and 10, in
no individual case does either of the specification methods provide a better
prediction than does the proposed method.

In addition, the proposed method provides a means for predicting the
strains caused by unusual loadings and by any load in any particular
position. The specifications, however, provide predictions of the maximum
effects, only, of trucks of a particular type.
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Table 4. Comparison of maximum observed and predicted strains in
stringers of laboratory bridges. Two 4000 1b. trucks 40 in. cen-
ter to center at line 52

10 ft. Bridge 25 ft. Bridge
Interior Exterior Interior Exterior
stringers  stringers stringers  stringers

(Strains in (10)-%in. per in.)
Observed 412 306 228 225

Predicted by

Proposed Amount 430 278 239 221
method Error 18 28 11 —4
Percent 4 -9 b =2
AASHO Amount 502 337 283 212
Error 90 31 55 18
Percent 22 10 24 -6
T-15 Amount 458 606 257 347
Error 46 300 29 122
Percent 31 Kk 98 13 54
aSee Fig. 21.

Further examination of the percentages leads to more detailed con-
clusions concerning the specification predictions as follows.

1. The best predictions under the present AASHO specifications are
those of the strains in the exterior beams when two trucks are acting,
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Table 5. Comparison of maximum observed and predicted strains in
stringers of laboratory bridges. One 8000 lb. tandem-axle truck

at line 42
10 ft. Bridge 25 ft. Bridge
Interior Exterior Interior Exterior
stringers  stringers stringers  stringers
(Strains in (10)-%in. per in.)
Observed 500 501 261 359

Predicted by

Proposed Amount 530 537 276 378
method Error 30 36 15 19
Percent 6 7 6 5
AASHO Amount 836 674 472 424
Error 336 173 211 65
Percent 67 13 81 18
T-15 Amount 720 954 404 545
Error 220 453 143 186
Percent 44 90 55 52
aSee Fig. 21.

but the tentative revisions are grossly in error for these conditions.
The ranges are:
proposed method +1 to —10,
AASHO +14 to -8,
T-15 +106 to +51.

2. The best predictions under the tentative revisions are those of the
strains in interior beams when two trucks are acting. For these con-
ditions the revisions provide better predictions than do the present
specifications.
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Table 6. Comparison of maximum observed and predicted strains in
stringers of laboratory bridges. Two 8000 lb. tandem axle
trucks 40 in. center to center at line 42

10 ft. Bridge 25 ft. Bridge
Interior Exterior Interior Exterior
stringers  stringers stringers  stringers

(Strains in (10)-%in, per in.)

Observed 780 589 440 460
Predicted by
Proposed Amount 810 528 465 437
method Error 30 —-61 25 —23
Percent 4 -10 6 -5
AASHO Amount 1004 674 566 424
Error 224 85 126 -36
Percent 29 14 29 -8
T-15 Amount 916 1212 514 694
Error 136 623 74 234
Percent 17 106 17 51
aSee Fig. 21.

The ranges are:

proposed method +6 to —2,

AASHO

T-15

+30 to +15,
+18 to +5.

3. Neither the present specifications nor the proposed revisions provide
what might be considered satisfactory predictions of the strains in
either beam when only one truck is acting, Table 9. The proposed
method does provide predictions of these strains within the range
between +11 and — 3 percent error.

In connection with the foregoing discussion, it should perhaps be noted
that all the bridges tested were designed under the present specifications.
If they had been designed under other rules the errors in the predictions
under the specifications, present and revised, would have been distributed
differently between the interior and exterior beams. For instance, if the
bridges had been designed under the tentative revisions, the interior beams




Table 7. Comparison of maximum observed and predicted strains in stringers of highway bridges. One
truck at line 22

41.25 ft. Bridge 71.25 ft. Bridge
Interior Exterior Interior Exterior
stringers stringers stringers stringers
Asread Corrected Asread Corrected Asread Corrected Asread Corrected

(Strains in (10)-%in. per in.)
Observed 171 236 218 307 130 165 183 250

Predicted by

Proposed Amount 228 228 316 316 173 198 273 273
method Error 57 -8 98 9 43 8 90 23
Percent 33 -3 45 3 33 5 49 9
AASHO Amount 367 367 379 379 308 308 316 316
Error 196 131 161 72 178 143 133 66
Percent 115 56 74 23 137 87 73 26
T-15 Amount 315 315 493 493 264 264 452 452
Error 144 79 275 186 134 99 269 202
Percent 84 34 126 60 103 60 147 81

aSee Figs. 18 and 19.
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Table 8. Comparison of maximum observed and predicted strains in stringers of highway bridges. Two
trucks 10 ft. center to center at line 22

41.25 ft. Bridge 71.25 ft. Bridge
Interior Exterior Interior Exterior
stringers stringers stringers stringers
Asread Corrected Asread Corrected Asread Corrected Asread Corrected

(Strains in (10) fin. per in.)
Observed 277 382 246 351 226 285 223 318

Predicted by

Proposed Amount 373 373 334 334 303 303 320 320
method Error 96 -9 88 =17 T 18 97 2
Percent 35 —2 36 -5 34 6 43 1
AASHO Amount 440 440 379 379 370 370 316 316
Error 163 58 133 28 144 85 93 -2
Percent 59 15 54 8 64 30 42 -1
T-15 Amount 400 400 628 628 336 336 575 575
Error 123 18 382 207 110 55 352 257
Percent 44 5 155 79 49 18 158 80

aSee Figs. 18 and 19.
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Table 9. Errors in predicted maximum strains in stringers in percent of observed maximum strains®. One

truck on each bridge

Interior Exterior Interior Exterior
stringers stringers Av. stringers stringers Av.
Laboratory bridges
10 ft. Bridge 25 ft. Bridge
One 4000 lb. single-
axle truck at line 5P
Method Proposed 10 L1 11 6 0 3
AASHO 60 32 46 74 5 40
T-15 37 87 62 49 38 44
One 8000 Ib. tandem-
axle truck at line 4b
Method Proposed 6 7 6 6 5 6
AASHO 67 13 40 81 18 50
T-15 44 90 67 55 52 54
Highway bridges
41.25 ft. Bridge 71.25 ft. Bridge
One truck at line 2b
Method Proposed -3 3 0 5 9 T
AASHO 56 23 40 87 26 56
T-15 34 60 47 60 81 70

2As corrected, for highway bridges.
bSee Figs. 18, 19 and 21.
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Table 10. Errors in predicted maximum strains in stringers in percent of observed maximum strains®, Two
trucks side by side on each bridge.

Interior Exterior Interior Exterior
stringers stringers Av. stringers stringers Av.
Laboratory bridges
10 ft. Bridge 25 ft. Bridge
Two 4000 lb. single-axle trucks
40 in, center to center at line 5
Method Proposed 4 -9 -3 5 -2 2
AASHO 22 10 16 24 —6 9
T-15 11 98 54 13 54 34
Two 8000 1b. tandem-axle trucks
40 in. center to center at line 4>
Method Proposed 4 -10 -3 6 -5 1
AASHO 29 14 22 29 -8 10
T-15 17 106 61 ) i 51 34
Highway bridges
41.25 ft. Bridge 71.25 ft. Bridge
Two trucks 10 ft. center
to center at line 2P
Method Proposed -2 -5 -4 6 1 4
AASHO 15 8 12 30 -1 14
T-15 5 79 42 18 80 49

2As corrected, for highway bridges.

bSee Figs. 18, 19 and 21.
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would have been somewhat smaller and the exterior beams considerably
larger. For some conditions the predictions by the specification methods
might be improved, for others impaired. Predictions by the proposed
method should be equally good regardless of the design procedure.

In addition to the percentages of error discussed above, the various
graphs presenting the results provide some general information concerning
the different methods. Inspection of the influence lines for deflections and
strains, Figs. 31-54, reveals that the proposed method correctly predicts
the general shape of these lines as compared with lines drawn through the
points from the tests. The lines drawn through observed points are typi-
cally less sharply curved than are the predicted lines, as in Fig. 36. For the
exterior beams the observed lines tend to be higher near the center and
lower at the edge, while for the interior beams the observed lines tend to
be lower near the center and higher near both edges, Fig. 36, et al. In each
case these differences demonstrate a greater transfer of load to the beams
at a distance from the load than was predicted. That is, when a truck was
in the center of the roadway, the actual load on the exterior beams was
greater than predicted, and when the truck was near one edge the load on
the interior beams was greater than predicted.

The increased transfer of load indicates greater lateral stiffness than
was assumed in the analysis. This greater lateral stiffness can be ex-
plained, at least in part, as the effect of the diaphragms that were actually
present in the bridges tested but were ignored in the analyses. The effects
of the diaphragms can be seen, also, in the cross-sectional deflection dia-
grams, Figs. 55 to 62. Here, it is seen that for every condition, whether
the deflections yielded a surface that was generally convex or concave up-
ward, the actual deflections define a more nearly straight line than do the
predicted ones. In every case the effect of the diaphragms is to increase
the deflections of the less heavily loaded beams and relieve those of the
most heavily loaded as compared with the predicted deflections. It is,
therefore, inferred that neglecting the effect of the diaphragms in design
is conservative.

The effects of the diaphragms can be observed, also, in the longitudinal
strain diagrams, as in Fig. 66. For the conditions represented the cross-
section is generally concave upward, Fig. 58a, therefore, the diaphragms
must be adding load to the exterior beams and subtracting it from the
interior ones. While the effect is slight, it will be seen that the strain
diagram for the exterior beam is correspondingly raised and flattened
near the center, Fig. 66¢, while that for the interior beam is lower and more
sharply peaked than would be expected, Fig. 66b.

The proposed method of analysis could be adapted to include the ef-
fect of intermediate diaphragms simply by increasing the number of
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simultaneous equations to be solved if the equivalent elastic constants of
the diaphragms could be known. One of the aims of future investigations
could well be the determination of these equivalent constants by suitable
tests including tests with the diaphragms removed.

D. Time Required for Calculations by the Proposed Method

Since the proposed analysis procedure presented in Chapter III is
intended for use by practicing engineers, some mention of the time re-
quired for typical calculations can be considered one part of the results of
the investigation. This time, of course, depends on the amount of detail
required in the analysis and on the amount of experience the designer may
have had with the method.

Referring to the example analysis, Calculation Sheets 1 to 9, it will be
seen that sheets 1 and 2 are used primarily to present the data and to com-
pute the properties of the composite sections. Almost all of these calcula-
tions would be required for an analysis under the specifications; not over
10 minutes are required to make the added ones required by the proposed
method. Calculation Sheet 7 is somewhat in the same category. If strains
and deflections along the beams are needed, they would have to be calcu-
lated by the usual methods under the specifications and the calculations
on sheet 7 may be taken as simply replacing these usual calculations.

Calculation Sheets 3, 4, 5 and 6, (or 3, 4, 8 and 9), then, are the ones
peculiar to this method. Sheets 3 and 4, the calculation of certain constants
of the structure, are prepared only once for each bridge; sheets 5 and 6
must be repeated for each different loading. Often a single arrangement
of the loads such as that illustrated on Calculation Sheet 5 (and 8) is all
that would be required.

It has been found that a designer having a fair degree of familiarity
with the method, such as might be obtained through having used it several
times before, can perform the operations on sheets 3, 4, 5, and 6 in as little
as half an hour. Adding the extra 10 minutes required on sheets 1 and 2
and allowing for normal delays, the extra time required for a single analysis
under the proposed method is only about one hour. Further, this time is
not appreciably affected by unusual loads or arrangements of the loads.
Other changes from the ordinary such as variable spacing of beams, dis-
symmetry of the bridge, an increase in the number of beams, or taking the
diaphragms into account would, of course, increase the time required.
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VI. CONCLUSIONS AND RECOMMENDATIONS
A. Conclusions

In line with the original objectives of the investigation and as in-
dicated by the presentation contained in the preceding chapters, the fol-
lowing conclusions have been reached.

1. An improved procedure for the analysis of the beams in simple-
span beam and slab bridges has been developed. It has the following char-
acteristics.

a. Its development involves only those principles of mathematics
and mechanics commonly studied; so practicing engineers with-
out special training should be able to understand and use it.

b. The extra time required for its use is on the order of one hour
per analysis for ordinary conditions. Therefore, its routine use
seems practical.

c¢. Without changes in the basic steps, all the previously listed vari-
ables (p. 13) that affect the strains and deflections of the beams
can be taken into account. However, the inclusion of some of
them, such as the effects of the diaphragms, would increase the
time required for an analysis.

d. Also without changing the basic steps, the method can be refined
and its predictions improved as a result of future research and
improved judgment. Further, it facilitates future research
because it breaks the computations into discrete steps that can be
physically duplicated in the structure and studied separately.

2. Even without including such effects as those of the diaphragms,
and without further refinement, the proposed procedure provides predic-
tions of useful accuracy, superior to those under the specifications for
every condition tested. The proposed method is especially superior in
predicting the maximum effects of single trucks.

3. The present (1953) AASHO specifications provide what may be
regarded as satisfactory predictions of the maximum strains caused by
two trucks on the bridges tested, the range in the percent of error being
from +30 to —8. Correspondingly, it is concluded that the design of such
bridges under the present specifications may be regarded as acceptable.

4. The tentative revisions, T-15-50, of the specifications provide
predictions of the maximum strains caused by two trucks that are:

a. for the interior beams, somewhat superior to those under the
present specifications, +18 to +5 percent in error, and

b. for the exterior beams, grossly over-conservative, +106 to +51
in error.
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Correspondingly, it is concluded that the tentative revisions are not ac-
ceptable for the design of bridges of the type tested.

5. Neither the present specifications nor the proposed revisions
provide what can be regarded as satisfactory predictions of the maximum
strains caused by one truck, +87 to +5 percent error.

B. Recommendations for Future Research

Further improvement of the predictions by the proposed procedure
as well as greater confidence in its applicability within wider ranges of
the variables can be achieved through continued investigation. Future
research programs recommended, much of which could be carried out on
the laboratory bridges already available, are as follows.

1. Tests to determine the actual properties of the beams in place.
One suggested procedure for these tests is to load a bridge with concen-
trated loads, one load directly over each beam at its center, until the de-
flections of all the beams are the same. From the load, deflection, and
strain readings the properties of the beams could, then, be determined
free of the effects of cross-bending.

2. More detailed studies of the effects of diaphragms, including ef-
forts to arrive at the equivalent properties of the diaphragms. In these
studies it should be helpful to perform a number of tests both with the
intermediate diaphragms in place and with them removed.

3. Tests to check the distribution of the loads to the beams and along
the beams when they are prevented from deflecting, as in step 1 of the
proposed method. These tests could include loading the bridge while the
beams are supported by temporary reactions at the cross-section including
the loads. Strain gages on these temporary supports could be converted
into the forces acting on them for a check on the assumed distribution.
Also with the beams temporarily supported, strain measurements in the
slab might yield useful information as to the distribution of the temporary
reactions along the beams. If temporary supports along the beams are
used, they should be so placed that they introduce little or no resistance
to the rotation of the beams because this rotation affects the distribution.

4. Studies of the effects of single concentrated loads applied directly
over the beams as in step 2 of the proposed method. These studies should
probably include unusually careful analyses of the deflection and strain
diagrams to evaluate the errors introduced by the assumption of sinusoidal
curves in step 2. Possibly some other assumption would be found to yield
better predictions without excessive labor.

5. Further investigation of the effects of varying the cross-sections
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of the beams. For these investigations, partial length cover plates could
be welded or bolted to the lower flanges of the existing beams and such
measurements repeated both with and without them as deemed necessary.

6. Checks of the accuracy of the proposed method within a wider
range of the relative sizes of the beams. The necessary tests for these
checks could be made possible by welding or bolting full-length cover plates
to the existing beams, by knocking the curbs off the existing bridges, or
otherwise.

Recommended programs which would require the testing of bridges
other than the existing models are:

7. Studies of bridges having more than four beams.

8. Investigations of the possibilities of extending the proposed meth-
od to the analysis of continuous-beam bridges.

In addition to improving on the proposed method of analysis, it seems
possible related studies could be facilitated through use of the method,
the existing bridges, or both. Among these are:

9. The extension of the analysis to the determination of moments
in the slab. The step-by-step procedure used in analyzing the beams might
well be adapted to the analysis of the slab. The strains in the slab would
be computed for the condition in which the beams are temporarily sup-
ported, the effects on the slab of the differential deflections of the beams
determined, and the two effects superimposed. The predictions of both
the component effects and the combined totals could be checked by tests.

10. Studies of the dynamic characteristics of the bridges. It should
be possible to use the laboratory bridges for checking theoretical modes
of vibration and natural frequencies and for obtaining information as to
the damping characteristics of composite type bridges. These could be
useful in developing an improved method of predicting impact effects.

11. Studies to determine the most economical number of beams, beam
spacings, and relative sizes of beams.
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VIII. GLOSSARY

Units of quantities are as noted where used.

Term

A B CD

Definition See Page
Beam designations......_ 25
Area of cross-section, used in computing moment
ofinertiart 2 Steatee TN B o I 47
Modulus of elasticity of the beams..... . 22
Modulus of elasticity of the slab.........___.. 22
Maximum stress in the steel of a beam . 52
Thickness of S1ab..... ot e 2
AASHO truck load designation..._____..__ e 4
Dimensionless ratio of beam stiffness to slab stiffness... .. 22
Moment of inertia of abeam..._..______ 22
Moment of inertia of Beam A, ete....... . 35
Moment of inertia of a composite area transformed
L O 00 0 1 1 N e A S I e o S ORI 47
Moment of inertia of a section about its centroid . . 47
Moment of inertia of a unit width of theslab.____ 22
Moment of inertia of a composite area transformed
B0 = ShERlE Wi i b iy s Bl T MR L AR s L 47
Fraction of a wheel load to be carried by one beam..________ 22
Span:of beaing - sl s il vl i 1, 2
Effective slab width over which a concentrated load
is assumed to be distributed . 54
Betiding mBenE.. . it 4, 5, 6
Bending moment in beam A, ete......... 45
Maximum moment in beam caused by concentrated
load atitsicenters - oh o el e L 52
Maximum moment in beam caused by sinusoidally
distabutea Jonll v ol e T 52
Maximum bending moment inabeam.....________________ 34
Bending moment at rinabeam ... 34
Common factor occurring in equations derived.. . . 42
Total number of tons on an “H” truek._..._..__.___ 4
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Term

N,
P, Pi, ete.
P

e
r
R,, ete.
Rz, ete.

RT
RT,, ete.

S
S

W,, ete.

Wag, ete.

Wager, etc.

Wmax
W,
W
Wt

Zag, ete.

Zazr, €te.

Z’BD’ ete.

Definition See Page
Number of tons on the rear axle of an “H-S” truck ... . 4
Concentrated To1e6. .o i il ot 24, 25, 30
Equivalent axle load.............___ . 5,6,7
253 0 Lo i 74 DSOS OO LIS SO S NS . 34, 35
Total final reaction of beam A, ete......_._. 30
Reaction of beam A caused by the application of the
reversed temporary reaction at beam B, RTy, ete.._...____ 30
Temporary concentrated beam reaction.....____________ 29, 30
Temporary concentrated beam reaction at beam A,
CECL ot m i N e 30
AASHO truck-trailer designation.__..________ 4
Spacing of DeaImB. ..civrecii s ioisimsseisbiasss s SN 2

Total maximum intensity of distributed load acting
on slab along line of beam A, ete......____.._ 45

Maximum intensity of a distributed force on the
slab along beam A, caused by a concentrated load
applied at the center of beam B, ete.........________. 35, 37

Intensity of r of a distributed force on the slab
along beam A caused by a concentrated load

applied at the center of beam B, ete......._____ 35
Maximum value of a distributed load.... ... ... 34
Distributed load intensity at r . S 34
Total uniformly distributed foree.. ... 43

Total temporary uniformly distributed beam re-
;711 (o) 1 S W S C 00 7 PP - SO DR+ 29

Maximum deflection of slab at beam A, caused by a
concentrated load at center of beam B, ete......._.._____ 35, 36

Deflection of the slab at 4 along beam A caused by a
concentrated load at center of beam B, ete......__________ 35

With beams B and D removed, the maximum deflec-
tion of the slab along B when a sinusoidal load of
unit maximum intensity is applied to the slab

aAlong Dttt e b St s e 38, 40, 41
Distance perpendicular to beams measured from
nearest beam to the left. ... 46, 51

Distance along a beam measured from oneend......_..._._. 32, 35
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D

BA, etc.

B

4.z, ete.

AA};,-, ete.
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Definition See Page

Vertical distance to an area, used in computing
moment jof" inenkias =SB T o T 47

Maximum deflection of a beam when acted on by a
sinusoidally distributed load whose maximum in-
vl R T G N L ol S N 34

Maximum deflection of beam A when acted on by
a sinusoidally distributed load whose maximum
valuetisghnity vetelfinl o lnaib st sl g s ¥ 34

Slab eonstant — S/ BN, . . 34

Maximum deflection of beam A, caused by a con-
centrated load applied at center of beam, B,

OFC el T i e WOt KR e ol 35, 36, 37
Deflection at r in beam A caused by a concentrated

load applied at the center of beam B, ete.........._______ 35
Maximum deflection of a beam caused by a concen-

tirated load ab. it centert Il TR wrarls 0 e TR, 52
Maximum deflection of a beam caused by a sinusoi-

dallydistributed load. o &t e oo x e e 52
Maximum deflection of abeam_.__._____ ... 34
Deflection of & beam Alide duld el .. 20l e s (0 34, 35

Maximum strain in the steel of a composite beam....._..__.._. 52
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Table 11.

REACTION INFLUENCE TABLES

3-SPAN CONTINUOUS BEAM
EQUAL SPANS, CONSTANT SECTION

X x X
\ ] S S 1
a i
A 8 C D
IN SPAN_AB SPAN BC SPAN_CD
x/$S Ra Ry Re Rp Ra Rg Rg Rp Ry Ry Re Rp
0.00 {1,0000 .0000 0000 ,0000| ,0000 1.0000 ,0000 ,0000 | .0000 ,0000 1,0000 .0000
.05 | .937 .0799 -.0200 .0033| -.0214 .9856  .0429 ~-.0071| .0062 -.0371 1,0056 .,0253
.10 | .8736 .159% -.0396 .0066| -.0390 .9630 ,0910 -.0150| .0114 -.0684 1,0026 0544
.15 | .8109 .2380 -.0587 ,0098| -.0531 .9329  .1436 -.0234| .0157 -.094  .9915 0871
.20 | .7488 .3152 -.0768 .0128| -.0640 .8960 .2000 -.0320| .0192 -.1152 ,9728 1232
.25 | .6875 .3906 -.0938 ,0156( -.0719  .8531  .2594 -.0406| .0219 -.1313 .9469 .1625
.30 | .6272  .4638 -.1092 .0182| -.0770  .8050  .3210 -.0490 | .0238 -.1428 9142 2048
.35 | .s681  ,5343 -.1229 ,0205| -.0796  .7524¢  .3841 -.0569| .0250 -.1502 .8752 2499
.40 | ,5104 .6016 -.1344 ,0224| -,0800 .6960 .4480 -.0640| ,0256 -.1536 .8304 2976
.45 | L4543 6653 -.1436 .0239( -,0784  .6366 .S5119 -.0701 | 0256 -.1535 .7802  ,3477
.50 | .4000 .7250 -.1500 .0250| -.0750 .5750 .5750 -.0750( .0250 -.1500 .7250  .4000
.55 | .3477  .7802 -.1535 .0256| -.0701  .5119  .6366 -.0784 | .0239 -.1436 .6653  .4543
.60 | .2976  .8304 -.1536 .0256| -.0640 .4480  .6960 -.0800 | .0226 -.1344 .6016 .5104
.65 | .2499  .8752 -.1502 .0250| -.0569  .3841  .7524 -.0796 | .0205 -.1229  .5343 5681
.70 | .2048 .9142 -.1428 ,0238| -.0490 3210 .8050 -.0770| .0182 -.1092 .4638  .6272
.35 | .1625 9469 -.1313 ,0219| -.0406 .2594 .8531 -.0719 | .0156 -.0938 .3906 .6875
.80 | .1232 .9728 -.1152 ,0192| -.0320 .2000 .8960 -.0640 | .0128 -.0768 .3152 7488
.85 | .0871 .9915 -.0944 ,0157| -.0234 .1436 .9329 -.0531|.0098 -.0587 .2380  .8109
.90-| .0544 1,0026 -.0684 ,Oll14| -.0150 0910 .9630 -.0390 | .0066 -.0396 ,1594  .8736
.95 | .0253 1.0056 -.0371 .0062| -.0071 .0429 .9856 -.0214 | .0033 -.0200 .0799  .9367
1.00 | .0000 .1,0000 0000 ,0000| .0000 ,0000 1.0000 0000 |.0000 0000 .0000 1,0000
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150 DISTRIBUTION OF LOADS IN BEAM AND SLAB BRIDGES

INFLUENCE ORDINATE FORMULAS
I-SPAN CONTINUOUS BEAM
EQUAL SPANS, CONSTANT SECT/ON

A B By O
v=2x/S
LoAo /N AB:

Ra=1/—-12667v +.2667 v
RB= /6 v —. 6 V3
Rc=“‘-4v+.4v3

Rp = .0667v - .0667v7

LoAao N~ BC:
Rp=—.49667 v +.8v2-.33333

Rg=/-.2v-/78ve+y3

Re = Bv *r2ve -3
Rp=-/333v —.2v2+.3333 v3
Loao N CD:

Ra= /333y -.2v% +. 0667 3
Rpg= -8v +/2ve —.&Ly3

Re=/+.2v -/L8v2 +.6v3
Rp = 4667v +.8ve - 2667v3
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